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ABSTRACT

In this paper, we prove some coupled coincidence point results for mixed g-monotone mappings in partially ordered metric
spaces via new functions. The main results of this paper are generalizations of the main results of Luong and Thuan [ N.V.
Luong, N.X. Thuan, Coupled fixed points in partially ordered metric spaces and application, Nonlinear Anal. 74 (2011) 983-
992].
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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory play a major role in mathematics. one corresponding to fixed point theory. So a large
The Banach contraction principle [19] is the simplest number of mathematicians have extended it and have
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been interested in fixed point theory in some metric
spaces. One of this spaces is partially ordered metric
space, that is, metric spaces endowed with a partial
ordering [2, 3, 7, 8, 9, 15].

The existence of a fixed point for contraction type
mappings in partially ordered metric spaces has been
considered by many authors [5, 6]. Bhaskar and
Lakshmikantham [15] introduced the notion of a
coupled fixed point and proved some coupled fixed
point theorems for mappings satisfying a mixed
monotone property and discussed the existence and
uniqueness of a solution for a periodic boundary value
problem. Lakshmikantham and "Ciri’c [16] introduced
the concept of a mixed g-monotone mapping and
proved coupled coincidence and common fixed point
theorems that extend theorems from [15]. Subsequently,
many authors obtained several coupled coincidence and
coupled fixed point theorems in some ordered metric
spaces [1, 12, 14, 17, 18, 21, 22, 23, 24, 25, 26, 27, 28,
29, 31].

Definition 1. ([15]) Let (X, <) be a partially ordered set
and F: X x X — X. The mapping F is said to have the
mixed monotone property if F(x, y) is monotone non-
decreasing in x and is monotone non-increasing in y,
that is, forany x,y € X,

X1,%2 €X, x1 <X = F(x1,y) < F(x2,y)
and

YuY2 €EX, y1<y2 = F(x,y1) = F(x,y2).

Definition 2. ([15]) An element (x,y) € X X X is called
a coupled fixed point of the mapping F: X X X — X if

Fx,y)=xF(y,x)=y.

Definition 3. ([16]) An element (x,y) € X X X is
called a coupled coincidence point of a mapping
F:XXX—->Xandg:X - X if F(x,y) =

9%, F(y,x) = gy.

Definition 4. ([16]) Let X be non-empty set and F: X X
X - X and:X — X . We say F and g are commutative
if gF(x,y) =F(gx,gy)forany x,y €X.

Definition 5. ([16]) Let (X, <) be a partially ordered set
and F: X x X - X, g: X - X be mappings. F is said to
have the mixed g-monotone property if F(x,y) is
monotone g-non-decreasing in its first argument and is

monotone g-non-increasing in its second argument, that
is, forany x,y € X,

Suppose that F, g satisfy

P(d(F (6 y), Fw,v))) <5 0(d(xw) +d(y,v)) — 9

forall x,y,u,v € X with x > u and y < v . Suppose either

(1) F is continuous or

X1,%2 €X, gx1 < gx; = F(x1,y) < F(x2,y)

and

YuY2 €X, gy1<9gy. = F(x,y1) = F(x,¥2).

Lemma 1. ([29]) Let X be non-empty setand g: X —
X be a mapping . Then, there exists a subset E € X such
that g(E) = g(X) and g: E — X is one-to-one.

Theorem 1. ([15]) Let (X,<) be a partially ordered
set and suppose there exists a metric d on X such that
(X,d) isacomplete metric space. Let F:X XX - X
be a continuous mapping having the mixed monotone
property. Assume that there exists a k € [0,1) with

d(F(x, y), F(u, v)) < % [d(x,u) + d(y,v)] forall
x=>u and y <.

If there exist two elements x,,y, € X with

X0 < F(x0,y0) and yo = F(yo,Xo)

then there exist x,y € X such that

x=F(x,y) and y = F(y,x).

