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1. Introduction

The summability theory has an important role in analysis, applied mathematics and engineering sciences, and has been studied
by many authors for a long time. One of the main subjects in the summability theory is the theory of sequence spaces that
concerns with the generalization of the notions of convergence for sequences and series. The main purpose is to assign a limit
value for non-convergent series or sequences by using a transformation which is given by the most general linear mappings of
infinite matrices. In this concept, the literature has still enlarged, concerned with characterizing completely all matrices which
transform one given sequence space into another and also, many sequence spaces defined as domain of special matrices such as
Euler, Norlund, Hausdorff, Cesaro and weighted mean matrices and related matrix operators have been investigated by several
authors (see, [?, ?]). On the other hand, from a different point of view, using the concept of absolute summability, several new
spaces of series summable by the absolute summability methods have taken place in the literature (see, for instance, [?]-[?]).

In a recent paper, the sequence space ‘Nﬁ ’k has introduced and studied by Sarigdl [?, ?], Mohapatra and Sarigél [?].

k,c), (‘Nﬁ k,co), (‘Nﬁ‘k,lm> and to determine the
operator norms for 1 < k < oo. Further, the necessary and sufficient conditions for each matrix in these classes to be compact
are obtained and certain identities or estimates for the Hausdorff measure of noncompactness are established.

A vector subspace of @, the space of all sequences of real or complex numbers, is called a sequence space. The sequence
spaces @, L., ¢, g, bs, ¢ and Iy, (k > 1) stand for the sets of all finite, bounded, convergent and null sequences and the sets of
all bounded, convergent and k-absolutely convergent series, respectively.

Let A and T be two arbitrary sequence spaces and R = (r,,) be an infinite matrix of complex components. The transform
sequence R(A) of the sequence A = (A,) is deduced by the usual matrix product and the components of R(1) are written as

The present paper aims to characterize the infinite matrix classes (‘Nﬁ

Rn(x) = i rnvlw
v=0
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provided that the series converges for all n € N. If the sequence R(A) exists and R(A1) € I for A € A, then, it is said that R is a
matrix mapping from A into I'. The collection of all such infinite matrices is denoted by (A,T).
The set

Ar={A€w:R(A) €A}

is called domain of an infinite matrix R in the space A. Note that it is also a sequence space.
The B-dual of A C o is the set

v=0

AP = {a (VA €A, Z ayh, converges} .

Let A and T" be Banach spaces. By %(A,T’), we mean the set of all bounded (continuous) linear operators L from A to T".
Z(A,T) is also a Banach space with the operator norm given by

IL]| = sup [|L(A)[|
AESA
forall L € #(X,Y). Here, Sp represents the unit sphere in A, i.e.,
Sa={rLeA:|A|=1}.
If a €  and A D @ is a BK-space, a Banach space on which all coordinate functional p,(1) = A, are continuous for all n, then

Z aklk

k=0

lally = sup
AESA

provided the expression on the right side is defined and finite which is the case whenever a € AB.
If, foreach A € A,

—0asm— o

A=Y Al
j=0

then it is said that the BK-space A has AK property, and in this case we write A = Y} 4 jem where ¢/ is a sequence whose
j=0

only non-zero term is one in jth place for j € N.

Throughout the whole paper, assume that ¢ = (¢,) is a sequence of positive constants and R = (r,,) is an infinite matrix of

complex numbers for all n,v € N. Also, k* is the conjugate of k, thatis, 1/k+1/k* =1 fork > 1 and 1/k* =0 for k = 1.

Let Y A, be an infinite series with its partial sum s,. The series Y A, is said to be summable |R, ¢,|,, if (see[?]).

