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1. Introduction and preliminaries

In this study, the set of all natural and non-negative real numbers will be symbolized by N and R, respectively.

Fixed point theory is an active and popular area for researchers in nonlinear analysis. Especially metric fixed point theory is a
cornerstone for this research area. Researchers working in this field are indebted to S. Banach [1]. The focal point of this topic
is to achieve the best suitable conditions on mappings to guarantee the existence and the uniqueness of fixed points, mainly the
Banach Fixed Point Theorem put forward by Banach in 1922. In particular, extensive progress has been made in improving
and expanding these conditions over the past few decades.

However, the metric structure has been generalized in many directions. One of the crucial results defined in different periods
by Bakhtin [2] and Czerwik [3, 4] is b—metric space, as noted below.

Definition 1.1. [3] Let S be a non-void set and x > 1,(k € R). Presume that the function 1 : S x § — R provides the
following terms: for every @,E,p €S,

(m) n(@,§)=0so=_,
(m2) n(@,8)=n( 0),
(m) n(@,8) <x[n(@p)+n(p,&)l.

The function 1 is entitled a b—metric on S, and the pair (S,M) is a b—metric space.

In the case of kK = 1, the concept of b—metric and ordinary metric coincide. Also, unlike standard metrics, the b—metric is not
continuous. Accordingly, the following lemma is valuable and exceptionally significant for a b—metric space.

Lemma 1.2. [5] Let (S,1) be a b—metric space with k > 1, the sequences {@,} and {&;} be convergent to @ and &,
respectively. So, we have

1 . .
2" (@,6) <liminfn (@,,&,) < limsup7 (@, &) < K0 (@,8).
q—roo

Email addresses and ORCID numbers: mahpeykero@sakarya.edu.tr 0000-0003-2946-6114 (M. Oztiirk), abdurrahman.giresun @hotmail.com,
0000-0001-6197-8975 (A. Biiyiikkaya)




Fundamental Journal of Mathematics and Applications 211

Especially, if ® = &, then we have lgn n(@,,&,) =0. Also, for z € S, we have
q (o}

1
—1n (®@,z) <liminfn (@,,z) < limsupn (@,,z) < kN (@,z).
K g—roo g—roo

In 2008, V. V. Chistyakov [6] proposed a new concept of modular metric space generated by F —modular and the theory of this
space. Afterward, in 2010, V. V. Chistyakov [7] defined the modular metric space using a modular that identifies an arbitrary
set.

Initially, let S be a non-empty set and v : (0,00) X S X S — [0, 0| be a function. For brevity, we will write:

v (@,8) =v(4,0,5),
forallA >0and @, €8S.

Definition 1.3. [7] Let S be a non-empty set and v : (0,00) x S X S — [0, 0] be a function that admits the following axioms.
Thereupon, we say that v is named a modular metric for all @,&,p € S

(v1) vy (@,&)=0forall A >0ifand only if @ = &,
(UZ) Va (waé) =y (é,a)')foralll >0,
(03) Va1y (@,8) <V (B, p)+Vu(p,S) forall A, pu > 0.

If we only exchange the (V1) with
(v1") vy (@,@)=0forall X >0,
then v is said to be a (metric) pseudomodular on S.

For more detail, it refers to [6]-[10].
In 2018, M. E. Ege and C. Alaca [11] introduced modular b—metric spaces by combining the structures of b—metric and
modular metrics and, besides, established some fixed point theorems in the new space setting.

Definition 1.4. [11] Lez S be a non-empty set and let K > 1 (k € R). Amap £ : (0,00) x S x S — [0,00] is entitled as modular
b—metric, provided that the following circumstances satisfied for all @,&,p € S,

() 0, (@,8)=0forall A >0ifand only if @ = &,
(f2) 61 (@,8) =15 (§,®) forall 2 >0,
(63) €l+y (ﬁ,g) < K[el <w7p)+gﬂ (p7€)]f0rall)’7“>0'

The pair (S,{) is a modular b—metric space expressed in MbMS.
In fact, for k¥ = 1, it can be seen that MbMS is an extension of the modular metric space.
Example 1.5. [11] Let us consider the space

l,,:{(aij)cR:i\wj|p<oo} 0<p<l.

j=1

For A € (0,) if we define £, (0,£) = m(o;,é) such that
1

m(@,&) = (i ’G’j—ij\p> p’ o=0;5=§¢l,
1

then we see that (S,£) is an MbMS with K = 25,

Example 1.6. [12] Let (S, V) be a modular metric space and let p > 1 be a real number. Take £ (@,&) = (vy, (@,&))?. Due
fo the fact that the function T (t) = tP is convex for t > 0, by Jensen inequality, we attain

(a+B)’ <27 (a” +BP)
for a, B >0. Thus, (S,€) is an MbMS with k =2P~1,

Definition 1.7. [11] Let ¢ be a modular b—metric on a set S, and a modular set is identified by

ng{éES:E/'vw}7
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where the % is a binary relation on S defined by,

®~Es lim(, (0,8) =0,
A—vo0

Jor @,& €8. Also, note that the set
S; =S} (@) ={®@€S:31 =A(®) > 0such that £, (@, @) < e} (@ €89)
is mentioned as a modular metric space (around @y).
In what follows, we recollect some basic topological properties of MbMS.
Definition 1.8. [11] Let (S,€) be an MbMS and (@) .. be a sequence in Sj.
(i) ([Dq)qu is called {—convergent to @ € S} if and only if {) (@, ®) — 0, as g — o for all A > 0.
(if) (@), N inS; is named {—Cauchy sequence if lim {; (@,,®,) = 0 for all 1 > 0.
q¢< - q,m—veo
(iii) Sj is called {—complete if any {—Cauchy sequence in S} is {—convergent to the point of S}.

In [13], A.H. Ansari presented a novel class of functions named C—class functions. This class has extended many results for
metric fixed point theory, which contains almost all types of contractions.

Definition 1.9. [13] Ler ¥ : [0,0) x [0,00) — R be a function. If for all p,q € [0,00), the function & is continuous and satisfies
the below circumstances, then we say that 4 is a C—class function.

() 9 (p,q) < p:
(%) 9 (p,q) = p implies that either p =0 or ¢ =0.

The C—class functions are symbolized by € .
Example 1.10. [13] The following ones from ) to 95 are examples of ¢ € €.