Theorem 2. ([15]) Let (X,<) be a partially ordered
set and suppose there exists a metric d on X such that
(X,d) isacomplete metric space. Assume that X has
the following property,

(1) if a non-decreasing sequence {x,} — x, then
x, <xforallneN,

(2) if a non-increasing sequence {y,} = y, theny < y,
foralln e N,

Let F: X x X —» X be a continuous mapping having the
mixed monotone property. Assume that there exists a

k € [0,1) with

d(F(x,y),F(u,v)) < S[d(x, u) +d(y,v)] forall
x=>u and y <.

If there exist two elements x,,yo € X with
X0 < F(x0,y0) and yo = F(¥o,%0)
then there exist x, y € X such that
x=F(x,y) and y=F(y,x).

Theorem 3. ([10]) Let (X,<) be a partially ordered
set and suppose there exists a metric d on X such that
(X,d) isacomplete metric space. Let F:X XX - X
be a mapping having the mixed monotone property and
there exist two elements x,, yo € X with xo < F(x0,V0)
and yo = F(¥o, %o) -

d(xu)+d(y,v)

)
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(2) X has the following property :
(a) if a non-decreasing sequence {x,} — x, thenx, < xforalln € N,
(a) if a non-increasing sequence {y,,} —» v, theny <y, foralln €N,
then there exist x,y € X such that
x=F(x,y) and y=F(y,x)
that is, F has a coupled fixed point in X.
2. The main results

In this paper, we prove coupled coincidence and common fixed point theorems for mixed g-monotone mappings
satisfying more general contractive conditions in partially ordered metric spaces. We prove fixed point theorems via new
functions. We also present results on existence and uniqueness of coupled common fixed points.

Let @ denote all functions ¢: [0, ©) — [0, ) which satisfy
(1) ¢ is continuous and non-decreasing,

2) e()=0andonlyift =0,

B) et+s)<e)+ e(s), Vt,s €[0,0)

and ¥ denote all functions y: [0, ) — [0, o) which satisfy lim y(t) > 0 for all » > 0 and lim; y(t) = 0 and ¥, denote
all functions y: [0, ) — [0, o0) which satisfy 1 (0) = 0,y (t) > 0 forall ¢t > 0.

Definition6. A function ¢: [0, ) — [0, %) is called an ultra-altering distance function if ¢ is continuous, and ¢(0) =
0,6(t) >0,t#0,

In 2014 the concept of C -class functions was introduced by Ansari [4] which

cover a large class of contractive conditions.

Definition 7. [4] A mapping f:[0,9)? - R is called C-class function if it is continuous and satisfies following axioms:
1) f(s,t) <s,

(2) f(s,t) =s implies that either s=0 or t=0 for all s,t€[0,0).

Note that for some f we have £(0,0) = 0.

We denote C-class functions as C.

Example 1. [4] The following functions f: [0, %)? — R are elements of C:

Q) fGst)y=s—tf(s,t)=s=>t=0.

@) f(s,t) =ms,0<m<1,f(s,t) =s=>s=0.

@) fst) =

S .
a+or’

@) f(s; ) = loga

r € (0,0),f(s,t) =s = s=00rt=0.

t+a®
1+t

),a > 1,f(s;t) =s = s =0ort = 0.

1+a’

®) f(s,t) = loga(—) . f(s,) =s = s=0.

®)f(s,t)= (s + Daw" = LI > 1,1 >1,r € (0,00),f(s,t) =s = t =0.

(7) f(s,t) =sloggera,a>1,f(s,t)=s= s=0o0rt=0.

1+s

@) f(5,6) =5 — D)), f(s,t) =s =t = 0.

2+s” M1+t

(9) £ (s, t) = sB(s), B: [0, ) = [0,1) and is continuous, f(s,t) =s = s = 0;
(10) f(s,t) = s — 7. f(s,) =s = £ = 0.

(11) f(s,t) =s—@(s), f(s,t) =s = s =0, here ¢:[0,0) — [0, ) is a continuous function such that p(t) =0 & t =
0.

(12) f(s,t) = sh(s,t),f(s,t) = s = s = 0,here h: [0,00) X [0, ) — [0, o) is a continuous function such that h(t,s) <
1forallt,s > 0,
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2+t

(13) f(s,t) =s— ()t f(s,t) =s=>t =0.

