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ABSTRACT

In the present paper, we study some approximation properties of modified Szasz-Schurer-Baskakov type operators. We estimate
the moments for these operators using the Hypergeometric series, which are related to Laguerre polynomials. We give
approximation properties of derivatives of these operators. Finally, we obtain the Voronovskaya type theorem for derivatives of
these operators.
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1. INTRODUCTION

In 1962, Schurer defined the Bernstein-Schurer operators forany n € N,, f € C[0,1 + p] and non-negative integers p using
well-known Bernstein operators[7]. He defined Bernstein-Schurer operators for B, ,,: C[0,1 + p] — €[0,1]as follows

n+p

B =Y £ (5) (" T 7) e - x e o)

k=0

and studied the approximation properties of these operators. It should be noted that the special case of p = 0 here gives classical
Bernstein operators.
Later in 1965. [6], Schurer generalized the well-known Szasz operator and the Baskakov operator for every p € Ny, f €

Ez x € [0,00),n > 1, the n— th Schurer-Szasz-Mirakjan operator M, ,,: E; » C[0,00) and the n — th Baskakov-Schurer
operator A, ,,: E; = C[0,0) as

Mo (F)GO) 1= expl—n +pyx) Y o P ()

k! n
k=0

and

(oo}

o= e S (T

k=0
. _ picy
repectively. Where E, = {f € CJ[o, OO).mlS convergent as x — 00}
Many studies have been made on various generalizations of the above operators and their convergence properties, and such

studies are still ongoing, [1], [2], [10], [11], [13], [16], [17], [20], [22] .
In 1967, J. L. Durmeyer defined one-dimensional Bernstein-Durrmeyer operators as
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(Z) WK (1 — W) fdy,  x € [01]n=12,..
0

Dy (f;x) = (n+ 1)2 (Z) K (1 — x)nk f
k=0

and studied the approximation properties of these operators. Where f is any real-valued function on [0,1], which is integrable
with respect to the kernel [8].
In 1995 [21],.Gupta and Srivastava studied the convergence properties of the derivatives of the Szasz-Mirakyan-Baskakov

type operators defined as follows;

tk

k D0 oo
Mo(f; ) = (n — 1) B g e B LoD

kKl kl(n-1)! (O)dt, x € [0, ). (1.1)

(1+t)n+kf
Later, many researchers defined Durrmeyer-type extensions and many modifications of other well-known operators and
studied their convergence properties, [3], [9], [12], [14], [15].
Also, in 2006, for f € C,[0,0) = {f € C[0,):|f(t)| < Mt¥,y > 0}, Gupta et al. defined the Baskakov-Durmeyerr
operators as an integral modification of the Baskakov operators as follows

N v (ntk-1y  xF 1 o tht £(0)
B, (f5%) '_Zk=1( k )(1+x)"+kB(n+1,k)f0 (1+t)"+k+1f(t)dt+(1+x)"’ 1.2)

and studied the convergence properties of the derivatives of these operators, [8].

In 2012, Verma et al. defined a Stancu type extension of operator of (1.1) type, gave the approximation properties of these
operators, the error estimation and obtained some recurrence relations [4]. In 2012, Gupta et al. examined the point convergence
properties of the Stancu extension of the operators (1.2) and gave VVoronovskaya type theorems,[19]. In 2014, Agraval et al. gave
a different generalization of the (1.2) operators and examined the properties of uniform convergence and point convergence,
[12].

In 2015, Pandey et al. a Szasz-Baskakov Stancu type generalization of operators is defined as follows:

—nx )k (n+k-1)! oo nt+a

k
k! kl(n-1)! fO (1+t)n+kf(n+ﬁ

M,(f;x)=m—-1D3¥ e )dt, x € [0,0). (1.3)

and examined various approximation properties,[5]. They also benefited from the properties of hypergeometric functions
while doing these investigations.
By defining the Schurer generalization of the (1.1) operator, we wanted to achieve similar results.

For f € C[0, o), we define the Schurer type generalization of the Szasz-Mirakyan-Baskakov type operator given in (1.1) as
follows

An,a,ﬁn (fix)=m+a-1) X, pn,Bn,k(x) fooo qn,a,k(t)f(t)dt ; @ € Ny, x € [0,00), (1.4)
where f3,, is a sequence of positive numbers such that

lim B, =0 (1.5)

n—-oo

and

_ (n+a+k-1)! tk
s nak(t) = Kki(n+a-1)! (1+)n+a+k

k
Pn gk (X) = e-@HB,J;;W N

Itis clear that for x € [0, o0) the operators A4, , 5 are linear and positive.

