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Abstract 

The present article discuss ),(  -generalised fuzzy pre-border, ),(  -

generalised fuzzy pre-exterior and ),(  -generalised fuzzy pre-frontier in 

double fuzzy topologies. Furthermore, some characterisations of generalised 

double fuzzy pre-continuous, generalised double fuzzy preopen, generalised 

double fuzzy preclosed and generalised double fuzzy preclosure-irresolute 

functions are studied and investigated. Moreover, the interrelations among the new 

concepts are discussed with some necessary examples. 
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1. INTRODUCTION  

Fuzzy theory [1] was initiated in 1965. Later on, Chang [6] utilized it to define fuzzy topological spaces. 

Intuitionistic fuzzy topologies introduced by Çoker et al. [8, 10] based on intuitionistic fuzzy sets. In [12], 

the authors succeeded to intuitionism the structure of topology. The name “intuitionistic” is no longer used 

in mathematics because of some suspicions about the convenience of this term. This suspicions were refuted 

in [13], when the authors substituted the term “intuitionistic” by “double” and renamed its related 

topologies. The concept of intuitionistic gradation of openness has been renamed to“double fuzzy 

topological spaces”. 

M. Sudha et al. [16] studied notions via generalised fuzzy preopen sets in Chang’s fuzzy topologies. In [14, 

15], weak continuity has been introduced based on the notions ),(  -fuzzy preopen and ),(  -fuzzy 

preclosed sets in double fuzzy topologies.  

There are a variety of applications for Topology. For instance, ophthalmologists have found that when the 

sight is restored to a blind person, the person will have a topological vision for some time. During this short 

time, the person who has recovered from the blindness cannot differentiate between a circle and a square 

and any closed curves. He has to exercise for some time to precisely characterize various closed curves. 

Based on this idea, Zeeman has constructed a topological model of the brain and the visual perception [7]. 

Topological psychology [9, 11] is a dialectical topic in which mathematicians have different opinions on 

it. The German scientist Lewin studied topology and applied the topological notions in his theories in 

psychology. He tried hard to formalize his theories into an evident form in order to avoid the rigidity and 

obstinacy of the results. Lewin presented concepts incidentally and progressively developed them through 

experimental and observation methods. 
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The topological relationships between spatial objects are essential information used in Geographic 

information systems (GIS), along with positional and attribute information. Information on topological 

relationships can be used for spatial queries, spatial analyses, data quality control, and others. Topological 

relationships may be fuzzy or crisp based on the certainty or uncertainty of spatial objects and the nature of 

their relationships (see [17]).  

This paper takes some investigations on ),(  -generalised fuzzy pre-border, ),(  -generalised fuzzy 

pre-exterior and ),(  -generalised fuzzy pre-frontier in double fuzzy topological spaces. Moreover, some 

characteristic properties of generalised double fuzzy pre-continuous, generalised double fuzzy preopen, 

generalised double fuzzy preclosed, and generalised double fuzzy preclosure-irresolute functions are 

studied and investigated. Also, we present the relationships between the new notions and already known 

functions. Our new results are a generalization to the corresponding notions in topology and fuzzy topology 

and therefore we believe that it will be more useful and applicable for GIS modeling and for other scientific 

fields. 

2. PRELIMINARIES 

In this paper X , (0,1]=0I , [0,1)=1I  and [0,1]=I . 
XI  is the family of fuzzy sets defined on the 

universal set X . )(XPt
 refers to the collection of all fuzzy points defined on X . 0  and 1  refer to the 

smallest and the largest elements in 
XI , respectively. The complement of 

XIA  is denoted by A1 . 

For any crisp map YXf : , the direct image )(Af  and inverse image )(1 Af 
 of f  are given by 

)(=))((
=)(

xAyAf
yxf  and ))((=))((1 xfBxBf 

 for all 
XIA , 

YIB  and Xx , respectively. 

Definition 2.1 [12, 13] The pair of functions  , II X :*  is a double fuzzy topology on X  if and only 

if it achieves the next statements:   

(1)  )(1)( * AA    for every 
XIA .  

(2)  )()()( 2121 AAAA    and )()()( 2

*

1

*

21

* AAAA    for every 1A , XIA 2
. 

(3)  )()( iiii
AA   

  and )()( **

iiii
AA   

  for every X

i IA  , i .  

 By ),,( *X , we denotes the double fuzzy topological space (briefly, dfts). A  is said to be an ),(  -

fuzzy open (briefly, ),(  -fo) if and only if  )(A  and  )(* A , and A  is said to be an ),(  -

fuzzy closed (briefly, ),(  -fc) if and only if A1  is an ),(  -fo set. Moreover, a fuzzy set B  is called 

),(  -fuzzy clopen (briefly, ),(  -fco) if and only if B  is ),(  -fo and ),(  -fc, simultaneously. 

For any two dfts’s ),,( *

11 X  and ),,( *

22 Y , a double fuzzy continuous YXf :  is a function that 

satisfies )())(( 2

1

1 DDf  
 and )())(( *

2

1*

1 DDf    for every 
YID . 

Theorem 2.1 [2, 3] For a dfts ),,( X , 
XIA

0, I , and 1I , we define the map 

XX IIIIC  10,
:


 by:  

 }.)1( ,)1( ,|{=),,(
,




 

  BBBAIBAC X
 

The map  ,
C  achieves the following conditions, for all 

XIBA , , 
021,, I  and 121,, I :   

(1) ),,0(
,


 C  = 0 .  