1+t

14) f(s,t) = YIn(1 + s™), f(s,t) =s =>s = 0.

(15) f(s,t) = @(s), f(s,t) =s = s = 0, here ¢: [0,0) — [0, ) is a continuous function such that ¢ (0) = 0 and
@) <tfort>0.

(16)f($,t) =; reE (O,OO),f(S,t) =s > s=0.

a+s)r’

Theorem 4. Let (X, <) be a partially ordered set and suppose there exists a metric d on X such that (X, d) is a complete
metric space. Let F: X X X — X be a mapping having the mixed monotone property and there exist two elements xo, yo €
X with xo < F(x0,Y0) and yo = F (¥, Xo). Suppose that F, g satisfy

S(A(F(x,), F(u,v))) < fGp(d(gx, gu) + d(gy, g)), i (LLLLLII) - (3.7

forall x,y,u,v € X withgx < guand gy = gv,F (X xX) € g(X), g(X) is complete and g is continuous and f is
element of C .

Suppose that either
(1) F is continuous or
(2) X has the following property:
(a) if a non-decreasing sequence {x,} — x, then x,, < x foralln € N,
(b) if a non-increasing sequence {y,, } = y, theny < y, foralln € N.
Then there exist x, y € X such that
gx =F(x,y)and gy = F(y,x)
that is, F and g have a coupled coincidence pointin X x X.

Proof. Using Lemmal, there exists E € X such that g(E) = g(X) and g: E — X is one-to-one. We define a mapping
A:g(E)x g(E) » X by

A(gx,gy) = F(x,y),Vgx, gy € g(E). (2.2)
As g isone to one on g(E), so A is well-defined. Thus, it follows from (2.1) and (2.2) that
PAAEY), AW V) < FGd(gr, gu) + d(gy, gv)), p(HET U0, 23)

for all gx, gy, gu, gv € g(E) with gx < gu and gy = gv . Since F has the mixed g-monotone property, for all
x,y € X, we have

x1,X%2 €X,  gx1 < gxz = F(x1,y) S F(xz,y) (2.4)
and
YuY2 €X, gy12gy2 = F(x,y1) < F(x,y2). (2.5)
Thus, it follows from (2.2), (2.4) and (2.5) that, for all gx, gy € g(E),
gx1,9%2 € g(X), gx1 < gx, = A(gx1,9y) < A(gxz, gy)
and
9Y1.9y2 € g(X),  gy1= gy2 = A(gx, gy1) < A(gx, gy2),
which implies that A has the mixed monotone property.

Suppose that assumption (1) holds. Since F is continuous, A is also continuous. Using the Theorem 3 with the mapping 4,
it follows that A has a coupled fixed point (u, v) € g(E) X g(E).

Suppose that assumption (2) holds. We can conclude similarly in the proof of Theorem 3 that the mapping A has a coupled
fixed point (u, v) € g(X) X g(X).

Finally, we prove that F and g have a coupled fixed point in X. Since (u, v) is a coupled fixed point of A4, we get
u=AW,v), v=AWwu). (2.6)
Since (u, v) € g(X) x g(X), there exists a point (v, v") € X x X such that
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u=gu, v=gv. 2.7
Thus, it follows from (2.6) and (2.7) that
gu' = A(gu, gv"), gv' = A(gv', gu). (2.8)
Also, from (2.2) and (2.8), we get
gu' = F@/,v"), gv' = F(v',u).
Therefore, (u',v") is a coupled coincidence point of F and g. This completes the proof. =
Now with choice f we have let f(s,t) = ks,0 < k < 1 then

Corollary 1. Let (X, <) be a partially ordered set and suppose there exists a metric d on X such that (X, d) is a complete
metric space. Let F: X X X — X be a mapping having the mixed monotone property and there exist two elements xo, yo €
X with xo < F(xo,y0) and yo = F(yo, Xo). Suppose that F, g satisfy

