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1. Introduction
Let L be a linear class of real-valued functions g : E — R having the properties

(L1) f,ge Limply (af+Bg) € Lforall a, B € R;
(L2) 1€ L,ie.,if fo(t)=1,t € E then fy € L.

An isotonic linear functional A : L — R is a functional satisfying

(A1) A(af+PBg)=aA(f)+BA(g) forall f,geLand a, p €R.
(A2) If fe Land f >0, then A(f) > 0.

The mapping A is said to be normalized if
(A3) A(1)=1.

Isotonic, that is, order-preserving, linear functionals are natural objects in analysis that enjoy a number of convenient properties.
Thus, they provide, for example, Jessen’s inequality, which is a functional form of Jensen’s inequality (see [1], [2] and [3]).
For other inequalities for isotonic functionals see [4], and [5]-[15].

We note that common examples of such isotonic linear functionals A are given by

Ag) = / gduorA(g) =Y pigr,
E keE

where 1 is a positive measure on E in the first case and E is a subset of the natural numbers N, in the second, with g = {gi},cx
and py >0,k €E.
We have the following inequality that provides a refinement and a reverse for the celebrated Young'’s inequality

1 (b—a)?

Ev(l—v)imax{a by < (b—ay

1-vpv
(I1-v)a+vb—a b’ < v(l_v)imin{a,b} (L.1)

N =
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forany a,b>0and v € [0,1].

This result was obtained in 1978 by Cartwright and Field [16] who established a more general result for n variables and gave
an application for a probability measure supported on a finite interval.

The functional version of Callebaut’s inequality states that

AX(fe) <A(F7Ve)A () <A(fA)A(g) (1.2)

provided that 2, g2, f>Vg¥, fYg*~", fg € L for some v € [0,2]. For the discrete and integral of one real variable versions
see [17].

In this paper we obtain some inequalities for isotonic functionals via the reverse and refinement of Young’s inequality (1.1)
that are related to the second part of Callebaut’s inequality (1.2). Applications for integrals and n-tuples of real numbers are
also provided.

2. On Callebaut’s Inequality
We have the following result that provides a refinement and reverse of Callebaut’s second inequality:

Theorem 2.1. Let A, B: L — R be two normalized isotonic functionals. If f, g : E — R are such that, fz, g, f , f2 (1- V
F2¢?U=V) e L for some v € [0,1], and

f

O<m<=<M<e (2.1)
g

for real numbers M > m > 0, then
v(l—v)m2(A(f;)B(fz)—i—A(fz)B(f;)—2> < (1-v)A(f*)B(g%) +VvA(g") B(f?) (2.2)
_ ( g2v B(2v21v>
< ; v(l—v )M2<A(f2)B(f)+A(f2)B(§z)—2).

Proof. Since ab = min{a,b} max{a,b} for any a,b > 0, then from (1.1) we have

(b—a)’
ab ’

2
—v(1—v)min{a,b} (b=a) < (1—=v)a+vb—a' "' <

— v (1 —v)max{a,b}

N —

where v € [0, 1]. This can be written as

IN
[

~v (1 —v)min{a, b}( +b—2> (1=v)a+vb—a'"""h’ < —v(1 —v)max{a,b} (i—&—Z—Z), (2.3)

for any a, b > 0.
Let x, y € E such that g (x), g (y) # 0. If we use the inequalities (2.3) for

B 2) 2 M2
=gt g S M
then we get
(SN | LWEE) L e (LN T Lo
S )<§Mﬁm+§MFM 4 < ”fm+%%o<§w> @w» @9
1 ()N | )
< VM e Pe T 20 £0) 0’

where v € [0, 1].
If we multiply (2.4) by g2 (x) g2 (y

, then we get

(1=v)g* () f* () + v () & (x) (2.5)
2 0 () £V () 8% (x)

1 _ 2 208 @) 2 (y 0)) _
V- (PO 5 P 5 -2)

_|_
~
~
<
|
V]
N—
IN

4
v (£ %

IN
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which holds for any x, y € E.
Fix y € E. Then by (2.5) we have in the order of L that

4 4
v<l_v>m2<f2(y)f”2+§2g; 2 2) < (1=-ZEL+HVAEE - 0)ET ) A (26
Z _ 2( 2 gi ) 2 _
< v (oL i),

