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Highlights 
• This paper focuses on velocity-vorticity-temperature (VVT) model of the Boussinesq equations.  

• A second order time accurate finite element method is proposed for solving these equations.  

• Unconditional stability with respect to time step is proven.   
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Abstract 

This paper studies a velocity-vorticity-temperature (VVT) model of the Boussinesq 

equations and introduces a numerical method for solving that. The proposed numerical 

method adds separate three minimally intrusive steps, one for each fluid variable, except 

pressure, to the standard semi-implicit backward-Euler (BE) approximation of VVT-

model. The key idea in these intrusive steps is to post-process the BE approximate 

solutions with 2-step, second order, linear time filters. The paper provides full 

mathematical analysis of the proposed numerical method, and two numerical 

experiments for that. The first numerical experiment verifies the predicted convergence 

rates while the second one shows the effectiveness of the method on a benchmark 

problem.  
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1. INTRODUCTION 

 

The fully implicit/backward Euler method is frequently used to compute an approximation for the time 

dependent viscous flow problems [1,2]. This is because the method is A-stable, converges to actual 

solution very fast, and is implemented easily. However, it may not reflect the true physical behavior of 

the analytical solution in many situations [3]. In a recent paper [4], a numerical approach for ordinary 

differential equations which uses the time filter was introduced to increase the accuracy of the BE 

method, and the idea was applied to the incompressible Navier-Stokes equations (NSE) in [5]. The key 

idea in [5] is to combine the standard BE time-stepping scheme for the NSE with a linear time filter.  

Hence, the resulting algorithm requires two uncoupled steps at each time level. The first step calculates 

an intermediate BE velocity approximation for the NSE, and the second step post proceeds this 

intermediate velocity by using a second order, linear time filter. By this way, the accuracy of the method 

is increased from the first order to the second order. Assuming that the time step is constant, the method 

becomes more attractive because it needs only one line additional code into BE-solver at each time level. 

In addition to this, eliminating the intermediate step leads to an equivalent method, which is 2-step, A-

stable but is still of second-order accuracy, ands implifies the stability/the convergence analysis. 

 

The aim of this report is to apply this novel idea to the velocity-vorticity-temperature (VVT) model of 

time-dependent incompressible, non-isothermal fluid flows [6,7]. VVT model for the incompressible, 

non-isothermal fluid flowsis given as follows: for a given force field 𝑓: (0, 𝑡∗] × Ω → ℝ𝑑, find velocity, 

pressure, temperature and vorticity fields, i.e., 𝐮: (0, 𝑡∗] × Ω → ℝ𝑑  and  𝑝, 𝜃, 𝑤:  (0, 𝑡∗] × Ω → ℝ, 

such that (𝐮, 𝑃, 𝜃, 𝑤) satisfies the equations in (0, 𝑡∗] × Ω 
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𝜕𝐮

𝜕𝑡
− 𝜈Δ𝐮 + 𝑤 × 𝐮 + ∇𝑃 =   𝑅𝑖 𝑇�̂� + 𝑓,

∇ ⋅ 𝐮 =   0,
𝜕𝑇

𝜕𝑡
− 𝜅Δ𝑇 + (𝐮 ⋅ ∇)𝑇 =   𝛾,

𝜕𝑤

𝜕𝑡
− 𝜈Δ𝑤 + (𝐮 ⋅ ∇)𝑤 =   𝑅𝑖

𝜕𝑇

𝜕𝑥
+ ∇ × 𝑓.

                                          (1) 

 

where 𝑤: = ∇ × 𝐮 represents the vorticity of the fluid, 𝑃: =
1

2
|𝐮|2 + 𝑝 is the Bernoulli pressure.  

 

Moreover, �̂� is the unit vector in the direction of gravity, 𝜈: = 1/𝑅𝑒 is the dimensionless kinematic 

viscosity, where 𝑅𝑒 denotes the Reynolds number, 𝑅𝑖: = 𝐺𝑟/𝑅𝑒2 is the Richardson number, and 𝜅: =
1/(𝑃𝑟𝑅𝑒) is thermal diffusivity coefficient. 

Velocity-vorticity (VV) formulations have been studied frequently [8-13]. This is due to the fact that 

the vorticity has an essential role in determining the fluid dynamics. In addition, (𝑤 × 𝐮, 𝐮) = 0,  which 

ensures the energy inequality of the model, and thus the stability of any numerical method for VV is 

guaranteed. 

 

Due to the success of VV-model in simulations of the incompressible flows, especially for vortex 

dominated or strongly rotating flows, this report proposes a numerical method to approximate VVT-

model in 2𝐷. We make a note here that analyzing the vortex stretching term in 3𝐷-setting is very 

complex. Therefore, VVT-modelis analyzed in 2𝐷.  

 

The proposed numerical method to approximate the solutions of VVTconsists of two decoupled steps 

as in [5]. The first step calculates velocity/vorticity/temperature approximations of the VVT-scheme 

with the usual BE-FE discretization. The second step introduces three decoupled time filter steps for 

each of these approximations. Eliminating the intermediate velocity/temperature/vorticity step together 

with assuming the time step is constant, the proposed method can be reduced to an equivalent algorithm 

that alike linearly extrapolated, two-step BDF-method (BDF2LE). This makes simpler the stability and 

error analysis of the numerical method. The time discretization in the proposed algorithm is done such 

that the convective terms of evolution equations are linear with respect to the first variable.Hence, the 

whole algorithm becomes linear at each time level. We make a note here that the application of the 

second order scheme for multiphysics flow problems can be seen in [14,15]. 

 

We organize the paper as follows. All necessary mathematical preliminaries are collected in Section 2. 

Section 3 presents a numerical algorithm for VVT scheme, and studies its stability and convergence to 

VVT model. We prove that approximate solutions are unconditionally stable according to time step, and 

converges to analytical solutions of VVT optimally. Section 4 provides two numerical experimentsfor 

the method. The first one verifies the theoretical convergence rates, and shows that the error between 

the vorticity and velocity goes to zero. The second numerical experiment tests the method on a 

benchmark problem, named Marsigli’s flow problem. The conclusions of the study are summarized in 

Section 5. 

 

2. MATHEMATICAL PRELIMINARIES 

 

This section is devoted to presenting mathematical preliminaries and notation used throughout this 

paper. The norms in 𝐻𝑘(Ω) will be denoted by ∥⋅∥𝑘, and the norms in Lebesgue spaces by 𝐿𝑝(Ω), 1 ≤
𝑝 < ∞ by ∥⋅∥𝐿𝑝, and by ∥⋅∥∞ for 𝑝 = ∞, [16]. Vector valued functions spaces will be indicated with 

bold letters. 