(2) ),,(
,




ACA  .  
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(3) ),,(=),,(),,(
,,,




BACBCAC   .  

(4) If 21   , 21   , then ),,(),,( 22,11,



ACAC   . 

(5)  ),,(=),),,,((
,,,




ACACC  .  

Theorem 2.2 [2, 3] For a dfts ),,( X , 
XIA , 

0I , and 1I , we define the map 

XX IIIII  10,
:


 by: 

}.)( ,)( ,|{=),,(
,




 

  BBABIBAI X
 

The map 
 ,

I  achieves the following conditions, for every A ,
XIB , 

021,, I  and 121,, I

:   

(1)  ),,(1=),,1(
,,




ACAI   .  

(2)  1=),,1(
,


 I .  

(3)  AAI  ),,(
,




.  

(4)  ),,(=),,(),,(
,,,




BAIBIAI   .  

(5)  ),,(),,( 22,11,



AIAI    if 21    and 21   .  

(6)  ),,(=),),,,((
,,,




AIAII  .  

(7) If AACI =),),,,((
,,


  , then AAIC  1=),),,,1((

,,



.  

 Definition 2.2 [14, 4, 5] For a dfts ),,( X , A , 
XIB , 

0I  and 1I , we have:   

(1) A  is said to be an ),(  -fuzzy preopen (briefly, ),(  -fpo) if ),),,,((
,,




ACIA  . 

Ù�A fuzzy set is said to be ),(  -fuzzy preclosed (briefly, ),(  -fpc) if and only if its 

complement is ),(  -fpo set.  

(2)  ),(  -fuzzy preclosure of A  is defined by ),,(
,




APC   = BAIB X  |{ , B  is ),(  -fpc}. 

(3)  ),(  -fuzzy preinterior of A  is given by ),,(
,




API   = ABIB X  |{ , B  is ),(  -fpo}. 

(4)  A  is an ),(  -generalised fuzzy closed (briefly, ),(  -gfc) if BAC  ),,(
,




 such that 

BA  , rB )(  and sB )(* . Ù�A fuzzy set is said to be ),(  -generalised fuzzy open 

(briefly, ),(  -gfo) if and only if its complement is ),(  -gfc set. 

(5) },),(,|{=),,(
,

gfcisBBAIBAGC X  


 where ),,(
,




AGC   is an 

),(  -fuzzy generalised closure of A . 

(6)  },),(|{=),,(
,

gfoisBandABIBAGI X  


where ),,(
,




AGI   is an 

),(  -fuzzy generalised interior of A . 
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3. PROPERTIES OF ),(  -GENERALISED FUZZY PREOPEN SETS 

In this section, we study ),(  -generalised fuzzy pre-border, ),(  -generalised fuzzy pre-exterior and 

),(  -generalised fuzzy pre-frontier. Some of its interesting properties and characterizations are 

examined. 

Definition 3.1 For any dfts ),,( X , 
XIA , 

0I  and 1I , we have:   

(1) A  is said to be ),(  -generalised fuzzy preclosed (briefly, ),(  -gfpc) if BAC  ),,(
,




, 

whenever BA   and B  is an ),(  -fpo. A fuzzy set is said to be an ),(  -generalised fuzzy 

preopen (briefly, ),(  -gfpo) if and only if its complement is ),(  -gfpc set.  

(2) },),(|{=),,(
,

gfpcisBandBAIBAGPC X  


where ),,(
,




AGPC   

is the ),(  -fuzzy generalised preclosure of A .  

(3) },),(|{=),,(
,

gfpoisBandABIBAGPI X  


 where ),,(
,




AGPI   

is the ),(  -fuzzy generalised preinterior of A .  

Proposition 3.1 For any dfts ),,( X  and for all A , 
XIB , 

0I  and 1I , we have:   

(1) ),,(
,




AGPI   is the largest ),(  -gfpo set such that AAGPI  ),,(
,




.  

(2)  ),,(=
,




AGPIA  , if A  is an ),(  -gfpo set.  

(3)  ),,(=),),,,((
,,,




AGPIAGPIGPI  , if A  is an ),(  -gfpo set.  

(4)  ),,1(=),,(1
,,




AGPCAGPI   .  

(5)  ),,1(=),,(1
,,




AGPIAGPC   .  

(6) If BA  , then ),,(),,(
,,




BGPIAGPI   .  

(7) If BA  , then ),,(),,(
,,




BGPCAGPC   .  

(8)  ),,(=),,(),,(
,,,




BAGPIBGPIAGPI   .  

(9)  ),,(=),,(),,(
,,,




BAGPIBGPIAGPI   . 

Proof. (1) and (2) follows from the definitions and (3) follows from (2). 

 (4)  

 

 

).,,(1=

}1,),(1|1{1=

1,),(|=),,1(

,

,











AGPI

ABsetgfpoisBB

ABsetgfpcisBBAGPC















 

(5) It is similar to (4). 