Now, let's give some important information that we will benefit from when examining the convergence properties of the
operator we have defined.

Well known Beta and Gamma functions provides the equality
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X1 reor(y) _ (x-1D!(y-1)!

B(x,y) = fo RETSEE o e ey v @7

We can represent the operator defined by (1.4) in a different way by using the hyper-geometric functions defined as

i) =y @t
Fu(@ Bi ) = T (e (1.8)

Where (@), is called Pochhammer symbol defined as
@r=ala+D(a+2).(a+k—-1) (1.9)
and (1), = k!. Using hyper-geometric functions, we can give an equivalent definition of the operators A, , 5, (f; x) as follows;

—(n"'ﬁn)x

1+ pnte

Mg i) = a=1) [ e s

() 1F, <n +a;1; —(Tl * Bn)xt) dt.

Our aim in this study is to examine the convergence properties of the operator (1.4), which we define as a generalization of
the (1.1) operator, and its derivatives, taking into account the study of Pandey et al., and evaluate the results. Let us give some
recurrence relations and lemmas that we need for this.

2. SOME MOMENTS AND RECURRENCE RELATIONS
In this section, we give some lemmas that we will use in this study.

Lemma 1. Forall x € [0, ), the operators A, , 5, defined by (1.4) satisfy the followings:

Anap, (%) =1 (2.1)
(n+Bn)x+1

Anap, (tx) = a2 (2.2)
2

A (t2; %) = [(n+Bn)x]*+4[(n+Bn)x]+2 2.3)

(n+a-2)(n+a-3)

The proof can be easily done from the definition of the operator A, g, .

Lemma 2. Letr € N,. If the r — th order moment is defined as

w k r w - [(n+Bn)x1* (K r
tUn () = Do P () (35 = %) = Titzg e~ rthx Bl () 24)

k! n+pBn

then there exists a reccurence relation

(n+ Bn)un+ﬁn,r+1(x) = x[u’n+ﬁn,r(x) + run+ﬂn,r—1(x)]- (2.5)

Consequently
1. Upyp,~(x) isapolynomial in x of degree < r.

2. Upyp,r(X)=0 (ﬁ) ;asn — oo,
nl 2

The proof can be done using the definition.
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Lemma 3. If wedefine the central moments as

Tn,a,ﬁn,r(x) = An,a,ﬁn((t - x)z; X) = (n +a-— 1) Zlc:tozo Pn. Bk (X) f0°° Qn,a,k(t)(t - x)rdt: (26)

then
Tn,a,[s’n,o(x) =1

Brn—a+2)x+1
n+a-2)

Tn,a,/?n,l x) =

[(n—a—-3)+B,—a+3)?%x>+(2n+ 4B, —2a + 6)x + 2
n+a—-2)(n+a-23)

Tn,a,ﬁn,z (x) =

and for n > 1 we have the following recurrence relation;

(n+a-r- Z)Tn,a,ﬁn,r+1(x) = XT’n,a,ﬁn,r(x) +[@r+a—-pfp+2)x+7r+ 1]Tn,a,ﬁn,r(x) + (x% + Zx)rTn,a,Bn,r—l(x)- (2.7)

From the recurrence relation, it can be easily verified that for all x € [0, ), we have T, , g, »(x) = O (ﬁ)
nl 2

(Bn—a+2)x+1
(n+a-2)

Proof. Since the operatdr A, 4 5, is linear, we get T, 4 5, 0 (x) = 1, Ty a,5,1(x) =

(n—a—3)+(Bn—a+3)?|x2+(2n+4Pn—2a+6)x+2
(n+a-2)(n+a-3)

Thap,2(x) = [ . From (2.6), we can write

k
T’n,a,Bn,r x) = ;Tn,a,ﬁn,r x) -+ Bn)Tn,a,Bn,r (x) — rTn,a,Bn,r—l(x)
=

XT’n,a,Bn,r ) =[k—m+ ﬁn)]Tn,a,ﬁn,r x) - ern,a,Bn,r—l(x)-

On the other hand, using t(1 + t)q'nqx(t) = [k — (n + A)t]qp i) and xp'y g (x) = [k — (0 + B )x]pnp, (x), We
obtain

00 0)+ 5T, 20 = (1 0= 1)) i) | T O — e
T mta- D@t DIR, Pk ) [y Q' e () (E = X)T+1dE
+(n+a = 1)Bx? + %) Do Pupok () J; @0 (D& — )T dE
+(n + DT g pr+1 () = (B — QxTr a5, ().