(i) % (p,q) = p—qfor all p,q € [0,),
(ii) % (p,q) = mp for all for all p,q € [0,0) where 0 <m < 1,
(iii) 4 (p,q) = ﬁfor all p,q € [0,00), where r € (0,00),
(iv) % (p,q) = pB (p) for all p,q € [0,), where B : [0,00) — [0,°0) and is continuous,

(v) % (p.q) = /In(1+p") forall p,q € [0,0).
Definition 1.11. [14] The family Q denotes all function ¥ : [0,00) — [0,00), which is named altering distance function, if
(X1) X is continuous and non-decreasing;
(X2) 2(1) =0ifand only if1 = 0.
Definition 1.12. [13] The family I1 denotes all function ¥ : [0,00) — [0, 00), which is named ultra altering distance function if

(1) O is continuous;
(%) O (t) >0forallt>0.

Also, for C—class functions, it refers to [15]-[18].
In 2017, Fulga and Proca [19] introduced a new contraction mapping involving the following expression and proved a fixed
point theorem on a complete metric space,

E(@,8)=m(@,)+|m(@ I'o)—m(§,IE),

whenever (S,m) is a complete metric space and @, € S. Subsequently, it is used as E—contraction and appears in many
articles, see, [20]-[22].

In [23], Proca specified a new expression of Z—contraction with the “max operator” and also, in [24] verified a fixed point
theorem, as indicated below.

Theorem 1.13. [24] Let T : S — S be a mapping on a complete metric space (S,m). T admits a unique fixed point in S if there
exists o € [0,1) such that for all ®,& € S

m([®,I'¢) < oM (,8)),
where

M* (@,&) =max {m(@,&) + |m(®,To) —m(E,TE)
m(§,TE) +|m(®,8) —m(@,To)

(@, T®) + Im(@,5) —m(§,TE)|;
23 m(@,T8) +m(E.T@)+ |m(®,T@) —m(E,TE)|}.
Furthermore, in [24], Proca has given an example to explain that M* (@, &) is more general than the value of the maximum of

Ciric type contraction [25].
The following notion will be used throughout the study.

Definition 1.14. [26] Let (S,m) be a metric space and T', Y : S — S be two mappings. Then, I and Y are said to be weakly
compatible ifTo = YO implies TY®W = YT'® for some @ € S.
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2. Main results

Owing to the fact that the concept of modular metrics does not have to be finite, the following requirements are essential to
assuring the existence and uniqueness of fixed points of contraction mappings in modular metric and modular b—metric spaces.

(M) £, (O, To) <ooforallA >0and @ €S,
(M>) €y (@,8) <ooforall A >0and @,& €S;.

In this section, we aim to characterize the concept of ¢ (X, 9, E) —contractions by considering the C—class function endowed
with the functions ¥ and 9, including generalized E—contractions for four mappings in the framework of modular b—metric
spaces. We also put forward some new results derived immediately from the main result.

Definition 2.1. Let ¢ be a modular b—metric with k > 1 on set S, and let T',Y,J,{ : S; — S} be mappings. The mappings
I,Y,J, and § are called 4 (£, 0, E)-contraction, if there exist 4 € 6, £ € Q, and ¥ € I such that

(K (T@,YE)) <9 (Z(2(@,8)),9(2(@,8))), 2.1)
where

E(@,8) = max {63 ((B,JE) + 10, (§@,T®) — b3 (JE.YE) 1 4, (C0,T®) + |63 (£B,JE) — 63, (JE, YE)
(GUETE) +10, (E@,IE) — 4 ((@.T@)|: § [2LOTNMUEI0) g, ((@.Tw) 1, (/6,18 }.

for all distinct @,& € S}, and all A > 0.
Theorem 2.2. Let S} be an {—complete MbMS with constant K > 1. Assume that the following statements are ensured:

(i) The mappings T, X,J, and § are a 9 (X,9,E) —contraction such that T’ (S;f) cJ (S}‘) and Y (Sf) c¢ (Sz),
(ii) One of the sets T’ (S}) J (S}‘) T (S}‘) and § (S}f) is a closed subset of S},
(iii) The pairs {J, X} and {{,T'} are weakly compatible.

If the condition (M) is satisfied, then T, X, J and { admit a common fixed point in S}. Moreover, the condition (M) is provided,
the common fixed point of T, X, J, and { is unique.

Proof. Let @y € S; be an arbitrary point. If we take into account the condition (i), there is a point @; € S such that
& =T@y = Jm,. In a similar way, one can find a point @, € S such that §; = Y@, = {@> as T (S;) c¢ (Sj) Following the
above process, we acquire a sequence { &, } such that

ézq =1y =JWyyy1 and §2q+1 = Y(D'quH = C(Zfzq+2.

Assume that &, # &, 11, because if we accept that &, = &, 41 for some go, the proof is evident. Therefore, we have
4y (ézq, §2q+1) > 0 for all A > 0. From (2.1), we procure

(K70 (B2, YB2g11)) <9 (2 (E (B, Drgs1)) O (2 (Dog, Drg11))

where
E (@2g, Wag+1) = max {{ szwaqu)-FW (@, Twog) — 1), észqH,Tﬁfqu; ;
0, (C02g, TW2g) + |03 (§B2g, JBrg41) — €5 (JDgi1, YBog1) |5
03 10521,+17T072q+1) |63 (szq,szqH) 0 ($@aq,Tog) |

=

2 E0 1) VAT |, (0, )~ (11, T0) |

=max {{; (&4 1,§2q;+ 7 (§2q—17‘§2q;_£l E§2q7‘52q+1) ;
O (&ag-1,809) + |02 (E2g-1,2q) — 00 (&2, E2g41) |5
£y, §2qa§2q+l)+ 0 (&g 1;52(1)*61 (&2g-1,829) |

(
(
(
5
(
(
(
|

% 03, (&g |7§2q+1 )+ (E29:E29) _|_|€/1 (€2q7]a§2q) 0 (52q,§2q+1)|]}-

Now, if we assume that 6, = £ (éq,l , éq) and use the triangle inequality

U (E2g-1,824+1) <K [0y (E2g-1.82q) +0n (&295E2941) ]

we get that

X (K3O-2q+l) < 4 (Z (E (w2q>a72q+l)) 719 (E ((D-Zq,a)-Zqul))) ; (2.2)