Y 05 AR, (s)[F < oo,
n=1

where 1 <k < e and AR, (s) = R,(s) — R,—1(s). In the special case, when R is a weighted mean matrix, the summability

method |R, ¢, |, is reduced to |N, D, ¢|k [?]. In recent paper,

Nﬁ ’k has been generated from the space /; as a set of all series

summable by the absolute weighted mean method by Mohapatra and Sarig6l [?] and Sarigél [?, ?]. The space ’Nﬁ ‘k can be

expressed as
k

n

< oo p,

N = A=) Lok
n=1

Pvfllv
1

Pn
PnPnfl

v=

or equivalently, according to notation of domain, Nﬁ ‘k = (It)7(p) Where the matrix T(P) is given by

1,n=0,v=0
i =2 g bl 1 <v<n
0, v>n,

whose inverse S(?) is
I, n=0,v=0

—1/k* B,_ _
s = ot o v=n] (L1)
¢n E? vV=n

0, v#n—1,n.

and it is also linearly

Besides, it is obvious that the space ‘Nﬁ’k is a BK-space with the norm ||),||‘N¢} = HT(P)(A)
Pl

I
isomorphic to the space [ for 1 <k < o [?].
We recall the following lemmas which are useful in proving our results:
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Lemma 1.1. [?] Let U be a triangle. Then,
(i) For AT C o, Re (A,Ty) if B=UR € (A,T).

(ii) If A,T are BK-spaces and R € (A,Ty), then ||Lg|| = ||Lz||.

Lemma 1.2. [?] The following statements hold:

1. Re (l,¢) < (i) limry, exists for all v > 0, (ii) sup |ryy| < oo and R € (1,1») < (ii) holds.
n

nyv
2. If 1 <k < oo, then,R € (I, c) < (i) holds, (iii) sup )oi |[ra|<" < 00 and R € (I, l..) < (iii) holds.
n v=0
3. Re (I,c0) < (ii) holds, (iv) limr = 0 for all v > 0.
n
4. If 1 <k < oo, then,R € (I, co) < (iii) and (iv) hold.

Lemma 1.3. [?] Let 1 <k <. Then, R € (I,1;) iff

N 1/k
|R||(1,1k):SUP{Z|an|k} .
v n=0

Lemma 1.4. [?] Let 1 <k < oo. Then, R € (It,1) iff

1/k*

k*
HRH/(lkJ) - Z (Zb|rnv|> < oo

v=0

Since ,
IRy < IRy < 4R g 5

there exists 1 < & < 4 such that |‘R“/(lk,l) =& IRl ;) where

e 1K

=

||RH(1,<,1) = sup Z

NeF | v=0

o
L

neN

and § represents the collection of all finite subsets of N.

Lemma 1.5. [?] Let 1 < k < oo and k* denote the conjugate of k. Then, we have P = ly= and 1B =B = cg =1,1F = 1. Also,
if A € {lw,c,co,l,li} then, we have
lallx = llall xs

forall a € AP, where .|| s is the natural norm on AP.

Lemma 1.6. [?] Let A D ® be a BK-space and T € {c,cp,l=}. IfR € (A,T), then

&1 = 1IRll(a 1) = sup [ Ral[4 < oo.
n

The Hausdorff measure of noncompactness y was introduced by Goldenstein, Gohberg and Markus [?]. Using the Hausdorff
measure of noncompactness, some compact operators on various sequence spaces are characterized by many authors. For
example, Mursaleen and Noman in [?, ?], Malkowsky and Rakocevic in [?] have used the Hausdorff measure of noncompactness
method to characterize the class of compact operators on some known spaces, (see also [?, ?, 2, ?], [?]-[?]).

Let (A,d) be a metric space and H,M C A. If there exists an i € H such that d(h,m) < € for every m € M, then it is said that
H is an g-net of M; if H is finite, then the e-net H of M is called a finite €-net of M. Let Q be a bounded subset of the metric
space A. Then, the Hausdorff measure of noncompactness of Q is defined by

x(Q)=inf{e > 0: Q has a finite € —netin A},

and y is called the Hausdorff measure of noncompactness.

Let A,T" be Banach spaces. A linear operator L from A into I" is called compact if its domain is all of A and, for every bounded
sequence (A,) in A, (L(A,)) has a convergent subsequence in I'. The class of all compact operators in Z(A,T") is denoted by
E(AT).