PA(F(x,y), F(w,v))) < gqb(d(gx, gu) +d(gy, gv))
forall x,y,u,v € X withgx < guand gy > gv,F (X X X) € g(X), g(X) is complete and g is continuous .
Suppose that either
(1) F is continuous or
(2) X has the following property:
(a) if a non-decreasing sequence {x,} — x, then x,, < x foralln € N,
(b) if a non-increasing sequence {y,,} = y, theny <y, foralln € N.
Then there exist x, y € X such that

gx =F(x,y)and gy = F(y,x)

that is, F and g have a coupled coincidence pointin X x X.
Proof In Theorem 4, taking f(s;t) = ks,0 < k < 1. [ ]

Corollary 2.([31]) Let (X, <) be a partially ordered set and suppose there exists a metric d on X such that (X, d) isa
complete metric space. Let F: X X X — X be a mapping having the mixed monotone property on X and there exist two
elements xo, yo € X with xq < F(x0, Vo) and yo = F (o, Xo). Suppose that F, g satisfy

1 d(gx, d(gy,
¢ (d( F(x,y),F(u, V))) < 5¢>(d(gx, gw) +d(gy, gv)) — ( (9% 9) er 9y gv)))

forall x,y,u,v € X withgx < guand gy > gv,F (X X X) € g(X), g(X) is complete and g is continuous .

Suppose that either
(1) F is continuous or
(2) X has the following property:
(a) if a non-decreasing sequence {x,} — x, then x,, < x foralln € N,
(b) if a non-increasing sequence {y,,} —» y, theny <y, foralln € N.
Then there exist x, y € X such that
gx =F(x,y)and gy = F(y,x)
that is, F and g have a coupled coincidence pointin X x X.
Proof. In Theorem 4, taking f(s;t) =s —t. [ ]

Corollary 3. Let (X, <) be a partially ordered set and suppose there exists a metric d on X such that (X, d) is a complete
metric space. Let F: X X X — X be a mapping having the mixed monotone property on X and there exist two elements
X0, Yo € X With xo < F(x0,Y0) and yo = F(yo, Xo). Suppose that F, g satisfy

2 6(dgx, gu) + d(gy, gv))
A CLA L)) er (9. 9v)y

¢ (d( Fex,y), Fu,v))) <
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forall x,y,u,v € X with gx < guand gy > gv ,F (X X X) € g(X), g(X) is complete and g is continuous .
Suppose that either
(1) F is continuous or
(2) X has the following property:
(a) if a non-decreasing sequence {x,,} = x, then x,, < x foralln € N,
(b) if a non-increasing sequence {y,} — y, theny < y,, foralln € N.
Then there exist x, y € X such that
gx =F(x,y)and gy = F(y,x)
that is, F and g have a coupled coincidence pointin X x X.

Proof. In Theorem 4, taking (s; t) = %th . n

Theorem 5. Let (X, <) be a partially ordered set and suppose there exists a metric d on X such that (X, d) is a complete
metric space. Let F: X X X — X be a mapping having the mixed monotone property and there exist two elements xo, yo €
X with xo < F(xo,y0) and yo = F(yo, Xo). Suppose that F, g satisfy

S(A(F(x,), F(u,v))) < G d(d(gx, gu) + d(gy, gv)), i (FLLIULy) 1)

forall x,y,u,v € X with gx < guand gy > gv ,F (X X X) € g(X), g(X) is complete, g is continuous and f is element
of C.

Suppose that either
(1) F is continuous or
(2) X has the following property:
(a) if a non-decreasing sequence {x,,} = x, then x,, < x foralln € N,
(b) if a non-increasing sequence {y,} — y, theny <y, foralln € N.
Then there exist x, y € X such that
gx =F(x,y)and gy = F(y,x)

and

x=gx=Fxy),y=9y=F©x
that is, F and g have a coupled coincidence pointin X x X.

Proof. Following the proof of Theorem 4, F and g have a coupled coincidence point. We only have to show that x = gx
andy = gy.