 

The velocity, pressure and temperature spaces in the periodic setting for Boussinesq system are given 

by 
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𝑿 ≔ 𝑯#
1(𝛺) = {𝒗 ∈ 𝑯𝑙𝑜𝑐

1 (ℝ):   𝒗 𝑖𝑠 2𝜋 𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐 𝑖𝑛 𝑒𝑎𝑐ℎ 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛,
D

 𝒗 𝒅𝒙 = 𝟎}, 

Q ≔ 𝐿#
2 (Ω) = {𝑞 ∈ 𝐿𝑙𝑜𝑐

2 (ℝ):   𝑞 𝑖𝑠 2𝜋 𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐 𝑖𝑛 𝑒𝑎𝑐ℎ 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛,
D

 q dx = 0}, 

𝑌 ≔ 𝐻#
1(𝛺) = {𝑣 ∈ 𝐻𝑙𝑜𝑐

1 (ℝ):   𝑣 𝑖𝑠 2𝜋 𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐 𝑖𝑛 𝑒𝑎𝑐ℎ 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛,
D

 v dx = 0}, 

 

where Ω is a polygonal or polyhedral domain in ℝ𝑑(𝑑 = 2,3). We make a note here that we will denote 

vorticity space as 𝑌 = 𝐻#
1(Ω) since vorticity is a scalar quantity in two dimensions. The divergence free-

subspace of 𝐗 is represented by 𝐕, i.e., 

 

𝐕: = {𝐯 ∈ 𝐗: ∇ ⋅ 𝐯 = 0}. 

The skew symmetrized trilinear form is defined by  

 𝑏∗(𝐮, 𝜑, 𝑠): =
1

2
((𝐮 ⋅ ∇𝜑, 𝑠) − (𝐮 ⋅ ∇𝑠, 𝜑)),    ∀ 𝐮 ∈ 𝐗, ∀ 𝜑, 𝑠 ∈ 𝑌. 

Notice that 𝑏∗(𝐮, 𝜑, 𝑠) = 0. This operator satisfies the following [17]. 

 

Lemma 1. Let 𝒖 ∈ 𝑿 and 𝜑, 𝑠 ∈ 𝑌. Then there exists a constant 𝐶: = 𝐶(𝛺) such that it holds  

𝑏∗(𝐮, 𝜃, 𝑆) ≤ 𝐶 ∥ ∇𝐮 ∥∥ ∇𝜃 ∥∥ ∇𝑆 ∥, 

                     𝑏∗(𝐮, 𝜃, 𝑆) ≤ 𝐶 ∥ 𝐮 ∥1/2∥ ∇𝐮 ∥1/2∥ ∇𝜃 ∥∥ ∇𝑆 ∥, 

 𝑏∗(𝐮, 𝜃, 𝑆) ≤ 𝐶 ∥ 𝐮 ∥∥ 𝜃 ∥2∥ ∇𝑆 ∥.     

𝕊ℎ stands for a decomposition of a domain Ω into triangles in 2𝑑 or tetrahedron in 3𝑑 with maximum 

diameter ℎ, and associated velocity, pressure and temperature/vorticity finite element (FE) spaces are 

denoted by 𝐗ℎ ⊂ 𝐗, 𝑄ℎ ⊂ 𝑄, and 𝑌ℎ ⊂ 𝑌 which satisfy approximation properties of piecewise 

polynomials of local degree 𝑘 + 1, 𝑘 − 1 and 𝑘, respectively :  

 

inf
𝐯ℎ∈𝐗ℎ

{∥ 𝐮 − 𝐯ℎ ∥ +ℎ ∥ ∇(𝐮 − 𝐯ℎ) ∥}  ≤  𝐶ℎ𝑘+2 ∥ 𝐮 ∥𝑘+2, 

inf
𝑟ℎ∈𝑄ℎ

∥ 𝑝 − 𝑟ℎ ∥ ≤  𝐶ℎ𝑘 ∥ 𝑝 ∥𝑘, 

inf
𝑤ℎ∈𝑌ℎ

{∥ 𝑤 − 𝑤ℎ ∥ +ℎ ∥ ∇(𝑤 − 𝑤ℎ) ∥} ≤  𝐶ℎ𝑘+1 ∥ 𝑤 ∥𝑘+1, 

 

for all 𝐮 ∈ 𝐗 ∩ 𝐇𝑘+1(Ω), 𝑝 ∈ 𝑄 ∩ 𝐻𝑘(Ω) and 𝑤 ∈ 𝑌 ∩ 𝐻𝑘+1(Ω). Furthermore, assume (𝐗ℎ, 𝑄ℎ) 

satisfies the discrete inf-sup stability (LBB) condition, see [14]  

 

inf
𝑞ℎ∈𝑄ℎ

sup
𝐯ℎ∈𝐗ℎ

(𝑞ℎ, ∇ ⋅ 𝐯ℎ)

∥ 𝑞ℎ ∥∥ ∇𝐯ℎ ∥
≥ 𝛽 > 0, 

 

where 𝛽 is a constant independent of ℎ. It is well known that the LBB condition assures that the 

approximation properties of the spaces 𝐗ℎ and 𝐕ℎ are equivalent in those of space 𝐕:  

 

inf
𝐯ℎ∈𝐕ℎ

∥ ∇(𝐮 − 𝐯ℎ) ∥≤ 𝐶 inf
𝐯ℎ∈𝐗ℎ

∥ ∇(𝐮 − 𝐯ℎ) ∥ ,    ∀𝐮 ∈ 𝐕, 

 

where 𝐕ℎ is discretely divergence-free subspace  

 

𝐕ℎ: = {𝐯ℎ ∈ 𝐗ℎ: (𝑞ℎ , ∇ ⋅ 𝐯ℎ) = 0,    ∀ 𝑞ℎ ∈ 𝑄ℎ}. 
 



699 Mine AKBAS/ GU J Sci, 33(3): 696-713 (2020) 

 

Let 𝜑(𝑡, 𝐱) be defined on (0, 𝑡∗]. Then we introduce the following norms  

∥ 𝜑 ∥∞,𝑘: = 𝑒𝑠𝑠 sup
0<𝑡<𝑡∗

∥ 𝜑(𝑡,⋅) ∥𝑘 , and ∥ 𝜑 ∥𝑚,𝑘: = (∫
𝑡∗

0
∥ 𝜑(𝑡,⋅) ∥𝑘

𝑚 dt)1/𝑚, 1 ≤ 𝑚 < ∞. 

 

Introducing the notation𝑡𝑛+1: = (𝑛 + 1)Δ𝑡, where Δ𝑡 is a chosen time-step, we indicate 𝜑𝑛+1: =
𝜑(𝑡𝑛+1), and use the following discrete time norms:  

 

‖|𝜑|‖∞,𝑘 ≔ max
0≤𝑛≤𝑁

∥ 𝜑(𝑡𝑛,⋅) ∥𝑘  and ‖|𝜑|‖m,𝑘: = (Δ𝑡 ∑𝑁−1
𝑛=0 ∥ 𝜑(𝑡,⋅) ∥𝑘

𝑚)
1

𝑚. 

 

The difference and interpolation operators are defined as  

𝛿[Φ𝑛+1]: =
3

2
Φ𝑛+1 − 2Φ𝑛 +

1

2
𝜃𝑛−1,    𝐸[Φ𝑛+1]: =

3

2
Φ𝑛+1 − Φ𝑛 +

1

2
Φ𝑛−1. 