The following lemmas give a calculation method for the Hausdorff measure of noncompactness of a bounded subset and the
necessary and sufficient conditions a linear operator to be compact.
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Lemma 1.7. [?] Let A be one of the spaces co or Iy for 1 <k < oo and Q be a bounded subset of A. If P, : A — A is the
operator described by P,(A) = (Ao, A1,...A,0,0,...) for all A € A, then

=\ de

x(Q) = lim (Sugll(l—Pr) (/1)||> :

Assume that )i, x» are two Hausdorff measures on the spaces A,I" and Q is a bounded subset of A. The linear operator
L: A — T is said to be (¥1,x2)- bounded if L(Q) is a bounded subset of I" and there exists a positive constant M such that
x2 (L(Q)) < My, (Q) for every Q. If an operator L is (1, X2)- bounded, then the number

(Ll (3,,20) = Inf{M >0 22 (L(Q)) < My (Q)for all bounded sets O C A}

X1:X2

is called the (1, %2)-measure noncompactness of L. In particular, for 1 = x> = ¥, itis written by |[L||, .., = IILI],,-

Lemma 1.8. [?] L € Z(A,T") and Sp be the unit sphere in X. Then,

1Ll = 2 (L(SA))

and
Lis compact < ||L|, = 0.

Lemma 1.9. [?] Let A be a normed sequence space, U = (up,) be an infinite triangle matrix, Xy and ¥ denote the Hausdorff
measures of noncompactness on My, and My, the collections of all bounded sets in Ay and A, respectively. Then, xy(Q) =

x(U(Q)) for all Q € My,,.
Lemma 1.10. [?] Let A D ® be a BK-space with AK property or A = l.. If R € (A, ¢), then we have

lim r, = o4 exists for all k,
n—yoo

a= () € AP,

sup||R, — [y <,
n

lim R,(A) = Z oy A for every A = (A4) € A.

n—yo k=0

Lemma 1.11. [?] Let X D ® be a BK-space. Then,
(@) IfR € (A, cp), then

Ieall, = tim (s R, ).
(b) If A has AK property or A =l and R € (A,¢), then
*lim (supl|R, —al} ) < Izl < lim (‘sup||R, —all
3 m (ol i) < el < fim (ol -
where . = (o) defined by oy, = lim ryy, for all n € N.
n—soo
(¢) IfR € (Al), then
< <li R
0= Ll < Jim (sup .1

2. Matrix and compact operators on space ‘Nﬁ ‘k

In this section, by computing the operator norms we characterize infinite matrix classes (‘Nﬁ

~9 ~9
<) € (W], <o) ¢ (¥,
estimates for the Hausdorff measure of noncompactness.
For simplicity of notation, in what follows, we use

~9 ~9
k’c>’ (‘Np k’co)’ (’Np k’lw)

g lm). Moreover, we establish some identities or

and also compact matrix classes € (’Nﬁ

P,
Oy = Aryy— + T+,
Pv

where Ary, = rpy — 1y g1
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Lemma 2.1. Let 1 <k <l;>o. Then,
(i) Ifa=(ay) € {‘Nﬁ’k} , then, @) = (dw) € ly= forall A € ’Nﬁ‘k

o B —
(ii) Ifa = (ay) € {‘Nﬁ‘} , then, 1) = (dsl)) €l forall A € ’Nﬂ
and the equality

i ayh, = i Zi\(lk>yv 2.1
v=0 v=0

holds, where y = T'P) (L) and
1 /K P,
&f,k) =¢ L/k (Aa‘,pv —|—av+1) forv>0,a0= sz)k).

v

— B
Proof. (i) Leta= (a,) € {‘Nﬁ ’k} . By (2?), the equation (??) is immediately obtained. Also, it follows from Lemma ??

— B
that %) € I, whenever a € {‘Nﬁ ’k} , which completes the proof.