(6) It is clear that  



 

Fatimah M. MOHAMMED et al. / GU J Sci, 30(1):311-331(2017)                                                   315  

  

 
),,,(=

}),(|{

}),(|{=),,(

,

,











BGPI

gfpoanisDandBDD

ADandgfpoanisDDAGPI













 

if BA  .  

It is similar to (6). 

(8)  

 

 
 

)).,,(()),,((=

}),(|{

}),(|{=

)}(),(|{=),,(

,,

,













BGPIAGPI

BDandgfpoanisDD

ADandgfpoanisDD

BADandgfpoanisDDBAGPI


















 

(9) It is similar to (8).  

Definition 3.2 For any dfts ),,( X , 
XIA , 

0I  and 1I , we have:   

(1) ),,,(=),,(
,,




APIAAPB    where ),,(
,




APB   is the ),(  -fuzzy pre-border of 

A . 

(2) ),,,(=),,(
,,




AGIAAGB    where ),,(
,




AGB   is the ),(  -generalised fuzzy border 

of A . 

(3) ),,,(=),,(
,,




AGPIAAGPB    where ),,(
,




AGPB   is the ),(  -generalised 

fuzzy pre-border of A .  

 

Proposition 3.2 For any dfts ),,( X , for all 
XIA , 0I  and 1I , we have:   

(1) ),,(),,(
,,




APBAGPB   .  

(2) If A  is an ),(  -gfpo, then 0=),,(
,




AGPB  . 

(3) ),,1(),,(
,,




AGPCAGPB   . 

(4) AAGPBGPI  ),),,,((
,,




.  

(5) )),,(()),,(()(
,,,




BGPBAGPBBAGPB   .  

(6) )),,(()),,(()(
,,,




BGPBAGPBBAGPB   .  

Proof. (1) For any 
XIA , since  

).,,(),,(

),,,(),,(

,,

,,









APIAAGPIA

AGPIAPI








 

 Therefore,  
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).,,(),,(
,,




APBAGPB    

(2) For any an ),(  -gfpo set 
XIA , we have  

).,,(=
,




AGPIA   

Thus,  

.0=),,(
,




AGPB   

(3) 

).1(=

),,1(11

))1(1(=

),,(=),,(

,

,

,

,,

AGPC

AGPC

AGPCA

AGPIAAGPB





























 

 

(4) 

,),,(

),),,,((=),),,,((

,

,,,,

AAGPIA

AGPIAGPIAGPBGPI
















 

 by (1) of Proposition 3.1. Therefore,  

.),),,,((
,,

AAGPBGPI  


 

 

(5)  

)).,,(()),,((=

),,(()),,((

)),,(()),,(()(=

)()(=),,(

,,

,,

,,

,,

















BGPBAGPB

BGPIBAGPIA

BGPIAGPIBA

BAGPIBABAGPB

















 

Therefore, 

)).,,(()),,((),,(
,,,




BGPBAGPBBAGPB    

(6) It is similar to (5).  

Definition 3.3 For any dfts ),,( X , 
XIA , 0I  and 1I , we have:   

(1)  ),,,(),,(=),,(
,,,




APIAPCAPF    where ),,(
,




APF   is the ),(  -

fuzzy pre-frontier of A .  

(2)  ),,,(),,(=),,(
,,,




AGIAGCAGF    where ),,(
,




AGF   is the ),(  -

generalised fuzzy frontier of A . 
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(3)  ),,,(),,(=),,(
,,,




AGPIAGPCAGPF    where ),,(
,




AGPF   is the 

),(  -generalised fuzzy pre-frontier of A .  

Proposition 3.3 For any dfts ),,( X , for every 
XIA , 0I  and 1I , we have:   

(1) ),,(),,(
,,




APFAGPF   .  

(2) ),,(),,(
,,




AGPFAGPB   . 

(3) ),,(=),,1(
,,




AGPFAGPF   . 

(4) ),,(),),,,((
,,,




AGPFAGPIGPF   .  

(5) ),,(),),,,((
,,,




AGPFAGPCGPF   . 

(6) ),,(),,(
,,




AGPIAGPFA   .  

(7) ),,(),,(),,(
,,,




BGPFAGPFBAGPF   . 

(8) ),,(),,(),,(
,,,




BGPFAGPFBAGPF   .  

Proof. (1)  

).,,(=

),,(),,(

),,(),,(=),,(

,

,,

,,,













APF

APIAPC

AGPIAGPCAGPF











 

(2)  

),,,(),,(

),,(=),,(

,,

,,









AGPIAGPC

AGPIAAGPB








 

since  

).,,(=),,(
,,




AGPFAGPCA   

Therefore  

).,,(),,(
,,




AGPFAGPB    

 

(3) 

).,,1(=

),,1(),,1(=

),,1(1),,(=

)),,1(1(),,(=

),,(),,(=),,(

,

,,

,,

,,

,,,





















AGPF

AGPCAGPI

AGPCAGPC

AGPCAGPC

AGPIAGPCAGPF
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(4)  

).,,(=

),,(),,(

),),,,((

),),,,((=),),,,((

,

,,

,,

,,,,

















AGPF

AGPIAGPC

AGPIGPI

AGPIGPCAGPIGPF












 

(5)  