214 Fundamental Journal of Mathematics and Applications

where

; O2g + ‘qu — O02g+1
k(024 +02411)

= (szq, szq+1) < max {qu + \qu — O2g+1
; % e +}qu—0'2q+1|:|}.

s

O2g+1+ ]62(1 — Oy

If 62441 > 024, we achieve

02g + 2441+ 02911 — Oy } G
= 02¢+1-

E (@2, W2g+1) < max { OC2g+1; >

From the above, it is concluded that
5 (G211) < E(K202941) <F (X (02g11) .0 (G2g41)) <E(G2g1).
which means
G (2 (02g01) .0 (G2g11)) = £ (G2g11)

From (45), either £ (G24+41) = 0 or ¥ (024+1) = 0. Nevertheless, a contradictory situation arises in both cases due to our
assumption. For 02,411 < 0y, we have ‘qu — O2g+1 ] = 0pq — Oz¢+1 and

02g + O2g1 + 029 — G2y 41 }

=z (a)-an qu+1) < max { 2024 — O2g+1,02g+1 >

As [20‘2,1 — Oq11 > O > 62q+1] , we yield that

E (@2g, Wag+1) = max { 2624 — G241, O2g+1, 02 } =202 — O2g+1- (2.3)

Moreover, by repeating similar steps, we acquire that 6y, < 024—1. Then, it ensures 6,1 < 0,. So, we say {Gq} =

{€ 2 (éq,l , éq)} is a non-increasing sequence of non-negative real numbers. Thereby, there exists T > 0 such that lim o, = 7
q—o°

for all A > 0. Now, we aim to show T = 0.
By using () and (2.3), contemplating the inequality (2.2), we get
Z(02g41) <X <K362q+1) <Y (2(202 — O2g+1) , 0 (202 — O2g11) ) <L (2025 — Oagi1) -
If we take the limit in the above inequality, we have
(1) <9 (X(7),0(1)) <x(7),

and consequently, 4 (£ (1), (7)) = X (7). Then, from (%), either £ (7) = 0 or ¥(7) = 0. This implies that 7 = 0, i.e., for all
A>0

0 (E-1,89) =0, (g—o0). (2.4)

We need to show that {éq} is an /—Cauchy sequence. It is adequate to demonstrate that {ézq} is an /—Cauchy sequence.
Presume on, by contrast; we will find € > 0 and also form two sequences {a;} and {b;} of positive integers fulfilling b; > a; > i
such that b; is the smallest index for which

0, (82, 6on) > € and £y (a4, Eap,—2) <€, forall > 0. (2.5)
From (2.5), we gain
& <), (62, 60n;) < Kl (&24;5 Eam41) + Kl (&apir1, &) -
Taking the limit superior in the above expression as i — oo and by utilizing (2.4), we attain

limsup £y, (&, Expys1) > % . forall > 0. 2.6)

g—

From (¢3), we acquire

O (&2a-1,801,) < Kly (&2ai-1,824;) + KZE% (&2ai Eavy—2) + K%% (&api—2.Eom1) + KV% (&api—1, o) -
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Again, by taking the limit as i — oo and taking the expressions (2.4) and (2.5) into account, the above inequality provides that

limsup?; (&—1,60,) < K’€, forall 1> 0. (2.7
k—yoo
Thereby, by (2.1), we procure
z (KSKA (Fw20i7Yw2bi+l)) <¥ (Z (E (a)-Za,-u wai+l)) ) B (E’ (a)-ZG,W wa,'Jrl))) ) (28)

where

E (@24, Wop;+1) = max { {3 (B, J O, +1) + |63 (§@20, . TW24,) — €3 (JBapy 1, YOy 1) | 5
2 (C 00, TW24,) + | £, (Cﬁ’zul,fﬁfzb +1) =y (JBopys1, Y Bop,11) | 5
A (szb+1,YG52b+1)+|f)L (C®20,, J @2, 11) — €3 ({ W20, , T D2, | ;

0y (C®a,. YO +0 (Jo Ty,
1[2&( 2a;) 2b,+1)K 2/1( 2b;+1 21)_|_ (sza,-fwza,-)—&(Jafzhi+17T(752b,-+1)|]}

= max {EA (&2ai-1, o) + | (&20i-1,&26;) — € (E2ai> E2mi41) |5
O (&oai—1,&om;) + 00 (&2a-1, &) — Ca (E2air Eami1) |
O3 (&2ai, Eon1) + [€a (82ai—1,0m) — Ca (E2ai—1:Eo;) | 5

1 [ E2), (52:1, 1 52b,+K)+52/1(52b,-v§2a,~) 4 |£)L (£2a,-—1;€2h,«) _gk (éZa,-agz}zﬂrl) H }

[\S}

Also, by using (¢3), we derive
O (Gaa—1,&ami1) < K [ (Gaai—15Eam,) + L2 (Eabys Eabi1) ]

621 (éZb,v gZui) <K Vl (6217,'7 §2ui71) +£7L (ézuifl ) éZa,‘)} .
Consequently, we combine the inequalities (2.8) and (2.9), we deduce E (@4, @p,+1) < {3 (&20,—1, o, ) thence, we get

2 (6305 (&2 Eamir1)) <G (2 (0a (E2a-1.600,) ) D (€ (G201, E08,)) ) - (2.10)
Now, by employing (2.6), (2.7), and (4)), if we take the limit as (i — oo) in (2.10), then we achieve

£(02) <9 (k%) .9 (Ce)) (k%)

(2.9)

which stands for
9 (£ (k%) ,0 (k%)) =X (x%€),

hence, it must be either X (Kzs) =0or (Kze) =0.As x> 1and € > 0, it is a contradiction, that is, {ézq} is an /—Cauchy
sequence. Thus, {éq} is an /—Cauchy sequence in Sj. Since Sj is an {—complete MbMS, there exists ¢ € S} such that

lim &, =c. (2.11)

g—

Now, we aim to show that I'c = Y¢ = Je = ¢ = c. Primarily, we prove that I'c = {¢ = ¢, that is, ¢ is a common fixed point for
the maps I and §. The following statements are obvious.

lim &, = hm n 't = hm JWy i1 =c,
g—reo

lim = lim Yo = lim (@ =c.
goeo €2q+] parest 2g+1 q%wg 2g+2

Considering the hypothesis, let { (S}‘) be a closed subset of S}, there exists u € S} such that ¢ = {u. We claim that T'u = c.
Let us replace @ and & in expression (2.1) with u and > 1, respectively.