If we take the functional A in (2.6), then we get

4 4
Sv(i—v)m? <f2(y)A (g)+g (y)A(fz)—2> < 1=VEMAP) VA - 0 0 (£207g)

2 2)

IA
I
<
_
|
=
S
7N
k”:
[’}
S
b
7 N
‘%
~
N———
_l_
o
~
—
~=
~
b
—
~
[3S)
~—
|
[\
N—

foranyy € E.
If we write this inequality in the order of L, then we have

4

~v(1—v)m? (A <f2>f +A(f)f£2—2>

IN

(1-v)A(f?) g +VvA($%) fA-A <f2(17v)g2v> F2v20-)
1 » g4
< Ev(lfv)M (A <f2>f +A(f )ﬂ2>
and by taking the functional B we deduce the desired result (2.2). O

Corollary 2.2. Let A : L — R be a normalized isotonic functional. If f, g : E — R are such that f?, g%, %, FRA=V) g2V

F2vg?U=V) e L for some v € [0,1] and the condition (2.1) holds, then

V(l—V)mz(A(‘Ji>A(f2)—1) < AP A(P) —A (L) A (220 Y) @7

In particular, if f2, g%, %, fg € L and the condition (2.1) holds, then
1, g 2
m (A(fz A -1

The following result also holds:

A
b
<
\_[>)
b
T
\_5’
D>

(3]
<
&

(2.8)
L 5 84
< ZM <A ) )

Theorem 2.3. Let A, B: L — R be two normalized isotonic functionals. If f, g : E — R are such that f >0, g >0, f2, g°,
4
‘;;7, FRI=VIG2V 2V 20V) e [ for some v € [0, 1] and the condition (2.1) holds, then

ﬁv(l—v) (A (g2)3<£> —24(fH)B(f*) +A (J:) (& )) < (1-v)A(f*)B(g*) +VvA(g*) B(f?) 2.9)
—A <f2<1—v>gzv> B (fzvgz(l—v>)
< #v(l—v)
X <A (g2)3<f;> —24(f*)B(f*)+A (f4)B(g2)>
Proof. For any x, y € E we have
<@ 20 _n

If we use the inequality (1.1) for
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then we get

P LY
TVEAS v)<g2(y) gz(X))

foranyx,y € E.
This can be written as

R Pl O B S O S B ) L@ R (LN T (POY
¥ ! v)(g“(y) 2gz(y)s’z(Xﬁg“(X)) = v)gz(X)+vg2(y) gz(X)) 2(y)) (210
L () L) )
< vl v)<g4(y) 2g2(y)g2(X)+g4(X)>
Now, if we multiply (2.10) by g* (x) g2 (y) > O then we get
4 4 (y
210 (L2¢w 22020+ 58 0) < 1-920 2w+ @1
20 () A7) () g% (x)
4 4 (y
< ev-v (LU0 =220 2w+ LR 0)

forany x,y € E.
Fix y € E. Then by (2.11) we have in the order of L that

4 4
0 (G 2P0 205 ) < 1R P08 - 0 0

2M? FON
(2.12)
4
< v (8¢ 2p0pen L)
If we take the functional A in (2.12), then we get
4 4
3 10 (LA 220 20 (L)) < a-vgoa@rvroaE) e
3 (A (fz(l v’gzv)
< ﬁv(l—v)
0 g2 2 2 f:
(L2a@) -2 040 +20a(5))

foranyy € E.
This inequality can be written in the order of L as

21‘1/12 v(l—v) (A (gz) ? 24 (fz)fz 1A (?) gz> < (1 —v)A(fz)gz—&—vA (gz)fz_A <f2(17v)82v> fZVgZ(lfv)
(2.14)
1 A 2\ 2 N
< 5 av(i-v) (A(g )?—2A(f ) f +A<g2>g )
Now, if we take the functional B in (2.14), then we get the desired result (2.9). ]

Corollary 2.4. Let A : L — R be a normalized isotonic functional. If f, g : E — R are such that f >0, g >0, £, g%, f—;
VgV, fFVg U=V e L for some v € and the condition (2.1) is valid, then
2(1-v) g2v 2V 2(1-v) [ 0,1] and the condition (2.1) is valid, th

A/llzv(l_")(A(g) <§4) R )) - A(fz)A(gz)—A(fz(l’v)gz")A(fz"gz(lfv)) 2.15)
v (a@a (L)),