Notice that 

𝛿[Φ𝑛+1]

Δ𝑡
= Φ𝑡

𝑛+1 + 𝒪(Δ𝑡2),   and    𝐸[Φ𝑛+1] = Φ𝑛+1 + 𝒪(Δ𝑡2). 

Using Taylor expansion with integral reminder term, one can have the following. 

 

Lemma 2. Assume 𝛷 sufficiently smooth. Then, the following holds [5] 

‖Φ𝑡
𝑛+1 −

𝛿[Φ𝑛+1]

Δ𝑡
‖

2

≤
6

5
Δ𝑡3 ∫

𝑡𝑛+1

𝑡𝑛−1
∥ Φ𝑡𝑡𝑡 ∥2 𝑑𝑡, 

‖Φ𝑛+1 − 𝐸[Φ𝑛+1]‖2 ≤
Δ𝑡3

6
∫

𝑡𝑛+1

𝑡𝑛−1
∥ Φ𝑡𝑡 ∥2 𝑑𝑡, 

‖Φ𝑛+1 − 2Φ𝑛 + Φ𝑛−1‖2 ≤
Δ𝑡3

3
∫

𝑡𝑛+1

𝑡𝑛−1
∥ Φ𝑡𝑡 ∥2 𝑑𝑡. 

In the stability and convergence analysis, we often call the Poincaré-Friedrichs’ and Young’s 

inequalities. 

 

Lemma 3. (The Poincaré-Friedrichs’ Inequality) For any𝝋 ∈ 𝑿, there exists a constant 𝐶𝑃 dependent 

only on the domain 𝛺 such that  

 ∥ 𝛗 ∥𝐿2≤ 𝐶𝑃 ∥ ∇𝛗 ∥𝐿2 . 
 

Lemma 4. (The Young's Inequality)  Let 𝜆, 𝛼 be non-negative real numbers. Then for any 𝜀 > 0 

𝜆 𝛼 ≤
𝜀

𝑝
𝜆𝑝 +

𝜀−𝑞/𝑝

𝑞
𝛼𝑞 , 

 where 
1

𝑝
+

1

𝑞
= 1 with 𝑝, 𝑞 ∈ [1, ∞). 

 

In the last step of the convergence analysis, a different version of the usual discrete Gronwall’s Lemma 

will be used, see e.g.,[12].  

 

Lemma 5. (Discrete Gronwall's Lemma) Let 𝛥𝑡, 𝐵 and 𝑎𝑛, 𝑏𝑛, 𝑐𝑛, 𝑑𝑛 be finite non negative numbers 

such that  

 𝑎𝑁 + Δ𝑡 ∑𝑁
𝑛=0 𝑏𝑛 ≤ Δ𝑡 ∑𝑁−1

𝑛=0 𝑑𝑛𝑎𝑛 + Δ𝑡 ∑𝑁
𝑛=0 𝑐𝑛 + 𝐵     𝑓𝑜𝑟     𝑁 ≥ 1. 

 Then for all Δ𝑡 > 0,  

 𝑎𝑁 + Δ𝑡 ∑𝑁
𝑛=0 𝑏𝑛 ≤ 𝑒𝑥𝑝(Δ𝑡 ∑𝑁−1

𝑛=0 𝑑𝑛)(Δ𝑡 ∑𝑁
𝑛=0 𝑐𝑛 + 𝐵) 𝑓𝑜𝑟     𝑁 ≥ 1. 

 

 

3. NUMERICAL ALGORITHMS AND STABILITY 

 

In this section, we present a time accurate, adaptive discretization for (1). 
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Algorithm 1. Let body forces 𝑓, 𝛾, initial velocities and temperatures be given. Select an end time 𝑡∗ 

and a time step 𝛥𝑡 > 0 such that 𝑡∗ = 𝑁 𝛥𝑡. Then for any 𝑛 ≥ 1 find (𝒖ℎ
𝑛+1, 𝑝ℎ

𝑛+1, 𝑇ℎ
𝑛+1, 𝑤ℎ

𝑛+1) ∈
(𝑿ℎ, 𝑄ℎ , 𝑌ℎ , 𝑌ℎ)  via the following two steps: 

 

Step 1:Find (�̂�ℎ
𝑛+1,  𝑃ℎ

𝑛+1, �̂�ℎ
𝑛+1, �̂�ℎ

𝑛+1) ∈ (𝐗ℎ, 𝑄ℎ , 𝑌ℎ , 𝑌ℎ) such that it holds, ∀(𝐯ℎ, 𝑞ℎ, 𝜒ℎ , 𝑠ℎ) ∈

(𝐗ℎ, 𝑄ℎ , 𝑌ℎ , 𝑌ℎ) 

 

(
�̂�ℎ

𝑛+1 − 𝐮ℎ
𝑛

Δ𝑡
, 𝐯ℎ) + 𝜈(∇�̂�ℎ

𝑛+1, ∇𝐯ℎ) + ((2𝑤ℎ
𝑛 − 𝑤ℎ

𝑛−1) × �̂�ℎ
𝑛+1, 𝐯ℎ) − (𝑃ℎ

𝑛+1, ∇ ⋅ 𝐯ℎ)  

= (𝐟, 𝐯ℎ) +  𝑅𝑖((2𝑇ℎ
 𝑛 − 𝑇ℎ

 𝑛−1)�̂�, 𝐯ℎ)      (2) 

(∇ ⋅ �̂�ℎ
𝑛+1, 𝑞ℎ) = 0,                                                   (3) 

(
�̂�ℎ

𝑛+1−𝑇ℎ
 𝑛

Δ𝑡
, 𝜒ℎ) + 𝜅(∇�̂�ℎ

𝑛+1, ∇𝜒ℎ) + 𝑏∗(2𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1, �̂�ℎ
𝑛+1, 𝜒ℎ) = (𝛾𝑛+1, 𝜒ℎ),                             (4) 

(
�̂�ℎ

𝑛+1 − 𝑤ℎ
 𝑛

Δ𝑡
, 𝑠ℎ) + 𝜈(∇�̂�ℎ

𝑛+1, ∇𝑠ℎ) + 𝑏∗(2𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1, �̂�ℎ
𝑛+1, 𝑠ℎ) = (∇ × 𝐟𝑛+1, 𝑠ℎ) 

+𝑅𝑖 (
𝜕(2𝑇ℎ

 𝑛−𝑇ℎ
 𝑛−1)

𝜕𝑥
, 𝑠ℎ) .                                                           (5) 

 

Step 2: Compute 𝐮ℎ
𝑛+1 ∈ 𝐗ℎ, 𝑇ℎ

𝑛+1, 𝑤ℎ
𝑛+1 ∈ 𝑌ℎ satisfying for each 𝐯ℎ ∈ 𝐗ℎ, 𝜒ℎ , 𝑠ℎ 𝜖𝑌ℎ 

 (𝐮ℎ
𝑛+1, 𝐯ℎ) = (�̂�ℎ

𝑛+1, 𝐯ℎ) −
1

3
(�̂�ℎ

𝑛+1 − 2𝐮ℎ
𝑛 + 𝐮ℎ

𝑛−1, 𝐯ℎ), 

 (𝑇ℎ
𝑛+1, 𝜒ℎ) = (�̂�ℎ

𝑛+1, 𝜒ℎ) −
1

3
(�̂�ℎ

𝑛+1 − 2𝑇ℎ
𝑛 + 𝑇ℎ

𝑛−1, 𝜒ℎ), 

 (𝑤ℎ
𝑛+1, 𝑠ℎ) = (�̂�ℎ

𝑛+1, 𝑠ℎ) −
1

3
(�̂�ℎ

𝑛+1 − 2𝑤ℎ
𝑛 + 𝑤ℎ

𝑛−1, 𝑠ℎ). 