The proof of (if) is left to reader. O
— B
Lemma 2.2. Let 1 < k < oo. Then, we have Ha||%¢’ = H&(k)Hl for all a € {‘Nﬁ’k} and ||a||rﬁ¢‘ = Hd(l)H for all
Pl k* P oo
N
aec {’Np‘} .

— B
Proof. Take a € {‘Nf, ‘k} . Tt is obvious from Lemma ?? that a*%) € li+. Also, it follows from Lemma ?? and Lemma ?? that

[e) [e%s) %
lalli sy = sup |Y aA,|= sup Zd&“yv = Hd(k) = Hd(k) .
‘N” ‘k AES o) [v=0 YES, |v=0 I b
N5, ¢
<o\ P L .
Fora € { ‘N » ’} , the proof is similar, so it is left to reader. O

Theorem 2.3. Let 1 <k < oo, A be arbitrary sequence space. Further, let B = (b, ;) be a matrix satisfying

n

1/k*  Pn
b, = —_— P,_ry;. 2.2
nj n PP, \; v—1Tvj (2.2)

Then, R € (A,

Nﬁ‘k) iff B € (A,l).

Proof. Let A € A. Then, it follows from (??) that

n

oo . oo
Y. buikj = o’ p - LB A,
j=0 nfn—1,_] j=0

which implies that B, (1) = T,” (R(1)). This gives that R, (1) € ‘ij ’k forall A € Aiff B(A) € I for all A € A. So, the proof

of the theorem is completed.
O]
Let us define the matrix R*®) = (F,(,]f)) with 7 — ﬁc,w forv >0, Ffllf)) = rpo. It is clear that the matrices R and R®¥) are

connected by (??).

Theorem 2.4. (i) Let 1 < k < oo and A € {cg,c,l}. Then,

*

Lk
- ~ (=5} k*
Re (‘Nﬁ’ 7A) = ||Lg|| = Sup’ RY ’ =sup | ) 7 :
k n lk* n v—0
Re (’Nﬁ ,A) = ||Lr| = sup RV L =sup o
n oo n,v

(if) Let 1 < k < oo. Then, there exists 1 < & < 4 such that



Fundamental Journal of Mathematics and Applications 129

e 1k
<0 _liswll” 1) vy (v 2w
Re(’N',l):» Lk 7—HR H — 7 :
Plot) = Ikl =g RO =g B\ Ll
1
_ . AT
Re ([N5].) = el = &V =supd XA
(l‘rlk) v n=0
Re ([N].0) = el = &7 =sup Y |7
(111) v n=0
Proof. The proof of the theorem is obtained from Lemma ??, Lemma ??, Lemma ??, and Lemma ??. O
Theorem 2.5. Let 1 < k < o=. Then,
a)Re (V)] o) if
lim 70 — 0 forall v (2.3)
(o] ~(k) k*
sup Z Ty < o0 2.4)
n V:O
m—1 k*
1 « 1 P
sup{ Y —lowl +— |rum— } < oo (2.5)
m =1 Pv ¢m Pm
hold.
b)R e (’ij ) i (20), (?72) and
lim Fﬁ,]f,) exists for all v
n—oo
hold.
¢)Re (‘Nﬁ L) I (22), (22) hold.

Proof. Prove only the part (a) since the proofs of the other parts can be made the same way. R € (‘Nﬁ

. ,co) if and only if
—o| B - —o| B
(rm)og € {’Nﬁ ‘k} and R(A) € co forevery A € ‘Nﬁ ’k. It is seen immediately from Theorem 2.1 in [?] (rm) o € {‘Nﬁ ’k}

if and only if (??) holds. Also, if any matrix R € (I, c), then the series Y r,,, A, converges uniformly in n and so

11’{11;%7% = ;hrrln vy (2.6)
On the other hand,
m m
lim Z raAy = lim Z bErl:v))’v
m v=0 mn v=0

where B(") = (b%)) is defined by

Tno, VZO,
P, P
) W (rnv_}T”n,vH)a] <v<m-—1
bmv = v Pv
f/'”ﬂr*""‘ , v=mm>1
O " pm
0, v >m.