IN
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4
In particular, if %, g2, ';—2, fg € L and the condition (2.1) is valid, then we have

(0 (5) )

A(f2)A (%) —A%(fg) (2.16)

(e (5)rn)

IN

IN

3. Other Related Results

If we write the inequality (1.1) fora = 1 and b = x we get

1 (x—1)? 1 (x—1)>
vy V< ov(l—v) 3.1
ZV( v)max{x,l}_ vivaey _ZV( v)min{x,l} G-
for any x > 0 and for any v € [0, 1].
If x € [t,T] C (0,00), then max {x,1} <max{7,1} and min{z,1} < min{x, 1} and by (3.1) we get
. 2 2
1 minc 7} (x—1) 1 (x=1)
Sy(l—y) e v(l—v)— 3.2
2v( V) max {T,1} - 2V( v)max{T,l} (3:2)
< 1—v+vx—x"
1 (x—1)>
< v(l-v) o
- ZV( v)min{ul}
2
1 maXye(s, 1] (x—1)
< v(l- ’
< VU=V — T
for any x € [¢, 7] and for any v € [0,1].
Observe that
(T—1)ifT <1,
min (x—1)*={ 0ifr<1<T,
i (—1)2if1 <t
and
(t—1)?ifT <1,
m[ax](xfl)zz max{(tfl)z,(Tfl)z} ifr<1<T,
xelt,T
(T—1)%ifl <1
Then
: 2 (T—1)?ifT <1,
c(,j)::w_ 0ifr <1<T, (3.3)
max {7, 1} (1) .
Hifl <t
and
max x—1)° = 1 {_2 _2}- <1<
ClT) = xe’[z,T]( )’ _ : 1f2T<1,tmax -1 (T-1)*Vifr<1<T, 34
min {z, 1} (T—1)"if 1 <t.
Using the inequality (3.2) we have
1 1 (x—1)?
~v(l- t,T) < =v(l— <1- —x¥ 35
2v( Vie(t,T) < 2v( v)max{le}_ V4+vVx—x (3.5)
x—17% 1
< =—v(l- —v(l—-v)C(,T
for any x € [¢, 7] and for any v € [0,1].
Now, ifa,b>0andassumethat§€[t,T],thenby (3.5) we get
1 1 (b—a)?
—v({1—=v)c(t,T < —-vil—V)——— 3.6
pv=veta < vU=V) .1 a -0
< (1=v)a+vb—b'a'™Y
1 (b—a)* 1
< —vil—v)—— < v (1 - t,T
s VU=V oiiye SV -V na

for any v € [0,1], where ¢ (¢,T) and C (¢, T) are defined by (3.3) and (3.4), respectively.
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Theorem 3.1. Let A, B : L — R be two normalized isotonic functionals. If f, g : E — R are such that, f>, g%, %, ;—;,
FRUVIgv g2V 2(1-V) ¢ I for some v € [0,1] and the condition (2.1) holds, then
0 < lv(l—v)mz<A (g4>B(4)—2A(g2)B(f2)+A(f2)B(g2)) 3.7)
- 2 M? f2 g2
< (1-v)A (fz)B(gz) VA (gz)B(fz) _A (fz(l—v)gzv)B (f2vg2(1—v))
< lv(l—v)%z A(8) (L —2A(g%)B(f*)+A(f*)B(g%)
= 3 m2 12 g2
1 M2\
< Zv(l—v)2<mz—l> A(f?)B(g%).
Proof. For any x, y € E we have
2 2
2<f (x) f (Y)<M2'
"W e
Consider
2 2
a:fz(X)’b:fz(y)y
8% (x) g ()
then % € {%7%} and by (3.6) we get
2 2 2
(5 - =)
g X
0 < —v(l-v) YD)
m? g2 (x)
2 2 2 Vo2 I-v
< unBW L (L0 (£l
g x) gy \&g0)/ \& O
( 2(y) _f2<x>)2
g0) £
< VUV i
M2 g%(x)
< lv(l—v)—2 " 1 2 M—z—l 12w
-2 mz T a2 "\ m? g% (x)
2 2 2 0
= lv(l—v)% M——l S )
2 m? \ m? g2 (x)
forany x,y € E and v € [0,1].
This inequality is equivalent to
£0) P\ e
w (0 - &) £
< Z _
0 < v(l—v) Ve () (3.8)
2 2 2 () I-v
< (-v) fz(X)+vf (y)_<f2(y)> (fz (X)>
gx) gl \&0)/ \&M
2 200\ 2
< lv(lfv)Mz (%_gzgx; g’ (%)
=2 m? 2 ()
1 M2 N\ PR (x)
< Z _ - _
< -9 (Ge) =6

forany x,y € E and v € [0, 1].
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Now, if we multiply (3.8) by g2 (x) g% (¥) > O then we get