).,,(=

),,(),,(

),),,,((),,(=

),),,,((

),),,,((=),),,,((

,

,,

,,,

,,

,,,,





















AGPF

AGPIAGPC

AGPCGPIAGPC

AGPCGPI

AGPCGPCAGPCGPF

















 

(6)  

).,,(=

),,(),,(),,(

)),,(),,((=),,(

,

,,,

,,,













AGPI

AGPIAGPCAGPC

AGPIAGPCAAGPFA











 

(7)  

).,,(),,(=

)),,(),,((

)),,(),,((

)),,(),,((

)),,(),,((=

)),,(),,((),,(=

),,(),,(=),,(

,,

,,

,,

,,

,,

,,,

,,,





























BGPFAGPF

BGPIBGPC

AGPIAGPC

BGPIAGPI

BGPCAGPC

BGPIAGPIBAGPC

BAGPIBAGPCBAGPF





























 

(8) It is similar to (7).  

 

Definition 3.4 For any dfts ),,( X , for each 
XIA , 0I  and 1I , we have:   

    1.   ),,,1(=),,(
,,




APIAPE   

where ),,(
,




APE   is the ),(  -fuzzy pre-exterior of A .  

    2.   ),,,1(=),,(
,,




AGIAGE   

where ),,(
,




AGE   is the ),(  -generalised fuzzy exterior of A .  
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    3.   ),,,1(=),,(
,,




AGPIAGPE   

where ),,(
,




AGPE   is the ),(  -generalised fuzzy pre-exterior of A .  

Proposition 3.4 For any dfts ),,( X , for every 
XIA , 0I  and 1I , we have:   

(1) ),,(),,(
,,




AGPEAPE   .  

(2) ),,(1=),,(
,,




AGPCAGPE   .  

(3) ),),,,((=),),,,((
,,,,




AGPCGPIAGPEGPE  .  

(4) If BA  , then ),,(),,(
,,




BGPEAGPE   .  

(5) 0=),,1(
,


 GPE .  

(6) 1=),,0(
,


 GPE .  

(7) ),),,,((),,(
,,,




AGPEGPEAGPI   . 

(8) ),,(),,(=),,(
,,,




BGPEAGPEBAGPE   .  

(9) ),,(),,(=),,(
,,,




BGPEAGPEBAGPE   .  

 Proof.  (1) Since  

).,,1(),,1(

),,(1),,(1

),,,(),,(

,,

,,

,,













APIAGPI

APCAGPC

APCAGPC













 

Therefore by definition,  

).,,(),,(
,,




APEAGPE    

(2) It follows from the definitions. 

 

 

(3)  

 
).,),,,1(1(=

),),,,(1(=),),,,((

,,

,,,,









AGPIGPI

AGPEGPIAGPEGPE









 

Therefore,  

).,),,,((=),),,,((
,,,,




AGPCGPIAGPEGPE   

(4) Let BA  . By using Proposition 3.1(1),  

).,,(),,(
,,




BGPCAGPC    

Therefore,  
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).,,(1),,(1
,,




BGPCAGPC    

But,  

).,,1(),,1(
,,




BGPIAGPI    

Hence,  

).,,(),,(
,,




BGPEAGPE    

(5) By (2),  

.0=

11=

),,1(1=),,1(
,,



  


GPCGPE

 

(6) It is similar to (5). 

(7) Since ),,(
,




AGPCA  , and  

).,),,,((),,(
,,,




AGPCGPIAGPI    

Then by (3),  

).,),,,((),,(
,,,




AGPEGPEAGPI    

(8)  

).,,(),,(=

),),1((),),1((=

),),1()1((=

),),(1(=),,(

,,

,,

,

,,

















BGPEAGPE

BGPIAGPI

BAGPI

BAGPIBAGPE

















 

(9) Obvious. 

4. CHARACTERISATIONS OF GENERALISED DOUBLE FUZZY PRECLOSURE-

IRRESOLUTE AND GENERALISED DOUBLE FUZZY PRE-CONTINUOUS FUNCTIONS 

In this section, some characterisations of generalised double fuzzy pre-continuous, generalised double fuzzy 

preopen, generalised double fuzzy preclosed, and generalised double fuzzy preclosure-irresolute functions 

are studied. 

Definition 4.1 A map ),,(),,(: 2211

   YXf  between any two dfts’s ),,( 11

X  and ),,( 22

Y  is 

called:   

(1) generalised double fuzzy preopen (briefly, gdfp-open) if for every ),(  -gfpo set 
XIA , 

1I  and 0I , )(Af  is an ),(  -gfpo in 
YI . 

(2) generalised double fuzzy preclosed (briefly, gdfp-closed) if for every ),(  -gfpc set 
XIA , 

1I  and 0I , )(Af  is an ),(  -gfpc in 
YI . 

(3) generalised double fuzzy pre-continuous (gdfp-continuous, for short) if for every ),(  -fo set 

YIA , 0I  and 1I , )(1 Af 
 is an ),(  -gfpo in 

XI . 
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(4) generalised double fuzzy preclosure-Irresolute (gdfpc-Irr, for short) if ),),(((
,

1 


AfGPCf 


 

is an ),(  -gfpc set for every ),(  -gfpc set 
YIA , 0I  and 1I .  