If partial integration is applied to the integrals here, we get

xT’n,a,Bn,r (X) + rxTn,a,Bn,r—l(x)
=(m+a—1r—=2DTap r+1(x) = @xr+2x+r+1=Bx +ax)Tyqp, () — %+ )T, 05, -1 (%).

Then we obtain (2.7) and

_[ﬂ
Tn,a,ﬁn,r(x) =0 (Tl 2 )
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Lemma 4. For all r € N,,

r

ri(n+a—r=2)I m\ [(n+ B)x)
(n+a-2)! Z(}) j!

An,a,ﬁn (t"x) =
j=0

is a polynomial in x of degree exactly r.

Proof. By using (1.4), (1.9) and the equations T'(k +r + 1) =T(r + D(r + 1) = 1! (r + )i, k! = (1) , we have

gy L BxlF(n+a+k—1) [  thr

K Kmta-D ), @t

Apap,(tT50) =M +a-1) Z e
k=0

S ~ [(m+B)x)f(n+a+k—-DIr'(r+1)(n+a—r—2)
_ _ n+pPn)x
=(m+a 1);“’( ’ k! K (n+a—1)! m+atk—1)
Mn+a—r—2)x [+ B)x]* (r + 1)y
n+a-2)! k! k!

k=0

—=e —(n+Bn)x

rt(n+a—r—2)!

— e—(n"'Bn)X
n+a-2)

Fir+a1;,(n+ B)x)

Using the Kummer transformation

1Fi(a; Bx) = e B (B —a; 5 —x)

and

Fi(1;1;x) =e*

We have

e~ BIX E (r + a; 1; (n + By)x) = 1F (=15 1; —(n + By)x).
Then, we can write

rin+a—r—2)!
n+a-2)!

Apap, (%) = Fi(=r 1, —(n+ B)x).

Since the confluent hypergeometric function is related with generalized Laguerre polynomial with the relation

m+n (m+ n)!

LT(x) = ( )1F1(—n;m+1;x) =W1Fl(—n;m+ 1; x),
and
L2(x) =L, (x) = 1F1(-m5x) = L.(—(n+ Bp)x) = 1F1 (-7 1, —(n + Br)x)

we obtain

i _ ri(n+a-r-2)!
Anap, (tT;x) = WLT(_(n + Bp)x),

where
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Le(=(n+ B)x) = Ti_o(-1)I (|7 )M_Z o () el

Jj!

Then we have

r. _ ri(n+a-r-2)! [(n+Bp)x) (n+ﬁn)r(n+a—r—2)! r, T2+Bn) " tnta-r-2)! ,_4
An‘a'ﬁn(t ,X) - (n+a-2)! 21 0( ) Jj! (n+a-2)! + (n+a-2)! x
+ r(r-1)(n+Bp)" "2(n+a-r-2)! X2+ O(Tl_z).

(n+a-2)!
So the proof is completed.

Lemma 5. [21] There exist a polynomial ¢; ; . (x) independent of n and k such that

[e‘(”+3")x[(n + B)x]] = Tawjer(n + Bp) Tk — (n + B)xV ¢y jr (e A [(n + B )x]*.

i,jz0

The proof can be easily done using the induction method.