2, 201\ 2
(L2 -LW) gt (g ()

m2
0 < Sv(i-Vv) s Fxm (3.9)
< (1=-VEMLE+VAMEE - 0E 0 A W) (v
2 2 2
w2 (58 -58) gt e o)
< UM 0
1 MmN
< vt (M -1) FOfo
forany x,y € E and v € [0,1].
Observe that
20, 200\ 2 . 2(y) f2(x X
(f9-28)swry _ (S9-258084 28 00y
f2(x) 2%
RSN a2 () P2 W)+ 1 (0 0)
a 2 ()
4 (0) o
- LS 2 020+ 0E0)
and by (3.9) we get
1 m* (f*(y)g* (x) 2 2 2 2
0 = v (LSS 208 04 P WR)
< (1-VEWL VS0 0) 2 (087 ()
M [ () g* (x) 200\ 2 2032
2 2 2
< v (Y1) Pwew
forany x,y€ E and v € [0,1].
Now, if we use a similar argument to the one from the proof of Theorem 2.1 we deduce the desired result (3.7). O

Corollary 3.2. Let A : L — R be a normalized isotonic functional. If f, g : E — R are such that, f?, g°, ‘%, ’;—;, A=) g2y
12g*1=Y) e L for some v € [0,1] and the condition (2.1) holds, then

0 %V(I*V)An;iz (A (ﬁ)“(;) A(gz)A(fz)) (3.10)
A(f)A (gz) A (fZ(lfv)gzv)A <f2vgz(17v)>

(1 (5) i)

IN IN
&H
LS}

IN
\
<
—
—_
\
<
S~—"

< o () s
In particular, if 2, g, ;—i ;—;' fg € L, then we have
0 < ;AHZ(A ﬁ)A(?)—A(ﬁ)A(ﬁ)) (3.11)
< A()A(7) A% (fe)
() (E)-sre00)
< ) A
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We observe that the inequality (3.11) can be written as

1 m? A(% A(g) A% (fg)
O = s aarn ) S T APAE e

4. Applications for Integrals

Let (Q,A, 1t) be a measurable space consisting of a set Q, a ¢ -algebra A of subsets of Q and a countably additive and positive
measure U on A with values in RU {eo} . For a i-measurable function w : Q@ — R, with w (x) > 0 for u -a.e. (almost every)
x € Q and p > 1 consider the Lebesgue space

LP(Q,u) :={f:Q—R, fis u-measurable and /Q |f ()P w(x)du (x) < oo}

For simplicity of notation we write everywhere in the sequel [, wdu instead of [ w (x)du (x). The same for other integrals
involved below. We assume that [, wdp = 1.
Let f, g be u-measurable functions with the property that there exists the constants M, m > 0 such that

f

0<m< = <M < u-almost everywhere (a.e.) on Q. 4.1)
8
If 2, g2, f2’ A=V f2v 2(0=V) e [ (Q, ) for some v € [0, 1] and the condition (4.1) holds, then by (2.7) we have

v(l—v)m? (/wa;d,u/gwfzdu—1> < /wfzd,u/wgzd,u /wf (1=v) zvdu/wfz" Vg (4.2)

_ 2 g 24
vil—-v)M (Qszdﬂ/QWfdﬂ 1).

IN

In particular, if f2, g2, ji—i, fg €L, (Q,u) and the condition (4.1) holds, then

L (/wa;du/gwfzdu—l) /g;wfzd,u/gwgzdu— (/wagd,u>2 (4.3)

L (/ wg—4dy/ wfldu — 1)
4 o 27 Ja )
If 2, g2, §’ FRIVIg2v - f2v2(1-v) e [ (Q, 1) for some v € [0, 1] and the condition (4.1) holds, then by (2.15) we have

#v(l—v) </ wgzdu/w du— (/QszdM)z) < / wf du/ wegdu — /wf (1-v) zvd,u/wfz" 20-V) gy

4.4)
4 2
—v(l—v) (/ngzdu/gwi;du </wa2d/.l,> ) .