 Theorem 4.1 For any two dfts’s ),,( 11

X  and ),,( 22

Y  and any bijective map 

),,(),,(: 2211

   YXf , we have:   

(1) f  is gdfpc-Irr function. 

(2) For every fuzzy set A  in 
XI , ),),(()),,((

2
,

21
,

1




AfGPCAGPCf   . 

(3) For every fuzzy set B  in 
YI , )),,((),),((

2
,

2

11

1
,

1




BGPCfBfGPC 



  .  

Proof. (2)(1)  Suppose 
XIA  and 

YIAfGPC  ),),((
1

,
1




 is an ),(  -gfpc, then by (1), we 

have 
XIAfGPCf 

 )),),(((
2

,
2

1 


 is an ),(  -gfpc set, 0I  and 1I . Therefore,  

)).,),(((=),)),,),((((
2

,
2

1

2
,

2

1

2
,

2




AfGPCfAfGPCfGPC 







  

Since ))((1 AffA   and  

)).,),(((),,( 1

2
,

21
,

1




AffGPCAGPC 

   

Also,  

).,),(()(
2

,
2




AfGPCAf   

Then  

)).,),(((=

)),),,),((((),,(

2
,

2

1

2
,

2

1

2
,

21
,

1









AfGPCf

AfGPCfGPCAGPC









 

 

(3)(2)  Suppose 
YIB , by (2),  

).,,(

),)),((()),),(((

2
,

2

1

2
,

2

1

2
,

2









BGPC

BffGPCBfGPCf















  

 That is, 

).,,()),),(((
2

,
2

1

1
,

1




BGPCBfGPCf 



   

Therefore,  

)).,,(())),),((((
2

,
2

11

2
,

2

1 


BGPCfBfGPCff 





   

Hence,  

)).,,((),),((
2

,
2

11

1
,

1




BGPCfBfGPC 



   

(1)(3)  Suppose 
YIB  is an ),(  -gfpc set. Then, BBGPC =),,(

2
,

2


  .  By (3),  
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).(=

)),,((),),((

1

2
,

2

11

1
,

1

Bf

BGPCfBfGPC







  


 

 But  

).,),(()( 1

1
,

1

1 


BfGPCBf 



   

Therefore,  

),,(=)(
2

,
2

1 


BGPCBf 


 

i.e., 
XIBf  )(1

 is ),(  -gfpc. Thus f  is gdfpc-Irr map.  

Proposition 4.1 The map ),,(),,(: 2211

   YXf  between any two dfts’s ),,( 11

X  and ),,( 22

Y  

is a gdfp-closed iff for each 
XIA ,  

)).,,((),),((
1

,
11

,
1




AGPCfAfGPC    

Proof. Suppose that f  is a gdfp-closed function and A  is any fuzzy set in X . Then 

)),,((
1

,
1




AGPCf   is an ),(  -gfpc in 
YI . Therefore,  

)).,,((=),)),,,(((
1

,
11

,
11

,
1




AGPCfAGPCfGPC   

Since  

)).,,(()(),,(
1

,
11

,
1




AGPCfAfAGPCA    

Therefore,  

)).,,((=

),)),,,(((),),((

1
,

1

1
,

11
,

11
,

1









AGPCf

AGPCfGPCAfGPC



 

 

Hence, for every fuzzy set 
XIA ,  

).,),((),),((
1

,
11

,
1




AGPCfAfGPC    

Conversely, suppose that for every fuzzy set 
XIA , )),,((),),((

1
,

11
,

1




AGPCfAfGPC   . 

Since A  is an ),(  -gfpc set, we have  

.=),,(
1

,
1

AAGPC 
   

Therefore,  

).,),(()(=)),,((
2

,
21

,
1




AfGPCAfAGPCf    

Hence,  

),,),((=)),,((=)(
1

,
11

,
1




AfGPCAGPCfAf   

which implies that 
YIAf )(  is an ),(  -gfpc set, i.e, f  is gdfp-closed function.  
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Proposition 4.2 For any two dfts’s ),,( 11

X  and ),,( 22

Y  and any gdfpc-Irr function 

),,(),,(: 2211

   YXf , ),),(( 1

1
,

1




AfGPB 

  is zero for every ),(  -gfpo set 
YIA .  

Proof. Let A  be an ),(  -gfpo set in 
YI , 

XIAf  )(1
 is ),(  -gfpo. Therefore,  

).(=),),(( 11

2
,

2

AfAfGPI 

 


 

By definition,  

).,),(()(=),),(( 1

2
,

2

11

2
,

2




AfGPIAfAfGPB 





   

Hence,  

.0=)()(=),),(( 111

2
,

2

AfAfAfGPB 

 


 

Definition 4.2 A dfts ),,( X  is said to be a double fuzzy pre-
1/2

*),(   space (briefly, dfp-
1/2

*),(   ), if 

each ),(  -fpc set is ),(  -fc set in X .  

Proposition 4.3 For any dfts ),,( 11

X  and dfp-
1/2

*),(   space ),,( 22

Y , if the map 

),,(),,(: 2211

   YXf  is a bijective, the next statements will be equivalent:   

(1) f  and 
1f  are gdfpc-Irr.  