Lemma 6.Let f be r-times differentiable on [0, o) such that £~ = 0(t%), for some a > 0 as t - co. Then for r = 1,2, ...
and n > a + r, we have

n r — — 1 ! x (o]
= @ [ D s OF OO
' k=0 0

) ) —
Anr’a'[),n (f;x) =

Proof. Using Leibnitz theorem, we can write

A‘S:l)l.ﬁn (fix) =

T co .
(D™ + ) [+ B)x] Lo (it atk—1)
— - Brn)x
(n+a-1) Okz() &k — 0! K(n+a—1D) fo @ reere/ (Ddt
i= =i
r— T k ;o oo k
(n+a—1)zz ( D™ n+ )" [(n + B)x] IR (n+fl+k+l 1)!J’ t @)t
e k! k+D)!'n+a—-1"), (1+)ntatkt
i=
=Mm+a—-1)XNL opnﬁnk(x)f (D" T (DED M+ B) (1) qnasi (O f ()dL.
By Leibnitz theorem, we have
) _ (n +a-— 1)' g T i
Inrajerr () = mz (l) (=D qnap+i ()
If this expression is substituted in Ag;‘ﬁn (f; x), we get
@ @+ ) (n+a—-r—-1) C ® ™
An,a,ﬁn (fix) = n+a-2)! ; pn'ﬁnvk(x) o (_1)rqn—r,a,k+r(t)f(t)dt-
If partial integration is applied to this expression, we obtain the desired result
A 5 (320 = e e B e O Jy (=1 iy aerr (OF V(0. (2.8)
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Remark 1. A simple consequence of (2.8) is

ri(n+Bp)" (n+a—r-2)!
(n+a-2)! (2'9)

An,a,ﬁn (tr; X) =
Lemma 7. If we define

T o@m+Bn) (n+a-j-2) T(n+a—r—2)!
A.(n) = Hj=o+pn) (n+a-j-2) _ (n+pp)" (n+a-r-2)! (2.10)

(n+a-2)! (n+a-2)!

then we have the following recurrence relations

+1 (Bn—a+r+2)x+(r+1)
[ran() = A, (W)]x = T2 Ay (n) = 4, () [P0 (2.12)
(r-a)?+(r+Pn)%-12+5(r—a)+6(1+Bn)—-2afn+
[r () = 2272 (0) = Ay ()] = 4, () [Pt S eC )20/ (212)
r+2 r+1 _ r(a—Bn)-r?-5r+2a—6+fp+n
T A () = o A (n) = A () [T e (2.13)

The proof can be easily done with simple operations.
Let us now give some definitions that we will use.

Definition 1. [19] The m — th order modulus of continuity w,,(f; 8: [a, b]) for a function f which is continuous on [a, b] is
defined by

W (f; 6:[a,b]) = sup{lAR f(x)|; |h] < 8;x,x + h € [a, b]}. (2.14)
Form = 1, w,,(f; 6) is usual modulus of continuity.

Definition 2. [5] Let C,[0,00) = {f € [0,); |f(t)| < MtY, y > 0}. The norm (||.||) on C, [0, ) is defined by;

Wiy, = Sup lf@le. (2.15)

<t<oo

Definition 3. [19] Let 0 <a <a; <b; <b < oo. For sufficiently small n >0, the 2 —nd order Steklov mean f,,
corresponding to f € C,[a,b] and t € I, is defined as;

fr2(®) =072 [2 [5If (©) — A2 f(O]dt,dt,, (2.16)

Where h = % and A? is the second order forward difference operator with step lenght h. For f € C[a, b], fn,2 satisfy the
following properties:

fy,2, has continuous derivatives up to order 2 over [ay, b,].
||f,,,2||c[a1‘b1] < Cw,(f;6:[a,b]), r=1,2

If = foell g by S Cw2(f56:a, b])

Wl < €172 Ncta

Ifnzll o,y < CIFNl

o~ w b

where C are certain constants which are different in each occurence and are independent of f and 7.
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3. DIRECT RESULTS

Theorem 1. (Pointwise convergence) Let a € No, x € [0, o) and f3,, be a sequence satisfying (1.5). If r € No, f € C, [0, o0) for
some y > 0 and £ exists at a point x € (0, ©), then

11m |A( )B f; x)| = fM(x).