Assuming the time step is constant, using the notations of difference and interpolation operators in place, 

and inserting  

(�̂�ℎ
𝑛+1, 𝐯ℎ) =

1

2
(3𝐮ℎ

𝑛+1 − 2𝐮ℎ
𝑛 + 𝐮ℎ

𝑛−1, 𝐯ℎ), 

(�̂�ℎ
𝑛+1, 𝜒ℎ) =

1

2
(3𝑇ℎ

𝑛+1 − 2𝑇ℎ
𝑛 + 𝑇ℎ

𝑛−1, 𝜒ℎ), 

(�̂�ℎ
𝑛+1, 𝑠ℎ) =

1

2
(3𝑤ℎ

𝑛+1 − 2𝑤ℎ
𝑛 + 𝑤ℎ

𝑛−1, 𝑠ℎ), 

 

in the first step of Algorithm 3.1, the following equivalence method is obtained 

 

(
𝛿[𝐮ℎ

𝑛+1]

Δ𝑡
, 𝐯ℎ) + 𝜈(∇𝐸[𝐮ℎ

𝑛+1], ∇𝐯ℎ) + ((2𝑤ℎ
𝑛 − 𝑤ℎ

𝑛−1) × 𝐸[𝐮ℎ
𝑛+1], 𝐯ℎ) − (𝑃ℎ

𝑛+1, ∇ ∙ 𝐯ℎ) 

 = 𝑅𝑖 ((2𝑇ℎ
 𝑛 − 𝑇ℎ

 𝑛−1)�̂�, 𝐯ℎ) + (𝐟𝑛+1, 𝐯ℎ),      (6)                                                              

(∇ ⋅ 𝐸[𝐮ℎ
𝑛+1], 𝑞ℎ) = 0,                                          (7) 

(
𝛿[𝑇ℎ

𝑛+1]

Δ𝑡
, 𝜒ℎ) + 𝜅(∇𝐸[𝑇ℎ

𝑛+1], ∇𝜒ℎ) + 𝑏∗(2𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1, 𝐸[𝑇ℎ
𝑛+1], 𝜒ℎ) = (𝛾𝑛+1, 𝜒ℎ),                           (8) 

(
𝛿[𝑤ℎ

𝑛+1]

Δ𝑡
, 𝑠ℎ) + 𝜈(∇𝐸[𝑤ℎ

𝑛+1], ∇𝑠ℎ) + 𝑏∗(2𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1, 𝐸[𝑤ℎ
𝑛+1], 𝑠ℎ) = (∇ × 𝐟𝑛+1, 𝐯ℎ)                     

 + 𝑅𝑖 (
𝜕(2𝑇ℎ

 𝑛−𝑇ℎ
 𝑛−1)

𝜕𝑥
, 𝑠ℎ).     (9) 

 

Remark 6. Notice that time derivative terms are dicretizatized by using BDF2-time stepping method, 

but the remaining terms are not. Therefore, the method is not the standard BDF2LE-method. 

 

We now prove that the approximate solutions to Algorithm 1 are stable without any time step restriction. 

 

Lemma 7. Assume 𝑓 ∈ 𝐿∞(0, 𝑡∗; 𝑳2(𝛺)), and 𝛾 ∈ 𝐿∞(0, 𝑡∗; 𝐻−1(𝛺)). Then for any 𝛥𝑡 > 0, solutions 

to Algorithm 1 satisfy the bound  
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 ∥ 𝑇ℎ
𝑁 ∥2 +∥ 2𝑇ℎ

𝑁 − 𝑇ℎ
𝑁−1 ∥2 +∥ 𝑇ℎ

𝑁 − 𝑇ℎ
𝑁−1 ∥2+ 3 ∑𝑁−1

𝑛=0 ∥ 𝑇ℎ
𝑛+1 − 2𝑇ℎ

𝑛 + 𝑇ℎ
𝑛−1 ∥2 

+2𝜅Δ𝑡 ∑

𝑁−1

𝑛=0

∥ ∇𝐸[𝑇ℎ
𝑛+1] ∥2≤∥ 𝑇ℎ

1 ∥2 +∥ 2𝑇ℎ
1 − 𝑇ℎ

0 ∥2 +∥ 𝑇ℎ
1 − 𝑇ℎ

0 ∥2 

+2𝜅−1Δ𝑡 ∑

𝑁−1

𝑛=0

∥ 𝛾𝑛+1 ∥2=: 𝐶𝑇
2,                                                      

 and  

∥ 𝐮ℎ
𝑁 ∥2 +∥ 2𝐮ℎ

𝑁 − 𝐮ℎ
𝑁−1 ∥2 +∥ 𝐮ℎ

𝑁 − 𝐮ℎ
𝑁−1 ∥2+ 3 ∑

𝑁−1

𝑛=0

∥ 𝐮ℎ
𝑛+1 − 2𝐮ℎ

𝑛 + 𝐮ℎ
𝑛−1 ∥2 

+2𝜈Δ𝑡 ∑

𝑁−1

𝑛=0

∥ ∇𝐸[𝐮ℎ
𝑛+1] ∥2 ≤ ∥ 𝐮ℎ

1 ∥2 +∥ 2𝐮ℎ
1 − 𝐮ℎ

0 ∥2 +∥ 𝐮ℎ
1 − 𝐮ℎ

0 ∥2 

+4𝜈−1𝑅𝑖2𝐶𝑃
2𝐶𝑇

2𝑡∗ + 4𝜈−1Δ𝑡 ∑

𝑁−1

𝑛=0

∥ 𝑓𝑛+1 ∥−1
2 ,                            

 and  

∥ 𝑤ℎ
𝑁 ∥2 +∥ 2𝑤ℎ

𝑁 − 𝑤ℎ
𝑁−1 ∥2 +∥ 𝑤ℎ

𝑁 − 𝑇ℎ
𝑁−1 ∥2+ 3 ∑

𝑁−1

𝑛=0

∥ 𝑤ℎ
𝑛+1 − 2𝑤ℎ

𝑛 + 𝑤ℎ
𝑛−1 ∥2 

+2𝜈Δ𝑡 ∑

𝑁−1

𝑛=0

∥ ∇𝐸[𝑤ℎ
𝑛+1] ∥2≤∥ 𝑤ℎ

1 ∥2 +∥ 2𝑤ℎ
1 − 𝑤ℎ

0 ∥2 +∥ 𝑤ℎ
1 − 𝑤ℎ

0 ∥2 

 + 4𝜈−1𝑅𝑖2𝐶𝑇
2𝑡∗ + 4𝜈−1Δ𝑡 ∑𝑁−1

𝑛=0 ∥ 𝑓𝑛+1 ∥2.                               
 