(2)  f  is gdfp-continuous and gdfp-open.  

(3)  f  is gdfp-continuous and gdfp-closed.  

(4)  ),),((=)),,((
2

,
21

,
1




AfGPCAGPCf  , for every 
XIA .  

Proof. (2)(1)  Suppose B  is an ),(  -gfpo set in X . Since 
1f  is gdfpc-Irr, 

YIBf  )()( 11
 is 

),(  -gfpo set, so f  is gdfp-open. Now, let 
YI  be an ),(  -fpo set, then it is an ),(  -gfpo. But 

by hypothesis, 
1f  are gdfpc-Irr, then 

XIf  )(1   is an ),(  -gfpo, i.e, f  is gdfp-continuous. 

(3)(2)  Let 
XIA  is an ),(  -gfpc set, then 

XIA1  is an ),(  -gfpo set. By (2), 

)1(=)(1 AfAf   is an ),(  -gfpo set in Y , which implies that )(Af  is an ),(  -gfpc set. Hence 

f  is a gdfp-closed function. 

(4)(3)  Let 
XIA , we have  

))((1 AffA   

and  

).,),(((),),(()(
2

,
2

1

2
,

2




AfGPCfAAfGPCAf 



   

Now, 
YIAfGPC  ),),((

2
,

2




 is an ),(  -gfpc set. But ),,( 22

Y  is a dfp-
1/2

*),(   space, and 

),),((
2

,
2




AfGPC   is an ),(  -fc set, then 
YIAfGPC  ),),((

2
,

2




 is an ),(  -fpc set. Since 

f  is gdfp-continuous, )),),(((
2

,
2

1 


AfGPCf 


 is an ),(  -gfpc set, which implies,  
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)).,),(((=),)),,),((((
2

,
2

1

2
,

2

1

2
,

2




AfGPCfAfGPCfGPC 








 

But  

).,)),,),((((),),((
2

,
2

1

2
,

22
,

2




AfGPCfGPCAfGPC 



   

and  

)).,),(((),),((
2

,
2

1

2
,

2




AfGPCfAfGPC 



   

Therefore,  

).,),(()),,((
2

,
21

,
1




AfGPCAGPCf    

Also,  

).,),((=)),,((

)),,((),),((

2
,

21
,

1

1
,

12
,

2









AfGPCAGPCf

AGPCfAfGPC









 

(1)(4)  Let 
XIA , by hypothesis of (4),  

).,),((=),),((
2

,
21

,
1




AfGPCAGPCf   

Therefore,  

).,),((),),((
2

,
21

,
1




AfGPCAGPCf    

Then by Proposition 4.1, f  is a gdfpc-Irr function. Now, suppose 
YIB  is ),(  -gfpc. Then  

).(=)),,((=),,(
2

,
22

,
2

BfBGPCfBBGPC 
    

But, by (4),  

)).,,((=),),((
2

,
21

,
1




BGPCfBfGPC   

Therefore,  

),(=),),((
1

,
1

BfBfGPC 
   

then 
YIBf )(  is an ),(  -gfpc set. Therefore, 

1f  is a gdfpc-Irr.  

5. INTERRELATIONS 

In this section, we present the relationships among the concepts introduced in sections 3 and 4. 

Proposition 5.1 If A  is an ),(  -gfpc set in a dfts ),,( X  then:   

(1) ),,(=),,(
,,




AGPFAGPB  .  

(2) AAGPE  1=),,(
,




.  

 Proof. (1) Let 
XIA  be an ),(  -gfpc, we have  
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.=),,(
,

AAGPC 
   

But by definition,  

).,,(=

),,(),,(=

),,(=),,(

,

,,

,,













AGPF

AGPIAGPC

AGPIAAGPB











 

Therefore,  

),,(=),,(
,,




AGPFAGPB   

(2) Let A  be an ),(  -gfpc set, we get  

AAGPIAAGPC   1=),,1(=),,(
,,




 

Therefore by definition,  

.1=),,(
,

AAGPE  


 

Proposition 5.2 For any two dfts’s ),,( 11

X  and ),,( 22

Y  and any map ),,(),,(: 2211

   YXf .   

(1) If f  is any function, then ),),(1(),),(( 1

1
,

1

1

1
,

1




AfGPCAfGPE 





  , for each fuzzy 

set 
YIA .  

(2) If f  is a gdfp-continuous function, then for every ),(  -fpc set 
YIA , we have 

),),((=),),(( 1

1
,

1

1

1
,

1




AfGPFAfGPB 






.  

 Proof. (1) Let 
YIA . Then, by definition  

),(1

),),(1(=),),((

1

1

1
,

1

1

1
,

1

Af

AfGPIAfGPE













 


 

 Also  

).,),(1(=

),),((1),),((

1

1
,

1

1

1
,

1

1

1
,

1









AfGPC

AfGPIAfGPE

















 

Therefore  

).,),(1(),),(( 1

1
,

1

1

1
,

1




AfGPCAfGPE 





   

(2) Let A  be an ),(  -fpc set in Y . Then, )(1 Af 
 is an ),(  -gfpc set in X . Therefore,  

).(=),),(( 11

1
,

1

AfAfGPC 

 


 

Hence,  
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).,),((=

),),(()(=

),),((),),((=),),((

1

1
,

1

1

1
,

1

1

1

1
,

1

1

1
,

1

1

1
,

1













AfGPB

AfGPIAf

AfGPIAfGPCAfGPF



























 

Therefore,  

).,),((=),),(( 1

1
,

1

1

1
,

1




AfGPBAfGPF 






 

Definition 5.1 A dfts ),,( X  is said to be a 
*g double fuzzy pre-

1/2

*),(   space (briefly, dfpg*
-

1/2

*),(   ), if each ),(  -gfpc set in X  is an ),(  -gfc set.  