Proof. By Taylor expansion of f, we have

D
0= @it ewane -

i=0
where e(t, x) — 0 as t — x. If the operator 4, , g (f; x) is applied to this expression, we get
fO)
Ana () = }}7——mm«wwym+Am%@ama—@rw
i=0 ’

By taking the derivative of this expression r times, we obtain

) (x)

A g, ()] = Zf

AT o (E—20)5%) +AT) 5 (et )t =) x0) =L +1;

na,p

Using Lemma 4, Lemma 5 and (2.9),

@
A—Zf(”ﬂuarmyw

_ f(‘)(x) L@ mta—i=2) fOOT MY, o f(r ( ) o
- Z( ) (n+a—2)! + r! Z(]> (_x) }An,a,ﬁn(t] )+ Anaﬁ (t )
1 1+ 13
is obtained. Since I; = 0((1/n)),1, = 0((1/n)),Is = I(X) Agi‘ﬁn(tr;x), we have
O AP fO@Orm+p)n+a-r-2)! m+B)m+a—-r—2)
b= a0 = (n+a-2) ST rar @

thus £ (x) for n — 0. Now let's set an upper bound for I, by using Lemma 6.
I = AL o (e(t,)(t — 2)"; %)
(4B o P - [(n+Bn)x]*
= (n+ @ = 1) Datejor T |y 1 (| Bitolke = (n + )] e (e K
i,j=0 !

(n+a+k-1)! poo tk(e-x)"
x k!(n+a-1)! fo e(t, x) (1+t)ntatk dt

So we can write I, as:

(n + By)! C 1 g, [ BT
uﬂs<n+a—1{2;;—;f—wm,@ngym—4n+maﬂ4e< pox SR
7
x (n+a+k— 1)'f | (t x)l tkjt—x|” dt

k!(n+a-1)! (1+pntatk
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Since e(t,x) - 0as t - x, for a given € > 0 there exists a § > 0 such that |e(t, x)| whenever |t — x| < §, morever if 1 >
max{y,r} is any integer, then we find a constant K > 0 such that |e(t, x)||t — x|" < K|t — x|¥. Thus we obtain

e k
LIS @ra=16 Y (4B |l (n+ x| e-creomx (F Pl
zgfi‘f)r k=0 '

(n+a+k-1)! t*)t—x|" (n+a+k-1)! t*|e—x|” _
{k!(n+a—1)! flt—x|<6|€(t’ x)| (1+t)n+atk + k!(n+a—1)! flt—xlzs (1+t)ntatk dt} =l+1;
where

|¢ijr(x)|
C,=sup ——>0
1 2i+jgr xT
i,j20

and K is a constant independent of C,. If we use the Schwarz inequality first for the integration and then for the summation to
calculate I, we have

1

[(n + B)x]*]?
k!

Ig < eCy Z (n + B,)" [Z [k — (n + B,)x]¥ e~ (+hn)x
2i+jsr k=0

i,j=0
1

0 P - [(n+Bn)x]* k (n+atk—1)! roo th(t—x)" 2
x [(n +a =D Eiolk — (n+Bux]* e (n+[3n)xk—rll [(n + Br)x] Kl(nta—1)! Jo (L+t)n+atk dt] '

as

fo Inax(t)dt = mta-D

By using Lemma 2, we get

| Dl Nk wal*
z[k — (n+ B )x]Y e—(n+Bn)xW =n+p,)Y kZ;) [m] e~ (thn)x W

k=
’ =+ BP0 + B) D] = 0((n + B)).

Since

Kk (n+a+k—1)!foo tkt-x)"

1
, k 2
[0+ a— D Biolk — (n + B)x]2 e=tbwx LML [ 4 g )k SR (2 ae|* = 0((n + B) ™)

can be written as a result of Lemma 2, we have
) J T
<G Y (4 B0 G+ 62) 0 ((n+ ) 72) = 0D,
2i+jsr
i,j20

Next, using Lemma 2 and Schwarz inequality for the integration and summation, in view of of the above results, we have

k
I, <(n+a-1)C, Z (n + B,)* Z|[k — (n+ B)xV| e‘(’”ﬁn)xw
k=0

k!
2i+jsr
i,j=0
1 1
(n+a+k—1)!J‘ tk 2(n+a+k—1)!f tk(t—x)zrd 2
k! (n + a— 1)! |C—X|2(5 (1 + t)n+a+k k! (TL + a— 1)! |t—X|26 (1 + t)n+a+k
1

e [<n+ﬁn>x1"r
k!

<G Z;T(n + B’ LZ:o[k —(n+B)x]7 e
i,j=0
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e (s Bu)x]*(n+a+k - 1)'f th(t —x)?" it z
k! K+ a— D! Ji_yes (1+ £)PFa7E

= Z (n+ Bn)'o ((n + ﬁn)f) 0 ((n + ﬁn)‘i) = 0(1).
i,jiir

Thus the proof is completed by using the results obtained for I; and I,.