Now, x, and y, be two points in the statement of the Theorem 4. Since F (X X X) € g(X), we can choose x;,y; € X
such that gx; = F(xo,¥0) and gy, = F (o, Xo). In the same way we construct gx, = F(x1,y1) and gy, = F(y4, x1).
Continuing in this way we can construct two sequences {x,} and {y,} in X such that

9Xn+1 = F(xn, yn) and gyn41 = F(yn, xn) YR 2 0. (2.9)
Since gx = gx,4q and gy < gyn4q, from (2.1) and (2.9), we have
d(d(gxn+1,9%)) = P(d((F (xn, yu), F(x,¥)))
< FC d(d(9t, gX) + d(gyn, gy)), h(RERLIL LIV (2.10)
Similarly, since gy,+1 = gy and gx, .1 < gx, from (2.1) and (2.9), we have
#(d(gy, gyn+1)) = ¢(A((F ¥, %), F (v, X))
< FC(d(gy, gyn) + d(gx, gxn)), p(FLLL LIy, (211)

2

From (2.10) and (2.11), we have
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¢(d(gxns1, %)) + $(d(gY, g¥n+1))
< 2f G p(d(gy, gyn) + d(gx, gicy)), p(FLLL AR Ix)y (212)
By property (3) of ¢, we have
$(d(gxn+1,9%) + d(gy, gYn+1)) < $(d(gXn11, 9%)) + d(A(GY, 9Vn+1)) (2.13)
From (2.12) and (2.13), we have
$(d(gXna1, 97) + A(gY, gYn41)) < 2 G D(A(gY, gyn) + (g, gity)), p (LA IHy
which implies

$(d(gxn+1,9%) + d(gY, gyn+1)) < ¢(d(gy, gyn) + d(gx, gxu))
Using the fact that ¢ is non-decreasing, we get

d(gxn+1, 9%) + d(gy, gyn+1) < d(gy, gyn) + d(gx, gxz) (2.14)

Set 6, = d(gxns1,9%) +d(gy, gyn+1) then sequence {8, } is decreasing. Therefore, there is some § = 0 such that
lim &, = lim [d(gXn41, 9%) + d(9Y, gyns1)] = &

We shall show that § = 0. Suppose, to the contrary, that § > 0. Then taking the limit as n — oo (equivalently, §,, — &) of
both sides of (2.13) and have in mind that we suppose limy(t) > 0 for all » > 0 and ¢ is continuous, we have

$(6) = lim $(5,) < 2lim & BB p D)

1 : Sn-1
=2f <;¢(5),5nlif1§)51/1 (T)) < ¢ .
a contradiction. Thus § = 0, that is

lim &, = lim [d(gxn41, 9%) + d(gY, gYn41)] = 0

Hence d(gxn+1,9x) = 0and d(gy, gyn+1) = 0, thatisx = gx and y = gy. ]

Corollary 4. ([31]) Let (X, <) be a partially ordered set and suppose there exists a metric d on X such that (X,d) is a
complete metric space. Let F: X X X — X be a mapping having the mixed monotone property and there exist two elements
X0, Vo € X With xo < F(xo,y0) and yo = F(yo, Xo). Suppose that F, g satisfy

SA(F(x,), F(u,v)) < £G $(d(gx, gu) + d(gy, gv)), i (RLLIUIy) (2.1)
forall x,y,u,v € X with gx < guand gy > gv ,F (X X X) € g(X), g(X) is complete and g is continuous .
Suppose that either
(1) F is continuous or
(2) X has the following property:
(a) if a non-decreasing sequence {x,,} = x, then x,, < x foralln € N,
(b) if a non-increasing sequence {y,} — y, theny <y, foralln € N.
Then there exist x, y € X such that
gx =F(x,y)and gy = F(y,x)
and
x=gx=F(xy),y =gy =F(x)
that is, F and g have a coupled coincidence pointin X x X.
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Theorem 6. In addition to hypotheses of Theorem 4, suppose that for every (x,y), (z,t) in X X X, there exists a (u, v) in
X X X that is comparable to (x,y) and (z, t), then F and g have a unique coupled fixed point.