 

Proof. Setting 𝐯ℎ = 𝐸[𝐮ℎ
𝑛+1], 𝑞ℎ = 𝑃ℎ

𝑛+1, 𝜒ℎ = 𝐸[𝑇ℎ
𝑛+1] and 𝑠ℎ = 𝐸[𝑤ℎ

𝑛+1] in (6)-(9) vanishes non-

linear and the pressure terms. Then using the algebraic identity  

 

(
3𝑎 − 4𝑏 + 𝑐

2
) (

3𝑎 − 2𝑏 + 𝑐

2
) 

  =
1

4
[𝑎2 + (2𝑎 − 𝑏)2 + (𝑎 − 𝑏)2] −

1

4
[𝑏2 + (2𝑏 − 𝑐)2 + (𝑏 − 𝑐)2] +

3

4
(𝑎 − 2𝑏 + 𝑐)2  (10) 

 yields  
1

 4Δ𝑡
[∥ 𝐮ℎ

𝑛+1 ∥2 +∥ 2𝐮ℎ
𝑛+1 − 𝐮ℎ

𝑛 ∥2 +∥ 𝐮ℎ
𝑛+1 − 𝐮ℎ

𝑛 ∥2] 

−
1

4Δ𝑡
[∥ 𝐮ℎ

𝑛 ∥2 +∥ 2𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1 ∥2 +∥ 𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1 ∥2] +  
3

4Δ𝑡
∥ 𝐮ℎ

𝑛+1 − 2𝐮ℎ
𝑛 + 𝐮ℎ

𝑛−1 ∥2 

+𝜈 ∥ ∇𝐸[𝐮ℎ
𝑛+1] ∥2≤ 𝑅𝑖 |((2𝑇ℎ

𝑛 − 𝑇ℎ
𝑛−1)�̂�, 𝐸[𝐮ℎ

𝑛+1])| + |(𝑓𝑛+1, 𝐸[𝐮ℎ
𝑛+1])|,                                   (11)    

                                     

 and  

 
1

4Δ𝑡
[∥ 𝑇ℎ

𝑛+1 ∥2 +∥ 2𝑇ℎ
𝑛+1 − 𝑇ℎ

𝑛 ∥2 +∥ 𝑇ℎ
𝑛+1 − 𝑇ℎ

𝑛 ∥2] 

−
1

4Δ𝑡
[∥ 𝑇ℎ

𝑛 ∥2 +∥ 2𝑇ℎ
𝑛 − 𝑇ℎ

𝑛−1 ∥2 +∥ 𝑇ℎ
𝑛 − 𝑇ℎ

𝑛−1 ∥2] +
3

4Δ𝑡
∥ 𝑇ℎ

𝑛+1 − 2𝑇ℎ
𝑛 + 𝑇ℎ

𝑛−1 ∥2 

+𝜅 ∥ ∇𝐸[𝑇ℎ
𝑛+1] ∥2≤  |(𝛾𝑛+1, 𝐸[𝑇ℎ

𝑛+1])|,                                                                                            (12) 

 

and  

 
1

4Δ𝑡
[∥ 𝑤ℎ

𝑛+1 ∥2 +∥ 2𝑤ℎ
𝑛+1 − 𝑤ℎ

𝑛 ∥2 +∥ 𝑤ℎ
𝑛+1 − 𝑤ℎ

𝑛 ∥2] 

−
1

4Δ𝑡
[∥ 𝑤ℎ

𝑛 ∥2 +∥ 2𝑤ℎ
𝑛 − 𝑤ℎ

𝑛−1 ∥2 +∥ 𝑤ℎ
𝑛 − 𝑤ℎ

𝑛−1 ∥2] +
3

4Δ𝑡
∥ 𝑤ℎ

𝑛+1 − 2𝑤ℎ
𝑛 + 𝑤ℎ

𝑛−1 ∥2 
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+𝜈 ∥ ∇𝐸[𝑤ℎ
𝑛+1] ∥2  ≤ 𝑅𝑖 |(

𝜕(2𝑇ℎ
 𝑛−𝑇ℎ

 𝑛−1)

𝜕𝑥
, 𝐸[𝑤ℎ

𝑛+1])| + |(∇ × 𝐟𝑛+1, 𝐸[𝑤ℎ
𝑛+1])|.                              (13) 

 

Applying the Cauchy-Schwarz, Lemma 3, Lemma 4 to the right hand isde of (11)-(12) yields  

 

𝑅𝑖|((2𝑇ℎ
𝑛 − 𝑇ℎ

𝑛−1)�̂�, 𝐸[𝐮ℎ
𝑛+1])| ≤ 𝑅𝑖 ∥ 2𝑇ℎ

𝑛 − 𝑇ℎ
𝑛−1 ∥ 𝐶𝑃 ∥ ∇𝐸[𝐮ℎ

𝑛+1] ∥ 

                                                        ≤ 𝜈−1𝑅𝑖2𝐶𝑃
2 ∥ 2𝑇ℎ

𝑛 − 𝑇ℎ
𝑛−1 ∥2+

𝜈

4
∥ ∇𝐸[𝐮ℎ

𝑛+1] ∥2, 

|(𝑓𝑛+1, 𝐸[𝐮ℎ
𝑛+1])| ≤ 𝜈−1 ∥ 𝑓𝑛+1 ∥−1

2 +
𝜈

4
∥ ∇𝐸[𝐮ℎ

𝑛+1] ∥2, 

|(𝛾𝑛+1, 𝐸[𝑇ℎ
𝑛+1])| ≤

𝜅−1

2
∥ 𝛾𝑛+1 ∥−1

2 +
𝜅

2
∥ ∇𝐸[𝑇ℎ

𝑛+1] ∥2. 

 

To bound the terms on the right hand side of (13), use integration by parts and the standard inequalities 

to get  

𝑅𝑖 |(
𝜕(2𝑇ℎ

𝑛 − 𝑇ℎ
𝑛−1)

𝜕𝑥
, 𝐸[𝑤ℎ

𝑛+1])| ≤ 𝑅𝑖 ∥ 2𝑇ℎ
𝑛 − 𝑇ℎ

𝑛−1 ∥∥ ∇𝐸[𝑤ℎ
𝑛+1] ∥ 

                                                                                      ≤ 𝜈−1𝑅𝑖2 ∥ 2𝑇ℎ
𝑛 − 𝑇ℎ

𝑛−1 ∥2+
𝜈

4
∥ ∇𝐸[𝑤ℎ

𝑛+1] ∥2, 

                      |(∇ × 𝑓𝑛+1, 𝐸[𝑤ℎ
𝑛+1])| ≤ 𝜈−1 ∥ 𝑓𝑛+1 ∥2+

𝜈

4
∥ ∇𝐸[𝑤ℎ

𝑛+1] ∥2. 