Theorem 2. (Asymptotic expansion) Let f € C, [0, c) be bounded for every finite sub-interval of [0, ) and has the derivative
of order (r + 2) atafixed x € (0,0). Forsomey > 0, let f(t) = O(t¥) as t - oo. Then we have,

lim n[Agzl'Bn(f; x) — f(r)(x)] [(Q+7r—a)x+7r+1]fOD(x) + (x + )f(”z)(x)

Proof. By Taylor expansion of f, we have

®
F0= 50D it et -

i=0

where £(t,x) — 0 as t — x. If the operator AE:C)LBn(f;.) is applied to this expression, we have

Using Lemma 7, we get

o 42
I = {Zf & )A(T),B ((t =)' x)} Zf i!(x) {Agiﬁn<
j

T+2
f (‘)( ) ;
AD , (fix) = {Z A L (=050 + AL 5 [e(60)(E— )™ x] =1, +1,
i=0

i=0
- i—jpi.
2, 1(]_) (—x)"t ,x)}
_ f(t)(x)z() )i ]A(r)ﬁ (£ 2)

zf“@z() DA 0 >+zf“<x>z( ><- AL, )

f(T+1)(x) r‘l’l » () f(r+2)(x) r+2 B ()
(r + 1)' ( ) )r+1 ]An?:a,ﬁn(tr; X) +— ( n 2)' ( ) (_x)r+2 ]Anfa,ﬁn(tr; x)
=

@ ) (r+1)
—Zf (x) ( )+ ! (x)Aija PRGE )+f(r+1(;? |+ DE0AD . (@70 + 40, (750
(r+2)
f(r - 2(;) [(r * 1)2(r * Z)xZAg‘)Lﬂn(tr;x) T+ DAY, (745 x) + AT, (t”z;x)]
f(r)(x) n+B)(n+a—r—2)r! L oY) +f(r+1)(x) [(r +D(—x)(n+B) (n+a—r—2)r!
! (n+a-2)! (r+ 1)! n+a-2)!
B e
Fr+2(x) {(r + D+ 2) ,(m+ ) (n+a—r—2)r! [(n +B) M n+a—r—-3)(r+1)
+ +(r+2)(—x) x
r +2)! 2 (m+a-2)! (n+a-2)!
' 12( +ﬁn)r(n+a—r—3)!r!n (rcll+,8n)r+2(n+a—r—4)!(r+2)! e
e+ (n+a-2)! (n+a-2)! ¥
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(r+1)2(n+,8n)r+1(n+a r—4)!(r+1)!
(n+a-2)!

(n+Bp)" (n+a-r—4)ir!
(n+a-2)!

x+ @+ 1D +2) + O(n—l)}.

and using (2.10), (2.11), (2.12) and (2.13) we obtain

L= fm(x) |2 '+0( )]+ R )[( + D02 !+ 2 () + Dlx + :; T“(")JFO(l)]

(r+ 1)
(r+2)
e 2 - 0+ D a0 + ) + (ﬂml(n) - ﬂmz(n))x

n+ B, n+ B,
+ﬁlr+2(n) +0 (1)]

= FOEAM) + T [ (Aria (o) = 2,00 -

+

+.8n

r+2 r+1 1
+<n+ﬁn Arpr () = +ﬂn r+2(n)>x+mlr+2(n)+0<£)”

n 2 1
= f(r) (A, (n) + f(r+1) (x) [’11‘ (n) B an++ra+_ 7)ﬂx_+2(7” +1)

_m2 2_.2 _ _ 2 B )—p2_ _
+f(.,+2)(x) {/1 (n) [(‘r a)“+(r+Pp) —r +5(-a)+6(1+Bn) 2aﬁn+n]x7+l ( )[r(a Bn)-r4-5r+2a 6+Bn+n]

(n+a-r-2)(n+a-r-3) (n+a-r-2)(n+a-r-3)
A.(n) 40 (1)
(n+a—r—2)(n+a—r—3) n

Taking limit for n —» oo, we obtain

2
r+1(n)] + f(r+2)(x) {[Ar(n) - 21r+1(n) + lr+2(n)] x?

lim n[A;T_()l_Bn(f; x) — f(r)(x)] =[Q+r—ax+r+1]frV(x) + (x + xz—2>f(r+2)(x).