In particular, if 2, g2, ﬁ; fg €L, (Q,u) and the condition (4.1) is valid, then we have

( | wgtau / AP ( /. szdu>2> [wfdu | wgzdu—< A ngdu>2 4.5)
(/ gzdu/w du— (/wazduy).

IN

IN

A

IA

IA
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If 2, g2, %, g—:, A=V f2v20=V) e [ (Q, i) for some v € [0,1], and the condition (4.1) holds, then

1 m2 g4 f4

A

< /szdu/wgzdu /wf =) ZVdu/waV 2 Vdy
1 g f 2 2

< Z _v) o I du —

< 2v(l %) — (/wazdu/ngzdu /ng du/gwf du
1 MmN, )

< v — [ =

< 2v(l V) -~ <m2 1) /wa du/gwg d

In particular, if f2, g2, ﬁi, ﬁ; fg €L, (Q,u), then we have

0= e (/ izd“/ wha - Jywstan [ wr dﬂ) @7
[ wdu [ wetdn - (/Q wfgdu>2

5 (o[ o)

e ot o

5. Applications for Real Numbers

IN

IN

We consider the n-tuples of positive numbers a = (a1, ...,a,), b = (by,...,b,) and the probability distribution p = (py, ..., pn),
i.e. p;>0forany i€ {l,...,n} with Y7, p; = 1. If there exist the constants m, M > 0 such that

0<m§%§M<oof0ranyi€{1,...,n}, (5.1)
i

then by (4.2) and (4.3) for the counting discrete measure, we have

l—V (Zpl ZZP’ > ZP: Zzpzb —sz (1= Vb2vz taizvbiz(17w (5.2)
v(l—v) Mz(zpt ZZPMI - >

IN

IN

for any v € [0,1] and

IN

1 2 C b? C 2
i (Lo e &

i=1 ii=1

n ) n ) n
Zpiai Zpibi - ZP:G:
i=1 i=1 i=1
Lo bl
M ZPi;’zZPiai—l :
i=1 4 =1

Ifa=(ay,...,an), b= (by,...,b,) satisfy (5.1), then by (4.4) and (4.5) for the counting discrete measure, we have

IN

2
n n 4 n _
Zmb%Zme(Zma%) < Zp, 2Zp,b —Zp, vy a2 (5.4)
i=1 i=1 i i=1 i=1
2
< sz sz (sz ,~2>
i=1
forany v € [0,1] and
2 n n n 2
Zp, ?Zp, (Zp, 2) < Y piat} pib; - <Zpiaibi> (5.5)
j i=1 i=1 i=1
1 [ ?
< s Zp,b2Zp, <;p, ?)
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Ifa=(ai,...,an), b= (by,...,b,) satisfy (5.1), then by (4.6) and (4.7) for the counting discrete measure, we have

1 m2 n n n 2n )
0 < Ev(17v>ﬁ prgz f;prib,»Zp,-ai (5.6)
a; l i=1

i=1

IA INA
N‘< \M:
-
| M
= M
S
N‘ @[‘\)
-~ |
HM: M
”S
S \W
I\)
M= T
<
&
w\ 2’
1=
P% ¥
’2’
55
HM: =
<
\_/

IN

| —

<
_

I
=
S

7N
M\ <
\/
w1
[ nob
“S
M-
i
Sy
o

for any v € [0,1] and

Zpib? Zn‘, pm?) (5.7)

i= i=1

1m2 n n
o <y (EniEns-
1 l l

=1

IA

IMZ n 4 n 614 n ) n )
S o2 <Zpl ;Zpi;;—Zpibi chy)
1 i=1

aii=1 Y% =1

2
n n n
Y pia; Y pib; — (Z Piaibi>
i=1 i=1

IN

1 M?

M2
sz< ) sz ZZszz

6. Conclusion

In this paper, by making use of some reverses and refinements of Young’s inequality (1.1),we obtained some inequalities for
isotonic functionals that are related to the second part of Callebaut’s inequality (1.2). Natural applications for integrals and
n-tuples of real numbers were also provided.
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