£ (%0 (T Y11)) < (2(2 (0.82g.1)) 0 (2 (1.00.1)).
where

= (M,szq_H) = max {f/l (Cu ]G)'zq+1) + ‘El Cu Fu) él (]szq+1,Yﬁfzq+1) ;
£y (Cu,Tu)+ |€x (Cu J@2q+1) 4, (szq+1,Y672q+1) ;
45 {(](D'zﬁ],T(D'qu) + |€)L (Cu J(D'qurl) ly (Cu,Tu)|;

4 u, Yo +y) (JT ,l"
24 (G000 1)+ (V01T +|£)L (Cu,Tu) — 1), (Ja).ZqulequJrlH:l}

1
2

=max {{; (¢,& )+]£,1 (e.Tu) — &3 (E2gr &g 1)
6 (e, +|€1~( 524) EA (§2q7§2q+1);
Uy,

A
2 ( 2q7§2q+])+|€l( ,&2q) — 1 (¢, Tu)|;

(c.é
(
=

~

‘52q+1 +521 (‘52un i |£)L (c,Fu) —E)L (§2q7§2q+1) |:| } .
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Also, by using (2.11) and (¢ ), if we take the limit as ¢ — oo in the above, and note that
O (2 Tu) < [0 (8292 E2g+1) + L (82941, Tw)]
we conclude & (u, Wg+1) < ¢, (c,Tu). Hence, we obtain
(), (Tu,c)) <X (K‘3€;L (Tu,c)) <G (4 (Tu,c)), ¥ (£, (Tu,c))) < (L (Tu,c)),
which implies the following
G (Z(lx (Tu,c)), 0 (€, (Tu,c))) =X (€, (Fu,c)).

Then, from (%), either X (¢, (T'u,c)) =0or & (¢, (Tu,c)) =0, which yields £, (Tu,c) =0 < T'u=c. Therefore, Tu={u=c.
Since the mappings I" and § are weakly compatible, we have I'c = I'{u = {T'u = {c. Next, we claim that I'c = ¢. Again, from
(2.1), we get

z (K%I (Ce, Y®2g41)) <9 (Z(E (¢, Bogr1)) .0 (E (e, Bog11))) »

where

= (C7a)-2q+l) max{él (CC ]G)'zq.H) + Vl CC FC) N (Jﬁ)'zq+17YG)'2q+1) )
0 (Ce,Te) + [0, (Ce,J@agar) — € (JB2gr1, Y Bog1) |5
O, (JBog i1, XDy 11) + |0 (CC J@yy41) — 3 (Ce,Te) |

12 ¢, Yo, +f Jm, ,l"c
% [ 22 (8eXBog 1)+ (B2 I |€/l CeTe)—t; (JWZqul,Twqu)q}

= max {£3 (Fc,&q) + |02 (Ce,Te) =0 (8205 E2041) |
0. (8e.Te) + |0 (Te, &ag) — £ (8295 E2941) |5
0, (82, &aq41) + |02 (Te, &ag) — 43 (Ce,Te) |

2 [m(n ézqﬂgjm(ézqn + |01 (§e,Te) =1y, (52q7<§2q+1)|} }

Likewise, by utilizing (2.11), (%) and noting
Oop (&2g:T¢) < k[ (&g E2g41) + 42 (E2g41,TC) ],
taking the limit as ¢ — oo in the above, we get
Z (¢, @2g+1) < 43 (Te,c)
and, so
(4 (Te,c)) < (k% (Te,e)) <9 (Z(E(Te,ce)), 0 (E(Te,c))) < Z(E(Te,c)).
Thus, we have
4 (£(43 (Te,c)), 9 (£ (Te,))) = £ (4, (Te,c)).

By (%), either £ (¢, (I'c,c)) =0 or ¥ (¢, (I'c,c)) = 0. This shows that I'c = ¢. The next step is to prove that ¢ is the fixed
point of Y and J. Because I' (S}) C J (S;), there is an element v in S} such that T'c = Jv. Then, I'c = Jv = {¢ = c. We claim
that Yv = ¢. From (2.1)

E(K%;L (FC,YV)) <Y Z(E(c,v)), 0 (E(c,v))),

where

E(c,v) =max{ly ({c,Jv) + 10y (Le,Te) =43 (v, Yv)[; €3 (§e,Te) + 16y (Ce,Jv) — £, (Jv, Xv)|;
0. T) + 16 (G, v) = (§e,Te) s § [ 8T 1y (geTe) — 63 (v, 1) | |

=max {{; (§c,c) + €3 (Ee,c) = (e, Xv) |5 €5 (Ceye) +0a (Ec,c) — £y (e, YV 5
0.(e )+ 163 (§e,0) = 4 (Ce, )]s § [P 41y (e,Te) — 5 (e, 1) |

Note that €5, (¢, Yv) < Kk [€3 (¢, &) + €5 (&2, YV)], we get E(c,v) < €5 (¢, Yv). Then, by using (4;), we have
(0 (e, X)) S (7 (e, X)) < (Z(Ea (¢, 1)), O (€3 (¢, Xv)))

Z(ly (e, 1v)),
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which implies
G (2 (¢, 1v)), 0 (L (¢, X)) = (€3 (¢, Yv)).

So, similar to the above, by using (%), it is clear that Yv = ¢. By the weak compatibility of the mappings Y and J, we achieve
that Yc =YJv =JJv = Jc.
Finally, we demand that Yc = c. Using from (2.1) we achieve

x (K3€7L (FC,TC)) < 4 (E (E‘ (C,C)) ’ v (‘E (C,C))) )
where

E(e,¢) =max{€y (Ce,Je) + [y (Ge,Te) =€y (Je, Xe)|s £ (Ge,Te) + [y (Ee,Je) — £y (Je, Ye) |
£, (Je,Xe)+ €y (Ee,de) — £y, (e, Te)l; % |:[2)L(§C,Tc):crfzx(lc7l"c) 10, (Ce,Te) — b, (]C,YC)|:| }

= max {03 (¢, Ye) 4163 (¢,6) = 3 (Y6, Ye) | 3. (Ce,¢) + 105 (§er) = b (¢, Ye)
0.6 00) +10 (§ee) = b3 (Gee)s § [ TR 117, (¢,0) — £y (Ye,Yo) |}

Hence, this implies

622, (YC, C)

E(c,¢) = max {él (Ye,c), .