 

 Inserting all these estimates, multiplying by 4Δ𝑡 and summing over time steps produces  

∥ 𝐮ℎ
𝑁 ∥2 +∥ 2𝐮ℎ

𝑁 − 𝐮ℎ
𝑁−1 ∥2 +∥ 𝐮ℎ

𝑁 − 𝐮ℎ
𝑁−1 ∥2+ 3 ∑

𝑁−1

𝑛=0

∥ 𝐮ℎ
𝑛+1 − 2𝐮ℎ

𝑛 + 𝐮ℎ
𝑛−1 ∥2 

+2𝜈Δ𝑡 ∑

𝑁−1

𝑛=0

∥ ∇𝐸[𝐮ℎ
𝑛+1] ∥2 

≤∥ 𝐮ℎ
1 ∥2 +∥ 2𝐮ℎ

1 − 𝐮ℎ
0 ∥2 +∥ 𝐮ℎ

1 − 𝐮ℎ
0 ∥2 + 4𝜈−1𝑅𝑖2𝐶𝑃

2Δ𝑡 ∑

𝑁−1

𝑛=0

∥ 2𝑇ℎ
𝑛 − 𝑇ℎ

𝑛−1 ∥2 

+ 4𝜈−1Δ𝑡 ∑𝑁−1
𝑛=0 ∥ 𝑓𝑛+1 ∥−1

2  ,          (14) 

and  

∥ 𝑇ℎ
𝑁 ∥2 +∥ 2𝑇ℎ

𝑁 − 𝑇ℎ
𝑁−1 ∥2 +∥ 𝑇ℎ

𝑁 − 𝑇ℎ
𝑁−1 ∥2+ 3 ∑

𝑁−1

𝑛=0

∥ 𝑇ℎ
𝑛+1 − 2𝑇ℎ

𝑛 + 𝑇ℎ
𝑛−1 ∥2 

+2𝜅Δ𝑡 ∑

𝑁−1

𝑛=0

∥ ∇𝐸[𝑇ℎ
𝑛+1] ∥2 

≤∥ 𝑇ℎ
1 ∥2 +∥ 2𝑇ℎ

1 − 𝑇ℎ
0 ∥2 +∥ 𝑇ℎ

1 − 𝑇ℎ
0 ∥2+ 2𝜅−1Δ𝑡 ∑𝑁−1

𝑛=0 ∥ 𝛾𝑛+1 ∥−1
2 =: 𝐶𝑇

2                                  (15) 

 

and  

∥ 𝑤ℎ
𝑁 ∥2 +∥ 2𝑤ℎ

𝑁 − 𝑤ℎ
𝑁−1 ∥2 +∥ 𝑤ℎ

𝑁 − 𝑤ℎ
𝑁−1 ∥2+ 3 ∑

𝑁−1

𝑛=0

∥ 𝑤ℎ
𝑛+1 − 2𝑤ℎ

𝑛 + 𝑤ℎ
𝑛−1 ∥2 

+2𝜈Δ𝑡 ∑

𝑁−1

𝑛=0

∥ ∇𝐸[𝑤ℎ
𝑛+1] ∥2 

≤∥ 𝑤ℎ
1 ∥2 +∥ 2𝑤ℎ

1 − 𝑤ℎ
0 ∥2 +∥ 𝑤ℎ

1 − 𝑤ℎ
0 ∥2+  4𝜈−1𝑅𝑖2𝐶𝑃

2Δ𝑡 ∑

𝑁−1

𝑛=0

∥ 2𝑇ℎ
𝑛 − 𝑇ℎ

𝑛−1 ∥2 

+2𝜈−1Δ𝑡 ∑𝑁−1
𝑛=0 ∥ 𝑓𝑛+1 ∥2.                                                                                                                 (16) 

 

The left hand side of (15) is bounded by data. Therefore, the approximate temperature solution is stable. 

Using temperature stability bound in (14) and (16) yields the desired velocity and vorticity bounds.  
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4. ERROR ANALYSIS 

In this section, we study the convergence of Algorithm 1, and give an error estimate for that. At any 

time step 𝑡𝑛+1, true solutions of VVT-model satisfy the following : 

 

(
𝛿[𝐮𝑛+1]

Δ𝑡
, 𝐯ℎ) +   𝜈(∇𝐸[𝐮𝑛+1], ∇𝐯ℎ) + ((2𝑤𝑛 − 𝑤𝑛−1) × 𝐸[𝐮𝑛+1], 𝐯ℎ) − (𝑃𝑛+1, ∇ ⋅ 𝐯ℎ) 

= 𝑅𝑖 ((2𝑇𝑛 − 𝑇𝑛−1)�̂�, 𝐯ℎ) + (𝑓𝑛+1, 𝐯ℎ) − Λ1(𝐮, 𝑇, 𝑤, 𝐯ℎ),       (17) 

(
𝛿[𝑇𝑛+1]

Δ𝑡
, 𝜒ℎ) + 𝜅 (∇𝐸[𝑇𝑛+1], ∇𝜒ℎ) + 𝑏∗(2𝐮𝑛 − 𝐮𝑛−1, 𝐸[𝑇𝑛+1], 𝜒ℎ) = (𝛾𝑛+1,  𝜒ℎ) − Λ2(𝐮, 𝑇, 𝜒ℎ)(18)    

 

(
𝛿[𝑤𝑛+1]

Δ𝑡
, 𝑠ℎ) + 𝜈(∇𝐸[𝑤𝑛+1], ∇𝑠ℎ) + 𝑏∗(2𝐮𝑛 − 𝐮𝑛−1, 𝐸[𝑤𝑛+1], 𝑠ℎ) 

= (∇ × 𝑓𝑛+1, 𝑠ℎ) +  𝑅𝑖 (
𝜕(2𝑇𝑛−𝑇𝑛−1)

𝜕𝑥
, 𝑠ℎ) − Λ3(𝐮, 𝑇, 𝑤, 𝜒ℎ),         (19) 

 

where Λ1(𝐮, 𝑇, 𝑤, 𝐯ℎ),   Λ2(𝐮, 𝑇, 𝜒ℎ) and  Λ3(𝐮, 𝑇, 𝑤, 𝑠ℎ) are consistency errors and given by  

 

Λ1(𝐮, 𝑇, 𝑤, 𝐯ℎ): = (𝐮𝑡
𝑛+1 −  

𝛿[𝐮𝑛+1]

Δ𝑡
, 𝐯ℎ) + 𝜈(∇(𝐮𝑛+1 − 𝐸[𝐮𝑛+1]), ∇𝐯ℎ) + (𝑤𝑛+1 × 𝐮𝑛+1, 𝐯ℎ) 

   −((2𝑤𝑛 − 𝑤𝑛−1) × 𝐸[𝐮𝑛+1], 𝐯ℎ) − 𝑅𝑖((𝑇𝑛+1 − 2𝑇𝑛 + 𝑇𝑛−1)�̂�, 𝐯ℎ), 
 

and  

 

 Λ2(𝐮, 𝑇, 𝜒ℎ): = (𝑇𝑡
𝑛+1 −

𝛿[𝑇𝑛+1]