Proposition 5.3 Let ),,( X  be a dfpg*
-

1/2

*),(   space and A  be an ),(  -gfpc set in X . Then the 

following statements hold:   

(1) ),,,(=),,(
,,




AGFAGB    

(2) AAGE  1=),,(
,




.  

 Proof. Let 
XIA  be an ),(  -gfpc set. Then A  is an ),(  -gfc set in X , which implies 

AAGC =),,(
,


  . But by definition,  

).,,(=

),,(),,(=

),,(=),,(

,

,,

,,













AGF

AGIAGC

AGIAAGB











 

(2) By definition,  

.1=),,1(=),,(
,,

AAGIAGE  


 

Proposition 5.4 Let ),,( 11

X  and ),,( 22

Y  be dfts’s and let ),,(),,(: 2211

   YXf  be gdfpc-Irr 

function such that ),,( 11

X  is dfpg*
-

1/2

*),(   space. Then, for every an ),(  -gfpc set 
YIA , the 

following statements hold:   

(1) ),),((=),),(( 1

1
,

1

1

1
,

1




AfGFAfGB 






.  

(2) ).(1=),),(( 11

1
,

1

AfAfGE 

 


  

Proof. Suppose 
YIA  is an ),(  -gfpc set. Then, )(1 Af 

 is an ),(  -gfpc set in X . Since by 

hypothesis, ),,( 11

X  is dfpg*
-

1/2

*),(   space, )(1 Af 
 is an ),(  -gfc set in X . Therefore,  

).(=),),(( 11

1
,

1

AfAfGC 

 


 

Also,  
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),),((=

),),((),),((=

),),(()(=),),((

1

1
,

1

1

1
,

1

1

1
,

1

1

1
,

1

11

1
,

1













AfGF

AfGIAfGC

AfGIAfAfGB

























 

Therefore  

).,),((=),),(( 1

1
,

1

1

1
,

1




AfGFAfGB 






 

 (2) By definition,  

).(1=),),(1(=),),(( 11

1
,

1

1

1
,

1

AfAfGIAfGE 





  


 

The above statement is not true if ),,( 11

X  is not dfpg*
-

1/2

*),(   space, as shown in the following 

Example. 

Example 5.1 Let },{= baX  and ),,(),,(: *

22

*

11  XXf   be the identity map. Define 1A , 2A , 
3A , 

1B  and 2B  as follows:  

0.64,=)( 0.67,=)( 11 bAaA  

0.35,=)( 0.67,=)( 22 bAaA  

0.34,=)( 0.33,=)( 33 bAaA  

0.67,=)( 0.75,=)( 11 bBaB  

0.49.=)( 0.67,=)( 22 bBaB  

 and define ),( *

11   and ),( *

22   as follows:  

 















 















 

.1,

,=,
4

1

,=,
2

1

,=,
4

3

},1,0{0,

=)(

.0,

,=,
4

3

,=,
2

1

,=,
4

1

},1,0{1,

=)(

3

2

1

*

1

3

2

1

1

otherwise

AAif

AAif

AAif

Aif

A

otherwise

AAif

AAif

AAif

Aif

A   

and  

 












 












 

.1,

,=,
4

1

,=,
8

1

}1,0{0,

=)(

.0,

,=,
8

1

,=,
4

1

},1,0{1,

=)(

2

1
*

2

2

1

2

otherwise

BAif

BAif

Aif

A

otherwise

BAif

BAif

Aif

A   

Then, A  is an ),(  -gfpc set in ),,( *

22 X  and AAf =)(1
 is an ),(  -gfpc set which is not ),( 

-gfc set in ),,( *

11 X . Therefore, f  is gdfpc-Irr function, but ),,( 11

X  is not dfpg*
-

1/2

*),(   space. 
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Proposition 5.5 Let ),,(),,(: 2211

   YXf  be gdfp-closed map such that ),,( 22

Y  is dfpg*
-

1/2

*),(   space. Then, for each an ),(  -gfpc set A  in 
XI , the following statements hold:   

(1) ),),((=),),((
2

,
22

,
2




AfGFAfGB  .  

(2) ).(1=),),((
2

,
2

AfAfGE  


  

Proof. Similar to the proof of Proposition 5.4.  

The above statement is not true if ),,( 22

Y  is not dfpg*
-

1/2

*),(   space, as shown in the following 

Example. 