} — 0, (Ye,c)
and from (), we obtain
(£, (¢,Yc)) < E (134, (Ye,e)) <G (E(4y (Ye,e)), 0 (6 (Ye,c))) < T (Ye,c)),
which yields
G (2 (£, (¢, X)), D (3, (¢, Xc))) = (£, (¢, Xc)).

Then, from(%,), one can conclude I'c = Yc¢ = {c =Jc = c. Since I'(S}) C J(S}) and Y (S}) C £ (S} ), similar calculations
can be done for the case in which J (SZ) (or " (SZ) , T (SZ‘)) is closed.

In conclusion, for the uniqueness of the common fixed point of I', Y, J, and {, suppose that ¢* is another common fixed point
of our mappings, that is, ¢* = I'c* = Y¢* = Jc* = {¢* such that ¢ # ¢*. Then, from (2.1), we have

2 (K% (e, X)) <4 (2(E(c,c")), 8 (E(c,c"))),
where

E(c,c*) =max{ly (§c,Jc*)+ £y (Ec,Tc) — by (Je*, Xc¥)
Oy (Je* X*) + |8, (Ee,Jc*) — €, (Ee,Tc)

5 0y (CC,FC) + |€7L (CC,JC*) =0 (JC*vYC*)‘ )
[l UCID 114 (g Te) — 4 (e Xe) | }

= max{e}, (C?C*) + |€/1 (C,C) _el (C*vC*)‘ ; el (C,C) + |€l (C?C*) _el (C*’C*)‘ ;
. x « lyy (c,c®) 4Ly, (c*\c £ %
0.(7,6) + 18 (e,67) = by (ey0) | § [T 414y (e,0) = £y (e, }

= max {El (c,c*), L;‘*)} =1 (c,c*).

Thus, by (4), we get
£l (e,¢")) ST(10 (e,¢") S G (Z(4a (e:¢M)), 0 (€a (e,¢M))) SZ(la (e,¢")
which implies
G (Xl (c,¢"), B (L (e,¢7))) =Z(ly (c,¢7)) -

Thereby, it is easy to show that ¢ = ¢*, which means that the common fixed point of I', Y, J, and { is unique. O

Inferences drawn directly from the main result are presented below.

Corollary 2.3. Let S} be an {-complete MDMS with constant Kk > 1 and let I',Y : S} — S} be two self-mappings. Presume
that the following statements are satisfied:
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(i) There existd € €, X € Q, and O € I1 such that

where

E(@,8) = max (£ (@,8) + |6 (@.T0) ~ £ (§,TE)|: 4 (@,T@) + |01, (3,8) ~ {3 (£, YE)|:
GETE) +6.(8.8)~ 3, (@.T0)): § [ 2OILLEL0 L1y (@.10) - 5, (6,28l }.

for all distinct ®,& € S} and for all A > 0.
(ii) The conditions (My) and (M) are provided.

Then, I and Y admit a common unique fixed point in Sj.
If we distinguish I' = T in Corollary 2.3, we yield the below one.

Corollary 2.4. Let S} be an (-complete MbMS with coefficient Kk > 1 and let " : S} — S} be a mapping. Presume that the
following circumstances are satisfied:

(i) There exist9 € €, L € Q, and ¥ € Il such that
L(1K0 (Te,IE)) <4 (X(2(®,8)), 9 (E(@.£))),
where

E(@.8) = max (£ (@,8) + 16 (@.T0) — b3, (,TE)|: 4 (@,T@) +|0, (@, &) — {5, (£,T€)
G(ETE) +16.(0.8) ~ 3, (@.T0)|: § | 2EER2EI0 1y, (@.10) - 6, (£.1¢) | |

[l

(2.12)

for all distinct @,& € S} and for all . > 0.
(ii) The conditions (M) and (M) are provided.

Then I' possesses a unique fixed point in Sj.
Also, we get the following corollary if we choose ¢ (p,q) = p— g for all p,g € [0,00) in Corollary 2.4.

Corollary 2.5. Let S be an {-complete MbMS with constant k¥ > 1 and let T : S} — S be a mapping. Presume that the
below statements hold:

(i) There exist X € Q and ¥ € Il such that
z (K3€l (Fwaré)) < Z‘<E (w7€)) -9 (E (675» )

where E(®,&) is as in (2.12), for all distinct ®,& € S} and for all A > 0.
(ii) The conditions (M) and (M) are provided.

Then, I" holds a unique fixed point in S}.
If we choose that ¢ (p,q) = kp, k € (0, 1), for all p € [0,), then we possess the below one.

Corollary 2.6. Let S} be an {-complete MbMS with kK > 1 and let " : S} — Sj be a mapping. Presume that the following
conditions hold:

(i) There existX € Q and k € (0,1) such that
£ (€0 (F0,1)) < KE(E(@,8),

where E(®,&) is defined as in (2.12) and for all @, € S} and A > 0.
(ii) The conditions (M) and (M) are provided.

Thus, I admits a unique fixed point in Sj.
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3. An application to graph theory

Let S; be an /-complete MbMS with k > 1, and let consider: A = {(w ,O): @€ S; } which denotes the diagonal of the
Cartesian product S; x Sj. Also, let H be a directed graph such that

* V(H) : vertices coincide with S},
* B(H) : edges contain all loops such that A C B (H).

The pair (V (H),B(H)) could be displayed as the graph H. The following set
B(H) ={(@,5)€S; xSj| (§,@) € B(H)},

is identified where H~! is obtained in the graph H by reversing the direction of edges and called conversion of H. The graph
H can be called an undirected graph, which denotes H, in case of the direction is ignored and so, we get

B(H)=B(H)UB(H").

Let K be a subgraph of a graph H such that V (K) CV (H) and B(K) C B(H). If @ and & be vertices in a graph H, then
a path from @ to § of length j € N is a sequence (@), which has j+ 1 distinct vertices such that @ = @, @, ..., ®; and
(0i_1,@;) € B(H) fori=1,...,j.

Also, H is called a “connected graph” if there is a path between two vertices. Moreover, H is a “weakly connected graph”,
provided that A is connected. For more detail about the graph theory, see [27]-[29].