Δ𝑡
, 𝜒ℎ) + 𝜅(∇(𝑇𝑛+1 − 𝐸[𝑇𝑛+1]), ∇𝜒ℎ) + 𝑏∗(𝐮𝑛+1, 𝑇𝑛+1, 𝜒ℎ) 

−𝑏∗(2𝐮𝑛 − 𝐮𝑛−1, 𝐸[𝑇𝑛+1], 𝜒ℎ), 
 

and 

 

Λ3(𝐮, 𝑇, 𝑤, 𝑠ℎ): = (𝑤𝑡
𝑛+1 −

𝛿[𝑤𝑛+1]

Δ𝑡
, 𝑠ℎ) + 𝜈(∇(𝑤𝑛+1 − 𝐸[𝑤𝑛+1]), ∇𝑠ℎ) + 𝑏∗(𝐮𝑛+1, 𝑤𝑛+1, 𝑠ℎ) 

        −𝑏∗(2𝐮𝑛 − 𝐮𝑛−1, 𝐸[𝑤𝑛+1], 𝑠ℎ) −  𝑅𝑖 (
𝜕(𝑇𝑛+1 − 2𝑇𝑛 + 𝑇𝑛−1)

𝜕𝑥
, 𝑠ℎ). 

 

We assume that true solutions to VVT-model satisfy the following regularity conditions  

 

𝐮 ∈ 𝐋∞ (0, 𝑡∗; 𝐇#
3(Ω) ∩ 𝐇#

k+2(Ω)) ,  𝐮𝑡𝑡 ∈ 𝐋2 (0, 𝑡∗; 𝐇#
1(Ω)) ,   𝐮𝑡𝑡𝑡 ∈ 𝐋2 (0, 𝑡∗; 𝐋#

2 (Ω)), 

𝑇 ∈ 𝐿∞ (0, 𝑡∗; 𝐻#
3(𝛺) ∩ 𝐻#

𝑘+1(Ω)), 

 𝐮𝑡𝑡 ∈ 𝐋2 (0, 𝑡∗; 𝐇#
1(Ω)) ,   𝐮𝑡𝑡𝑡 ∈ 𝐋2 (0, 𝑡∗; 𝐋#

2 (Ω)),                                                                           (20)                                               

(∇ × 𝐮), 𝑇 ∈ 𝐿∞(0, 𝑡∗; 𝐻#
1(Ω)), (∇ × 𝐮)𝑡𝑡,   𝑇𝑡𝑡  ∈ 𝐿2(0, 𝑡∗; 𝐻#

1(Ω)) 

 (∇ × 𝐮)𝑡𝑡𝑡,  𝑇𝑡𝑡𝑡  ∈ 𝐿∞(0, 𝑡∗; 𝐿#
2 (Ω)), 

 

and now give consistency error estimates, which are necessary for the convergence theorem. 

 

Lemma 8. [Estimations of the consistency errors] Assume that true solutions 𝒖, 𝑃, 𝑇, 𝑤 satisfy (20). 

Then, it holds  

Δ𝑡 ∑

𝑁−1

𝑛=0

Λ1(𝐮, 𝑇, 𝑤, 𝐯ℎ) 
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 ≤ 𝐶 (Δ𝑡)4(𝜈−1 ∥ 𝐮𝑡𝑡𝑡 ∥2,0
2 + 𝜈 ∥ ∇𝐮𝑡𝑡 ∥2,0

2 + 𝜈−1 ∥ 𝑇𝑡𝑡 ∥2,0
2 + 𝜈−1 ∥ ∇𝐮𝑡𝑡 ∥2,0

2 ‖|𝑤|‖∞,0
2  

 

                     +𝜈−1 ∥ 𝑤𝑡𝑡 ∥2,0
2 ‖|∇𝐮|‖∞,0

2 ) +  (𝜀1
∗ + 𝜀2

∗ + 𝜀3
∗ + 𝜀4

∗)𝜈 Δ𝑡 ∑𝑁−1
𝑛=0 ∥ ∇𝐯ℎ ∥2, 

and 

Δ𝑡 ∑

𝑁−1

𝑛=0

Λ2(𝐮, 𝑇, 𝜒ℎ) 

≤ 𝐶 (Δ𝑡)4(𝜅−1 ∥ 𝑇𝑡𝑡𝑡 ∥2,0
2 + 𝜅 ∥ ∇𝑇𝑡𝑡 ∥2,0

2 + 𝜅−1 ∥ ∇𝑇𝑡𝑡 ∥2,0
2 ‖|∇𝐮|‖∞,0

2  

+𝜅−1 ∥ ∇𝐮𝑡𝑡 ∥2,0
2 ‖|∇T|‖∞,0

2 )  +  (𝜀5
∗ + 𝜀6

∗ + 𝜀7
∗)𝜅Δ𝑡 ∑

𝑁−1

𝑛=0

∥ ∇𝜒ℎ ∥2, 

and 

Δ𝑡 ∑

𝑁−1

𝑛=0

Λ3(𝐮, 𝑇, 𝑤, 𝑠ℎ) 

≤ 𝐶 (Δ𝑡)4(𝜈−1 ∥ 𝑤𝑡𝑡𝑡 ∥2,0
2 + 𝜈 ∥ ∇𝑤𝑡𝑡 ∥2,0

2 + 𝜈−1 ∥ ∇𝑤𝑡𝑡 ∥2,0
2 ‖|∇𝐮|‖∞,0

2  

  +𝜈−1 ∥ ∇𝐮𝑡𝑡 ∥2,0
2 ‖|∇w|‖∞,0

2 − 𝜈−1𝑅𝑖2 ∥ 𝑇𝑡𝑡 ∥2,0
2 ) +  (𝜀8

∗ + 𝜀9
∗ + 𝜀10

∗ ) 𝜈Δ𝑡 ∑

𝑁−1

𝑛=0

∥ ∇𝑠ℎ ∥2. 

 

Proof. For brevity, we only present the estimation of Λ1(𝐮, 𝑇, 𝑤, 𝐯ℎ) since the estimation of Λ2(𝐮, 𝑇, 𝜒ℎ) 

and Λ3(𝐮, 𝑇, 𝑤, 𝜒ℎ)proceed in a similar way. For the first two and the last terms of Λ1(𝐮, 𝑇, 𝑤, 𝐯ℎ), we 

apply the Cauchy-Schwarz Inequality, Lemma 3, Lemma 4 together with Lemma 2 to obtain  

 

(𝐮𝑡
𝑛+1 −  

𝛿[𝐮𝑛+1]

Δ𝑡
, 𝐯ℎ) ≤ ‖𝐮𝑡

𝑛+1 −  
𝛿[𝐮𝑛+1]

Δ𝑡
‖ 𝐶𝑃 ∥ ∇𝐯ℎ ∥ 

                                            ≤ C 𝐶𝑃
2𝜈−1 ‖𝐮𝑡

𝑛+1 − 
𝛿[𝐮𝑛+1]