Example 5.2 Let },{= baX  and ),,(),,(: *

22

*

11  XXf   be the identity function. Define 1A , 2A , 

3A , 1B  and 2B  are as in Example 5.1 and define ),( *

11   and ),( *

22   as follows:  

 












 












 

.1,

,=,
4

1

,=,
8

1

},1,0{0,

=)(

.0,

,=,
8

1

,=,
4

1

},1,0{1,

=)(

2

1
*

1

2

1

1

otherwise

BAif

BAif

Aif

A

otherwise

BAif

BAif

Aif

A   

and  

 















 















 

.1,

,=,
4

1

,=,
2

1

,=,
4

3

}1,0{0,

=)(

.0,

,=,
4

3

,=,
2

1

,=,
4

1

},1,0{1,

=)(

3

2

1

*

2

2

2

1

2

otherwise

AAif

AAif

AAif

Aif

A

otherwise

AAif

AAif

AAif

Aif

A   

Then, A  which is as in Example 5.1 is an ),(  -gdfp-closed in ),,( *

11 X . Therefore, f  is a gdfp-

closed function, but AAf =)(  is not ),(  -gfc set in ),,( *

22 X . Hence ),,( 22

X  is not a dfpg*
-

1/2

*),(   space.  

Proposition 5.6 Let ),,( 11

X , ),,( 22

Y  and ),,( 33

Z  be dfts’s, ),,(),,(: 2211

   YXf  and 

),,(),,(: 3322

   ZYg  be gdfpc-Irr functions such that ),,( 11

X  is dfpg*
-

1/2

*),(   space. Then, 

for each an ),(  -gfpc set in Z , the following statements hold:   

(1)  ),),()((=),),()(( 1

1
,

1

1

1
,

1




AfgGFAfgGB 





  .  

(2)  ).()(1=),),()(( 11

1
,

1

AfgAfgGE 

   


  

Proof.  (1) Let A  be an ),(  -gfpc set in Z . Then by hypothesis of g  is gdfpc-Irr, 
YIAg  )(1

 is an 

),(  -gfpc set. Also, f  is gdfpc-Irr, so 
XIAgf  ))(( 11

 is ),(  -gfpc set. Thus 
XIAfg  )()( 1  

is an ),(  -gfpc. Since ),,( 11

X  is dfpg*
-

1/2

*),(  , )()( 1 Afg   is an ),(  -gfc in X . So by 

definition, we have  
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).,),()((=

),),()((),),()((=

),),()(()()(=),),()((

1

1
,

1

1

1
,

1

1

1
,

1

1

1
,

1

11

1
,

1













AfgGF

AfgGIAfgGC

AfgGIAfgAfgGB































  

 (2) By definition,  

),()(1=

),),()((1=

),),()(1(=),),()((

1

1

1
,

1

1

1
,

1

1

1
,

1

Afg

AfgGC

AfgGIAfgGE



































 

 since ))()( 1 Afg   is an ),(  -gfc set. Therefore,  

).()(1=),),()(( 11

1
,

1

AfgAfgGE 

   


 

The above statement is not true if ),,( 11

X  is not a dfpg*
-

1/2

*),(   space, as shown in the following 

Example. 

Example 5.3 Let },{= baX , ),,(),,(: *

22

*

11  XXf   and ),,(),,(: *

33

*

22  XXg   be the 

identity functions. Define 1A , 2A , 
3A , 1B  and 2B  as in Example 5.1 and 1 , 1  as follows: 

0.75,=)( 0.75,=)( 11 ba   

0.40.=)( 0.67,=)( 22 ba   

 also, define ),( *

11   and ),( *

22   as follows:  

 















 















 

.1,

,=,
4

1

,=,
2

1

,=,
4

3

},1,0{0,

=)(

.0,

,=,
4

3

,=,
2

1

,=,
4

1

},1,0{1,

=)(

3

2

1

*

1

3

2

1

1

otherwise

AAif

AAif

AAif

Aif

A

otherwise

AAif

AAif

AAif

Aif

A   

,  

 












 












 

.1,

,=,
4

1

,=,
8

1

}1,0{0,

=)(

.0,

,=,
8

1

,=,
4

1

},1,0{1,

=)(

2

1
*

2

2

1

2

otherwise

BAif

BAif

Aif

A

otherwise

BAif

BAif

Aif

A   

and  
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.1,

,=,
4

1

,=,
8

1

}1,0{0,

=)(

.0,

,=,
8

1

,=,
4

1

},1,0{1,

=)(

2

1
*

3

2

1

3

otherwise

Aif

Aif

Aif

A

otherwise

Aif

Aif

Aif

A









  

Then, f  and g  are gdfpc-Irr function, but ),,( 11

X  is not dfpg*
-

1/2

*),(   space as )()( 1 Afg   is 

an ),(  -gfpc set but not an ),(  -gfc set. 

6. CONCLUSION 

In this article, we studied ),(  -generalised fuzzy pre-border, ),(   -generalised fuzzy pre-exterior and 

),(  -generalised fuzzy pre-frontier in double fuzzy topological spaces. Also some characteristic 

properties of generalised double fuzzy pre-continuous, generalised double fuzzy preopen, generalised 

double fuzzy preclosed, and generalised double fuzzy preclosure-irresolute functions are studied and 

investigate. We also introduced the relationships between these new notions with the other already defined 

notions. We wish the outcomes of this paper will encourage the mathematicians to conclude more important 

relationships between topology and fuzzy theory. 
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