Definition 3.1. Let T : S — S be a mapping on a metric space (S,m). Presume that the followings hold:

(i) (w,§)eB(H) = (To,I'é)eB(H),forallm,& €S,
(i) mTo,TE) <um(w,&), forall (@,&) € B(H),and u € (0,1).

Then, I is called a Banach H-contraction mapping on S.

Let S} be an MbMS endowed with a graph H and I": S} — Sj. We set
Si'={omeS;|(@,To)cB(H)}.
We present a new concept using the graph structure entitled ¢ (X, ¥, E)-graphic contraction, as noted below.
Definition 3.2. Let S} be an MbMS endowed with a graph H. Presume that the following statements are provided:
(i) T preserves edges of H, i.e.,
(w,)eB(H) = (I'o,I't)eB(H)

forall @& € S;.
(ii) There existsaq € €, L € Q, and ¥ € I such that

L (K (Te,18)) <% (£(2(,8)),9(2(@,5))), 3.1

where

E(@,8) = max (£ (@,8) + £ (@,T@) ~ 3 (£.TE)|: 4, (@,1@) + [, (@,€) ~ {3 (£,TE)];
G (ETE) +16.(8.8) — 3, (@.T0)|: § | 2R EI0 1y, (@.10) -4, (£.18) | |

forallw,& € B(H), and A > 0.
Then, T is called a 9 (X, ¥, E)-graphic contraction on Sj.

Theorem 3.3. Let S; be an {—complete MbMS endowed with a graph H and I : S} — S} be a mapping. Assume that the
circumstances below hold:

(i) There exists @y € SZFF,
(ii) Tisa ¥ (X,9,8) —graphic contraction,
(iii) If {®y} is a sequence in S} such that klim 0y (O, @*) =0 and (O, Wy+1) € B(H), then there exists a subsequence {@y, }
—yo0
of {®y} such that (@y,,®*) € B(H),
(iv) H is a weakly connected graph.

Then, by the conditions (My) and (M>), I holds a unique fixed point in Sj.
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Proof. Define the sequence {@} in S} by @41 = I'd for all k € N. From (i), since @ € S:T'; we have (@, T@y) € B(H).
If we denote @; = '@y, then

(o, T®y) = (0, 1) € B(G).
Because I' preserves the edges of H, the following expression is provided:
(my,m) €eBH) = (Toy,Tw)eBH).
Continuing this way, we procure
(O, 0+1) € B(H).

So, from Corollary 2.4, we get {@; } is an {—Cauchy sequence in S;. Because S; is an /—complete space, there exists @* € S}
such that

lim £, (@, @") = 0. (3.2)
k—so0

Now, we show that @* is a fixed point of I". Using (iii), we have (@, ,®*) € B(H). Then, from (3.1), we obtain

(0, Toy, TeY)) <9 (S(B(m,,0%)),0 (B(@,,0"))), (3.3)
where
E(@y,,®") = max {{y (@, @) + {3 (@O, ,ka) 0 (@, To")|;
Oy (O, Toy,) + |0y (O, 0F) — 5/1 (ﬁ’* Fw* |

[l

OIS 00 4 (@, Ty, zuw*,rw*)l}}

2 (O )
ék (O'J I'o* )+|€l ((D'ks,w*) E;L (wks,l“wks)
)—

1

2

(3.4

= max{/,, ((D'ks,w*)—l—wl ((i)'lcs,(i)'/%,,l)—e}b ((D'*,Fﬁ)'*)|;
0 (@, Biy—1) + 103 (B, 07) — £ (0", TE")|;
0, (@7, T0") + [, (B, @) — €5 (B, , Biey—1)] 5

|
|
Uy @y L@ )+l (@, Dy — ¥ ¥
|: 21( ks )K2l( ks 1) +‘€l (wk57wk3—1)7£ﬂ, (w ,r‘w )|:|}'

%
Taking the limit as s — o in (3.3) and (3.4) and by employing (3.2) and (¢, ), we deduce that
Y (6 (0%, To")) < Z(K3€,1 (ar*Iw*)) <Y (X (", To")),d(, (", To"))) <L) (o*,To")),
and as a consequence, the subsequent term is found.
G (X (0", To")),0 (), (0", To"))) =X, (", To")).

Using the properties of ¢, we say that @* = ['o*, that is, @ is a fixed point of .

Next, we show that @* is a unique fixed point of I". Let w be another fixed point of T, i.e., w = I'w, there exists r € SZ‘ such
that (@*,r) € B(H) and (r,w) € B(H). Using (iv), we have (@*,w) € B(H).

Thence, from (3.2), we achieve

X (K% (To*,ITw)) <9 (Z(E(@",w)), 0 (E(@",W))), (3.5)
where

E(o*,w) = max{{, (@*,w)+ ¢, (@*,To*) — £, (w,Tw)|; l; (@*,To*)+ |{; (ZD* w)— £, (w,Tw)l;

(3.9 w) £, (@ w) 3 (@00 § [ 3ODHLCTT) g, (@ 1) — £ (wTw)] (3.6)

Together with (3.5) and (3.6), also applying the features of the functions ¢,%, ¢}, we yield that @* = w, hence @* is a unique
fixed point of I". O

4. Application to integral type contractions

This section consists of a common fixed point theorem, including integral type contraction and some consequences, which can
be obtained by applying particular expressions in the main result.

Definition 4.1. Let ® := { u : RT™ — R™| p Lebesgue integrable mapping} be a class of mappings satisfying the followings:
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(1) W is non-negative and summable function;
(u2) foralle >0

€

/u(p)dp>0.
0

In what follows, Branciari [30] demonstrated a fixed point theorem regarding a contractive condition of integral type.

Theorem 4.2. [30] Let I be a self-mapping on a complete metric space (S,m), and there exists k € (0,1) and u € ©. If for
o, €S

m(T@,[E) m(®@.8)
p(p)dp <k / u(p)dp
0 0

is satisfied, then T possesses a unique fixed point in (S,m).

Subsequently, numerous studies have been done about the consequence of Branciari with some known properties. In [31],
Azadifar et al. verified that a common fixed point theorem was satisfying a contractive condition of integral type in the sense of
modular metric spaces.

Now, we construct our main result of this section by defining the ¢ (X, 1, E) —contraction of integral type, as indicated below.