So, it follows from (??)

Ru(A) =1im Y rydy =1im ¥ 60y, = ¥ iy, = BP (y).
—) ™20 v=0

It is clear that R(A1) € ¢ for every A € ‘Nﬁ ‘k equals to R (y) € ¢ for every y € I} since ‘Nﬁ ’k = ;. This means that
R® ¢ (I, co). Applying Lemma ?? to the matrix R™®) the conditions (??) and (??) are obtained which completes the proof of
the part (a).

O
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Theorem 2.6. The following statements hold:

a)R e (’N2 ,co) iff
lim 7)) = 0 for all v 2.7)
n—soo
sup F,(,i) < o (2.8)
n,v
P,
sup{|0',,v| + |y — } < oo, foralln (2.9)
v v
hold.

b)Re (’Nﬁ‘ ) iff (72), (??) and

(1)

lim 7, exists for all v
n—soo

hold,
oRe (N

o) 1 (22), (22) hold.

— o B —
Proof. (b) LetR € (’Nﬁ ,c) if and only if (r,);7 € {‘Nﬁ ’} and R(1) € ¢ for every A € ‘Nﬁ‘ It follows

0). Re(]ij

—o B
from Theorem 2.1 in [?], (ru)r € {‘Nﬁ ’} if and only if (??) holds. Further, for any matrix R € (I,c), the series Y r,yA,

converges uniformly in 7 and so

1i£n;r,wkv = glirrlnrnvkv. (2.10)

Also,
. L . “ (n)
llgll’lvgormylv = llrzln\;)dmvyv

where the matrix D) = (df,:? ) is given by

P, P
(n) ﬁ(r"V_T‘,lrn,v+1>aO§V<m—l
dy) =

my = —5’" Tom,s v=m,m>1
m
0, v >m.

So, it is deduced from (??)

m m had
Rn(l) = H,En Z Py = h,flnz d,(,ﬁ?yv = Z anl/))’v = R1(11>(y)-
v=0 v=0 v=0

It is obvious that R(4) € ¢ for every A € ’Nﬁ‘ if and only if R (L) € ¢ for every y € [, i.e., RV € (I,c). Applying Lemma

22 to the matrix R(!) the conditions (??), (??) are obtained. This completes the proof of the part (b). The other parts can be
proved by the similar way with Lemma ??. O

Take the matrix L = (I,,;) defined by

=) L0sj<n
"0, j>a

Then, since by = {l.}; and ¢, = {c}, , the matrix classes (’Ng

Lemma ??:

. ,cs) and (‘Ng g bs) can be characterized as follows with

Corollary 2.7. Let 1 <k <. R€ ([N}

k,CS)l.ﬁc

lim 7(n,v)exists for all v
n—soo
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sup Y F(n,v)[F < oo (2.11)
n

m—1
* 1 7
sup{ X () o= fr(mm) 2
m v=1 m

m

k*
} < oo, 2.12)

’N ‘ s) if and only if (2?) and (??) hold where r(n,v) = i rjv, R(n,v) and R(n,v) are connected by (??).
j=0

Theorem 2.8. Suppose that 1 < k < o. Then,
a)R € ( 7?; k,co) iff

(k)

I'ny

k*) 1/k*

Ikl = limsup (z

n—o0 =0

k*
r,w =0.

andR €€ ‘N¢’ ) iff limsup Z

n—oo =0
k,C iff

b)Rc ’Nﬁ

(k)

Iy — O

n—soo

k*) 1/k*

1/k* -
,hmsup <Z r,,v %’ ) < ||LRHX < limsup (Z
— n—oo v=0

K k)
= 0 where o, = lim 7y,
n—oo

~(k
rr(w> — 0

and R € ‘@”(‘Nﬁ’k ,co) iff limsup E‘,

n—oo  y=0
lo) 0
k ) ) ﬁ

oRe (N

rnv

>l/k>~<

Proof. To avoid repetition, only the proof of b is made and the proofs of (a) and (c) are left to the reader.
(b) Let R € (‘Nﬁ