Theorem 3. (Eror estimation) Let f € C,[0,00) forsomey >0and 0 < a < a; < b; <b < co. Then for sufficiently large n,
we have

450,550 = £ )

1
< Gy (F0,n720a,b]) + Con Iy,

ai,by
where C; = C;(r) and C, = C,(r, f).
Proof. The equation

F© = fOC) +FO) = a0 + f2(0) = 70 + £,700 = O @)
f©) - f(T)(x) =f@) - fﬂ () + fnz(t) f r)(x) + f(r)(x) _ f(r)(x)

can be written by considering (2.16). If we apply the operator Aﬁlr“)l‘ﬁn to each side of this equation and using the linearity of the
operator, we can write

A 5 (f5) = FO@AD 5 (1)

= AopF = fazi )+ AL 5, (a2 ) = o (AL (1) + £ @) = FO AT g, (1)

If we first take the absolute value of the equation and then add both sides of the equation on C[a4, b1], we obtain

||A£1T,¢)z,gn(f; D) - f(r)

( ) ( ) ( )
clay,bq] | nraﬁn(f fn 25 )” | nra/;n(fr, 27 ) r
i=H, + H, + H;

r) _ (7’)
I L .

By property (3) of Steklov mean, we get
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Hy < Kw,(f,[a, b]).

Next, using Theorem 2, we obtain

r+2

H, < K1n_1z ||f(1)|

< K el gy + 1552

Cla,b] Cla,p] c[a,b]]'

Now by properties (2) and (4) of Steklov mean, we have

Hy, < Kon 072\ fllcrap) + 17 20 (f @515 [a, b1)] < Ksn Y IIf Nl + 172w, (f s m; [a, b])].

Finally, we estimate H, choosing a, b satisfiying the condition 0 < a <a* < a; < b; < b* < b < co. Let y(t) denotes the
characteristic function in the interval [a*, b*], then

< 40 e = oz N, * A0 [ =X @) = Fo2 |, . o= et Hs

From (2.8), we have

AD 5 IO ©) = f2(0);x)]

) —r—=1)! - « r
- (n - ‘8(11 :_na+_a2)'r ) Z pn.ﬁn,k(x) f qn—r,a,k+r(t) (X(t) (f(r) (t) - fn(,z) (t); x)) dt
' k=0 0

Hence

Ho<KlrO £l

Now for x € [a4, b1] and t € [0, 0)\[a*, b*], we choose a §; > 0 satisfying |t — x| > &,. By Lemma 5 and Schwarz inequality,
we have

T

d
—Anap, (1= X@)(f () — f2(8); x)]|

cmra-1 Y PEPL 60N k- (ot gl eI+ )
2i+jsr k=0

i,j=0

<[ anax® (1= )/ = a0 e

< KsllflyGrta—1) )+ B D [k = o+ Bxl] e~ [(n+ Bo)x* fl .m0t
Z&iﬁr k=0 t—x[261

fly Gt a=1) > Gk B ) [k = (ot Bx e X[ (n+ )x]F

2i+j<r k=0
i,j20

1
© 2 © 2
x[f qn,a,k(t)dt] U qn,a,ka)(t—x)“dt]

= 521

1
2

<2l (a1 (4 ) [Z [l = G+ B)xl e @B + )]
k=0

2i+j<r
i,j=0

X [(n+a—1) T oe”™Fm*[(n + B)x]* 7 nan (0 (E — x)*dt]?,

1
2
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Hence by Lemma 1 and Lemma 2 , we get

Hs < Kellflly D Gt B 5™ < Kllflly Gr+ B < Kellf lly (r+ )7
20+jsr

i,jz0

where v = (l _E) >1,171>0.
Therefore, by property (3) of Steklov mean, we obtain

H1 < K7||f(r) - f(r)

12 e g+ KallFlly (4 Ba) ™ < Koo (f 5 [, BDKGIF Il (n + B) ™

The proof is done by choosing n = (n + Bn)‘%.

As a result, when the results obtained for the operators defined by (1.4) are compared with the results given for the (1.1) operator,
it is seen that the convergence properties are preserved and the error rate decreases by changing compared to 3,,.
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