Definition 4.3. Let S} be an MbMS with the coefficient k > 1 and letT',X,J,{ : S; — S} be mappings. The mappings I',Y,J
and § are called 4 (¥,9, E)-contraction of integral type, if there exist 4 € €, X € Q, ¥ €11, and U € O such that

Zi(Fw,Té)
Ll [ e | <Y (EE®.8).9E@.E). @1
0
where
£ C@.s8) {3 Core) 03 UEXE)
E(@,§) = max ({ p(p)dp+ Of u(p)dp — ({ n(p)dp|;
{3 Gora) £3 €@8) (3 UEXE)
g p(p)dp+ Of np)dp — { n(p)dp|;
(3 UEXE) 13 (£@.8) (3 ora)
Of p(p)dp + ({ p(p)dp — Of u(p)dpl;
{y), (C@XE) t,, VET®)
T T
B T BT I i A 4 UETE)
3 S L wlede— [ ulp)dp

for all distinct @& € Sj, for c,l € R, ¢ >l and for all A > 0.
Theorem 4.4. Let S} be an {—complete MbMS with coefficient K > 1. Assume that the following statements hold:
(i) T,Y,J and § be a 9 (£,9,E) —contraction such that T (S}) C J (S}) and Y (S}) C ¢ (S}).
(ii) One of the sets T (S}),J (S}),Y (S}) and £ (S}) is a closed subset of S},
(iii) The pairs {J, X} and {{,T'} are weakly compatible.
Under the conditions (M) and (M>), the mappings ', X, J, and § admit a unique common fixed point in S;.

Proof. Let @) € S} be an arbitrary point and similar to the proof of Theorem 2.2, we construct a sequence {éq} in S7 such that

&g =Ty =J W2y 11, &rgi1 = YWogi1 = LWy
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From (4.1), we get
¢ A (CBg YW2g+1)

|« / u(p)dp §g(2(3 (w2q7w2q+1))”9(3 (quvaqu)))’

0
where
03 (§020-101) 03 (§02.T 2y 03, (98211 Y0211
E (@2, Wy 11) = max bf 1(p)dp + Of w(p)dp — Of wip)dp|;
% (szq szq) % (Cqu Jqu+l) ZXT (Jafzq+1 .Yafzq+1)
({ u(p)dp + ({ u(p)dp — ({ u(p)dp|;
Z% (Jw2q+l,Yw2q+l) «”,% (Clﬁzq,fﬁfqu) AT (sz,,,l"wzq)
g‘ n(p)dp+ Of p(p)dp — g n(p)dp|;
02 (6024 Y2g11) (3 (JO2g11T0y)
1 I f u(p)dp+ : J u(p)dp %(szq F(D'Zq) Z% (JWZqulvaZqul)
2 ; S + [ nip)dp- / w(p)dp
% (&20-1:829) % (&2g-1:829) % (&2g:E2+1)
= max Of 1(p)dp + Of 1(p)dp — Of 1(p)dp|;
% (&29-1:829) % (&2g-1:62¢) % (&2g:629+1)
Of 1(p)dp+ { w(p)dp — { u(p)dp|;
%(éZq E2g+1) % (&2g-1:824) % (&2g-1:824)
({ u(p)dp + { w(p)dp — g u(p)dp|;
‘2 (&24-162411) ‘u (&20829)
1 / peMp+ [ plp)dp £y (Gaa1.420) AT
3 x + J u(p)dp - { u(p)dp
z?(ij 1¢q) %('ﬁq 1.¢)
Now, we accept 6, = J u(p)dp, and o = J w(p)dp with ¢ > [ and suppose that 62 2 Gz*q. Again,
0

0
similar to the proof of Theorem 2.2 and by using (%)), we obtain

Z(Gz*ﬁl) <Z(62q+1)<2(1( 02q+])<§4< ( ;,,+1> 19(622“)) <Z( 2+1)

. . . * * o) — * *
From the properties of ¢, we have a contradiction. Then, we get 0,. <0, such that = (052,1, 02q+]> =20 O\
Also, in a similar way, we yield that Gz*q < Gz*q_l. So, it ensures that 6* < ¢* such that

% (54 1 5!])

is a non-increasing sequence of non-negative real numbers and so the following sequence
¢ AT (éqfl aéq)
/ u(p)dp
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converges to a non-negative number 7. We shall prove that r = 0. By the same argument, we conclude that

X (02g+1) SZ(K362q+]) g{é(z (262"q—6* ),19 (26;—6* )) SZ(ZG;—G* )

2g+1 2g+1 2q+1

If we take the limit above, we gain
L(r) <9 (X(r),0(r) <X(r),

and consequently, 4 (£(r), 9 (r)) = Z(r). Then, from (%), either X (r) = 0 or ¥(r) = 0. This implies that r = 0, that is,
7 (éqfl aéq)

[ u(p)dp — 0, as g — oo. It follows that
0

El (gq*hgq)_)()a (q_>°°)

In the next step, we demonstrate that {&,} is an /(—Cauchy sequence. It is enough to achieve that {&,} is an {—Cauchy
sequence. If it is not, then we can find € > 0 such that there exist two sequences {a;} and {b;} of positive integers satisfying
b; > a; > i such that b; is the smallest index for which

E% (&20;-&op;) > €, and K% (&201:&op—2) <€, forall A >0.

Note that & < € (&xq;,&1,) < €1 (&24;,E2p;) and continuing as in the proof of Theorem 2.2, we deduce that
I c

f% (&2;-E26,+1) 4% (&24;-E26,+1)
z Of pp)dp | <T|«° ({ w(p)dp
MT (&2a;-1:626;) MT (&2q;-1:626;)
<g|x ({ u(p)dp |0 g u(p)dp

5% (2a;-1:E25;)

<X g n(p)dp

Nevertheless, the above inequality causes a contradiction, that is, { &, } is an {—Cauchy sequence. Thus, {&,} is an {—Cauchy
sequence in Sj. Since Sj is /—complete MbMS, there exists z € S} such that

qlgl;loéq =Z.