0< |[Lrlly <limsup (Z
n—roo —

0 |

r}’lV

also, if limsup Y},

n—oo  y=0

=0, then R € ‘K(‘Nﬁ

loo).
)

. ,c). To compute the Hausdorff measure of noncompactness of Lg, take the unit sphere S 5 in the space

4 k
‘Nﬁ ’k' It is written from Lemma ?? that
||LR||X = X(RS’N¢‘ )
7k
On the other hand, since ‘Nﬁ ’k >, Re (‘Nﬁ k,c) if and only if R®) € (i, c), and so
L&l = X(RSW) )= %(R(k)T(”)SW‘ )= ||Law |,
Pk Pk
which implies, by Lemma ??,
1 - * *
- lim <sup RP o ) < |, < lim ( RP — o ) : (2.13)
2 r—eo n>r I = \n>r I

where o, = lim 7,(1]‘(,), for all v > 0.
n—soo

By Lemma ??, ’ R,Sk) - 1 ~S,k) - " The last equality completes the first part of the proof of (b) with (2?). Moreover,
k k*
the compactness of Lg is immediately deduced from Lemma ??. So, the proof of (b) is completed. O

We have the following theorems by following the above lines:

Theorem 2.9. (a) IfR € ( N,

,co) . Then

(1)

Fny

ILell, =

N =1im sup sup
loo n—soo v
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(1)

andR €€ (‘Nﬁ ,co> iff limsupsup |y’ | = 0.
n—oo vV
(b) IfR € ( N, ,c), then
—~lim supsup r,(,v) —o,| < ||LRH;¢ < hmsupsup rﬁw> —ay
2 n—yo0
andRe € (‘7[, 76) iff lim sup sup 7,%) — oy | =0 where a, = lim fni ,forallv e N.
n—oo v n—oo
(c)IfR € ( N zw), then
0< ”LR”X < limsupsup F,(Zi)
n—oo v
NG o1 (D] _
andR € ¢ (|N,|,co ) if limsupsup |7 | = 0.
n—yoo v

Theorem 2.10. (a) IfR € ( N,

zk), 1 < k < oo, then

(1)

- . 1/k
||LR||X = Jlglolo sup ( ZJH F ) 3
n=j

T'ny
v

Ol

T'ny

=0.

and R is a compact operator iff lim sup Z
J7% v p=j+1

(b) IfR € (’Nj’; )

,l), 1 < k < oo, then there exists 1 < & < 4 such that

1/k*

k*
ILrll, = 11m Z( Z ik ) ,
v=0 \n=j+1

k*
) o

Proof. (a) Let S|N¢‘ be a unit sphere in the space ‘Nﬁ‘ and R=RWoT®) Since A € S’N
P p

(k)

Fny

and R is compact a compact operator iff lim Z )
J==y=0 \ n=j+1

,y=TP) (L) €S, . So, by Lemma

??, Lemma ?? and Lemma ??, it is written that

IRl = (R =2 (RVeT0Is )
P pk
= lim sup H(I_Pj)(R(l)(y))H

J—roeo 'VET(p)SW‘
k} l/k

which completes the proof of the first part with Lemma ??. The proof of (b) is similar, so it is omitted. O

(1)

T'ny

J=e n=j+1

= lim sup{ E

3. Conclusion

The approach of constructing a lot of new sequence spaces by means of the matrix domain of some particular limitation
methods have recently been employed by several authors in many research papers. Also, with a different point of view, using
the concept of absolute summability method new sequence spaces have taken into the literature. For instance, in recent paper,
‘Nﬁ ’ has been generated from the space [; as a set of all series summable by the absolute weighted mean method by Mohapatra
and Sarigol [?] and Sarigol [?, ?]. In the present study, as a continuation of these papers, certain compact and matrix operatos
from this space to one of the classical sequence spaces c, [, ¢ are characterized and their norms and Hausdorff measures of
noncompactness are determined. So, it has been brought a different perspective and studying field.
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