Proof. From Theorem 4, the set of coupled fixed points of F is non-empty. Suppose (x, y) and (z, t) are coupled
coincidence points of F, that is gx = F(x,y),gy = F(y,x),9z = F(z,t) and gt = F(t, z). We will prove that

gx =gz and gy = gt.

By assumption, there exists (u, v) in X X X such that (F (u, v), F(v,u)) is comparable with (F(x,y), F(y,x)) and
(F(z,t),F(t,2)). Putu, = uand vy = v and choose u,, v, € X so that gu, = F(uo, vo) and gv, = F (v, Ug). Then,
similarly as in the proof of Theorem 3, we can inductively define sequences {gu,}, {gv,} with

9Xns1 = F(up,vy) and gynq = F(v,,u,) for all n.

Further set xo = x,y0 = y,20 = z and t, = ¢, in a similar way, define the sequences {gx,}, {gy,} and {gz,} {gt.}. Then
it is easy to show that

gxn, = F(x,y), 9y, » F(y,x) and gz, - F(z,t),gt, = F(t,2)

asn — oo, Since

(FOo, ), F(y,x)) = (gx1, 9y1) = (gx,gy) and (F(u,v), F(v,u)) = (gus, gv1)

Since gx < gu, and gy = gvy, or vice versa. It is easy to show that, similarly, (gx, gy) and (gu,, gv,) are comparable
forall n > 1, that is, gx < gu, and gy = gvy, or vice versa. Thus from (2.1), we have

¢(d(gunt1, 9%)) = P(A((F (U, vn), F (x,9)))

< FC $(A(gin, gx) + d(gvy, gy)), (HLnL A0V (2.16)
Similarly,
$(d(gy, gVns1)) = $(A((F(y, %), F (v, x11,)))

< FC B(d(gy, gua) + d(gx, giy)), (LU U)y) (217)

From (2.16) and (2.17) and the property of ¢, we have
P(d(guns1,9%) + d(gy, gvn+1)) < $(d(Guni1, %)) + d(d(9Y, gVn+1))

< 2f G p(d(gy, gvn) + d(gx, guy)), p(ELLLUIRIU)y (3 15)
which implies

P (d(guns1, gx) + d(gy, gvn1)) < $(d(gx, guy,) + d(gy, gvyn))
Thus,

d(gxn+1,9%) + d(gy, gyn+1) < d(gy, gyn) + d(gx, gxn)
That is, the sequence {d(gu,, gx) + d(gy, gv,)} is decreasing. Therefore, there is some a > 0 such that

lim [d(gun, gx) + d(gy, gv,)] = a

We shall show that @ = 0. Suppose, to the contrary, that @ > 0. Then taking the limit as n — oo in (2.18), we have

(@) < 2f (§¢(a), R d“"“""“)) <¢@
a contradiction. Thus a = 0, that is
lim [d(gun, gx) + d(gy, gvn)] = 0
It implies
lim d(guy, gx) = lim d(gy, gvn) = 0 (2.19)

Similarly, we show that
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lim d(guy, g2) = lim d(gt, gv,) = 0 (2.20)

From (2.19), (2.20) and by the uniqueness of the limit, it follows that, we have gx = gz and gy = gt. Hence (gx, gy) is

the unique coupled point of coincidence of F and g.

Example 2. Let f(s,t) = ﬁ and X = [0, +o0) endowed with standart metric d(x,y) = |x — y| for all x,y € X. Then
(X, d) is a complete metric space. Define the mapping F: X x X — X by

F(x,y) ={

if x=y,
if x<uy.

Suppose g: X — X is such that gx = x* for all x € X and ¢ (¢): [0, +0) — [0, +o0) is such that ¢(t) = % Assume that

$(t) = t#0and(0) = ——

1000

It is easy to show that for all x,y,u, v € X with gx < gu and gy > gv, we have

d(d((F(x,y), F(u,v))) <

26(d(gx, gu) + d(gy, gv))

1+ w(d(gx, guw) er d(gy, gv))

Thus, it satisfies all conditions of Theorem 4. So we deduce the existence of Fand g have a coupled coincidence point
(x,y) € X x X. Here, (0,0) is a coupled coincidence point of Fand g.
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