Now, we shall prove that I'z; = Yz = Jz = {z = z. Indeed, we only need to show that I'z = {z = z. Also, similar to Theorem
2.2, it is clear that z is a common fixed point of Y and J. Assuming that § (S;‘) is a closed subset of S, there is u € S} such
that z = u. We claim that ['u = z. From (4.1), we have

[% (rlt,Yaqu+|)

se [ aee | <9 EE@0)) 0 (@),
0
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where
[% (Z7§2‘1) k% (Z,ru) ZAT (‘52q7€2q+]>
E (u, Bag11) = max ({ w(p)dp+ g" w(p)dp - ({ r(p)dp|;
‘ i (z,Tu) ? i (z:&29) ’ 3 (E2g:E2g1)
Of w(p)dp+ Of w(p)dp— Of p(p)dp|;
“‘T (§2q~,§24+1) f% (z,ézq) Z% (z,Tu)
bf p(p)dp+ ({ p(p)dp — Of p(p)dp|;
4¥ (z,§2q+l) ﬂ¥ (52q.ru)
| ({ u(p)dp+ ({ wip)dp “T(Z*F”) f% (&2g:€2941)
3 % + ({ n(p)dp — Of u(p)dp

Step by step, similar to the proof of Theorem 2.2, we obtain

f% (Fu,z) EL (sz) [L(F“)Z)
Z( f u(p)dp) SE( ({ u(p)dp) SZ(K3 Of u(p)dp)

0
Z% (Tu,z) Z% (Tu,z)
S%(E( Of u(p)dp)ﬁ( Of u(p)dp))

Z%(Fu,z)
SE( Of u(p)dp> :

Hence, from (%, ), we achieve that 'u = {u = z. Since the maps I" and § are weakly compatible, we have 'z =T'{u = {Tu={z.
In another step, we show that I'z = z. However, it can be shown similar to the above proof. So I'z = {z = z is procured.
Finally, for the uniqueness, we assume that w be another common fixed point, i.e., I'w = Yw = Jw = {w such that z # w. Then,
from (4.1), we get

é%(l"z,Tw)
v |« / Lp)dp | <% (Z(E(zw)), 8 (E(zw))),
0

£y (zw)
T
and it is straightforward that Z(z,w) = [ u(p)dp. Thereupon, we get
0

¢ 2 (zw) £, (zw) £, (zw)
Z( ({ u(p)dp)SZ( { u(p)dp)SZ(K3 Of u(p)dp)

Hence, from the properties of the function ¢, z = w is gained as a unique common fixed point of I', Y, J and {. O
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Some conclusions can be drawn from the main result of this section are given.

Corollary 4.5. Let S} be an {-complete MbMS with constant K > 1 and let I and Y be self mappings in S;. The following
statements hold:

(i) Thereexist 9 € €, L€ Q, ¥ €1, and u € O such that

Ly (Tw,YE
T

)
s | / wip)dp | <% (Z(E(®,8)),9(E(@.8))),
0

where

E(®,&) = max gu(p)dm { p(p)dp— ({ p(p)dp|s

(@.5) £, (§,Y6)

L, (@To) 14
]
Of u(p)dp+ ({ w(p)dp— ({ u(p)dp|;

—
>

13 ¢18) ‘
Of n(p)dp + gu(p)dp— ({ n(p)dp|;

~>

(wé) [%(G,FW)

{5y @Y%) (5, (ETo)
a T

| '({ w(p)dp+ _({' w(p)dp 5% (o.To) Z%(é’,l‘f;)

2 x + Of u(p)dp— ({ w(p)dpl| ¢,

for all distinct @& € S}, for c,l € R, ¢ >l and for all A > 0.
(ii) (M) and (Ma) are provided.

The mappings I" and Y admit a unique common fixed point in S;.
By choosing I' = Y in Corollary 4.5, we obtain the following one.

Corollary 4.6. Let S} be an {-complete MbMS with coefficient k > 1 and letI": S} — S} be a mapping. Suppose that the
following circumstances are satisfied:

(i) There exists 9 € €, X € Q, ¥ €l and | € O such that

Z&(Fw,ré)

AR / up)dp | <9 (Z(E(®,8)),9(E(®@,8)),
0
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where
é% (wsé) [%(ﬁ’xrw) l (5)1—‘&)

E(@,§) = max gu(p)dﬁ Of u(p)dp — Of n(p)dp|;

~>

g u(p)dp + ({ p(p)dp— Of p(p)dp|;
3 &) @8 ; @ro) 4.2)
Of p(p)dp+| | wu(p)dp— ({ p(p)dp|;

(o (@1E) (5, (&T@)
| ]({ ulpyps | [ uip)ap f3(@Io) £3(£1%)
2 x +| J wulp)dp— | u(p)dp|| ¢,

for all distinct @,& € S}, for c,l € R, ¢ >l and for all A > 0.
(ii) The conditions (M) and (M,) are provided.

The mapping I" holds a unique fixed point in S.
Besides, we attain the following consequence if we perceive ¢ (p,q) = p — g for all p,q € [0,0) in Corollary 4.6.

Corollary 4.7. Let S} be an {-complete MbMS with coefficient k > 1 and let " : S} — S} be a mapping. Assume that the
following statements hold:

(i) There existX € Q, © € Il and p € O such that

ZL (Fw,l".{;)

s | / w(p)dp | <E(E(®,8)) -0 (2(®,8)),
0

where Z (@, &) is defined as in (4.2) and for all distinct @,& € S}, for ¢,l € RT, ¢ >l and for all A > 0.
(ii) The condition (My) and (M) are provided.

Then, I" admits a unique fixed point in S;.
If we constitute ¢ (p,q) = kp, k€ (0,1) forall p € [0,00), then we get the below one.

Corollary 4.8. Let Sj be an {-complete MbMS with Kk > 1 and let T : S} — S} be a mapping. Assume that the following ones
hold:

(i) There exists X € Q and | € © such that

[L (Fw,l‘i)

C

s / w(p)dp | <kZ(2(®,8)),
0

where E (@, &) is defined as in (4.2) and for all distinct ®,& € S}, ¢,l e RY, ¢ > 1 forall A > 0.
(ii) The conditions (M) and (My) are provided.

Then, we yield that I" admits a unique fixed point Sj.

5. Conclusion

Consequently, we extended the results of Fulga and Proca [19, 20] and [23, 24] to modular b—metric space via C—class
functions for four mappings and examined that our results can be applied to graph structure and integral type contractions. In
the meantime, our consequences are still valid in the case of

E(('D',g) =1 (w’€)+|£l (@,Fw)—ﬁl (57F5)|

Moreover, by taking k¥ = 1, the obtained conclusions for MbMS are valid in the setting of modular metric space.
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