Δ𝑡
‖

2

+ 𝜀1
∗𝜈 ∥ ∇𝐯ℎ ∥2 

                                            ≤ 𝐶𝜈−1(Δ𝑡)3 ∥ 𝐮𝑡𝑡𝑡 ∥𝐿2(𝑡𝑛−1,𝑡𝑛+1;𝐿2)
2 + 𝜀1

∗ 𝜈 ∥ ∇𝐯ℎ ∥2, 

 

𝜈(∇(𝐮𝑛+1 − 𝐸[𝐮𝑛+1]), ∇𝐯ℎ) ≤ 𝜈 ∥ ∇(𝐮𝑛+1 − 𝐸[𝐮𝑛+1]) ∥∥ ∇𝐯ℎ ∥ 

         ≤ 𝐶 𝜈(Δ𝑡)3 ∥ ∇𝐮𝑡𝑡 ∥𝐿2(𝑡𝑛−1,𝑡𝑛+1;𝐿2)
2 + 𝜀2

∗𝜈 ∥ ∇𝐯ℎ ∥2, 

 

𝑅𝑖((𝑇𝑛+1 − 2𝑇𝑛 + 𝑇𝑛−1)�̂�, 𝐯ℎ) ≤ 𝑅𝑖 ∥ 𝑇𝑛+1 − 2𝑇𝑛 + 𝑇𝑛−1 ∥ 𝐶𝑃 ∥ ∇𝐯ℎ ∥ 

                       ≤ 𝐶𝜈−1(Δ𝑡)3 ∥ 𝑇𝑡𝑡 ∥𝐿2(𝑡𝑛−1,𝑡𝑛+1;𝐿2)
2 + 𝜀3

∗ 𝜈 ∥ ∇𝐯ℎ ∥2. 

 

To bound non-linear terms, first rewrite that as follows 

 

 (𝑤𝑛+1 × 𝐮𝑛+1, 𝐯ℎ) − ((2𝑤𝑛 − 𝑤𝑛−1) × 𝐸[𝐮𝑛+1], 𝐯ℎ) 

  = (𝑤𝑛+1 × (𝐮𝑛+1 − 𝐸[𝐮𝑛+1]), 𝐯ℎ) + ((𝑤𝑛+1 − 2𝑤𝑛 + 𝑤𝑛−1) × 𝐸[𝐮𝑛+1], 𝐯ℎ). 
 

Using the fact that (𝜑 × 𝐮, 𝐯) ≤ 𝐶 ∥ 𝜑 ∥∥ ∇𝐮 ∥∥ ∇𝐯 ∥, 𝜑 ∈ 𝑌, 𝐮, 𝐯 ∈ 𝐗,  along with Lemma 1, and the 

Young’s inequality yields  

 

(𝑤𝑛+1 × (𝐮𝑛+1 − 𝐸[𝐮𝑛+1]), 𝐯ℎ) + ((𝑤𝑛+1 − 2𝑤𝑛 + 𝑤𝑛−1) × 𝐸[𝐮𝑛+1], 𝐯ℎ) 

≤ 𝐶(∥ 𝑤𝑛+1 ∥∥ ∇(𝐮𝑛+1 − 𝐸[𝐮𝑛+1]) ∥ +∥ 𝑤𝑛+1 − 2𝑤𝑛 + 𝑤𝑛−1 ∥∥ ∇𝐸[𝐮𝑛+1] ∥) ∥ ∇𝐯ℎ ∥ 

≤ 𝐶𝜈−1Δ𝑡3 (∥ 𝑤𝑛+1 ∥2∥ ∇𝐮𝑡𝑡 ∥𝐿2(𝑡𝑛−1,𝑡𝑛+1;𝐿2)
2 +∥ 𝑤𝑡𝑡 ∥𝐿2(𝑡𝑛−1,𝑡𝑛+1;𝐿2)

2 ∥ ∇𝐸[𝐮𝑛+1] ∥2) 

   +𝜀4
∗𝜈 ∥ ∇𝐯ℎ ∥2. 

 

Inserting all these estimates to the right hand side of Λ1(𝐮, 𝑇, 𝑤, 𝐯ℎ) produces  
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|Λ1(𝐮, 𝑇, 𝑤, 𝐯ℎ)| 

 ≤ 𝐶(Δ𝑡)3(𝜈−1 ∥ 𝐮𝑡𝑡𝑡 ∥𝐿2(𝑡𝑛−1,𝑡𝑛+1;𝐿2)
2 + 𝜈 ∥ ∇𝐮𝑡𝑡 ∥𝐿2(𝑡𝑛−1,𝑡𝑛+1;𝐿2)

2 + 𝜈−1 ∥ 𝑇𝑡𝑡 ∥𝐿2(𝑡𝑛−1,𝑡𝑛+1;𝐿2)
2  

 +𝜈−1‖|𝑤|‖∞,0
2 ∥ ∇𝐮𝑡𝑡 ∥𝐿2(𝑡𝑛−1,  𝑡𝑛+1;  𝐿2)

2 + 𝜈−1 ∥ 𝑤𝑡𝑡 ∥𝐿2(𝑡𝑛−1,𝑡𝑛+1;𝐿2)
2 ‖|∇𝐮|‖∞,0

2 ) 

+(𝜀1
∗ + 𝜀2

∗ + 𝜀3
∗ + 𝜀4

∗) 𝜈 ∥ ∇𝐯ℎ ∥2. 
Summing over time steps and multiplying by Δ𝑡 finishes the proof.  

 

We now present the convergence result. 

 

Theorem 9. Assume that true solutions of Algorithm 1 satisfy the regularity conditions (20), and 

𝒖ℎ
𝑛+1, 𝑝ℎ

𝑛+1, 𝑇ℎ
𝑛+1, 𝑤ℎ

𝑛+1 be solutions to (6)-(9). Then the errors satisfy the bounds: for any 𝛥𝑡 > 0,  

 

∥ 𝐞𝐮
𝑁 ∥2 +∥ 𝑒𝑤

𝑁 ∥2 +∥ 𝑒𝑇
𝑁 ∥2 +∥ 2𝐞𝐮

𝑁 − 𝐞𝐮
𝑁−1 ∥2 +∥ 2𝑒𝑤

𝑁 − 𝑒𝑤
𝑁−1 ∥2 +∥ 2𝑒𝑇

𝑁 − 𝑒𝑇
𝑁−1 ∥2 

 +∥ 𝐞𝐮
𝑁 − 𝐞𝐮

𝑁−1 ∥2 +∥ 𝑒𝑤
𝑁 − 𝑒𝑤

𝑁−1 ∥2 +∥ 𝑒𝑇
𝑁 − 𝑒𝑇

𝑁−1 ∥2 

+3 ∑

𝑁−1

𝑛=0

(∥ 𝐞𝐮
𝑛+1 − 2𝐞𝐮

𝑛 + 𝐞𝐮
𝑛−1 ∥2 +∥ 𝑒𝑤

𝑛+1 − 2𝑒𝑤
𝑛 + 𝑒𝑤

𝑛−1 ∥2 +∥ 𝑒𝑇
𝑛+1 − 2𝑒𝑇

𝑛 + 𝑒𝑇
𝑛−1 ∥2) 

+Δ𝑡 ∑

𝑁−1

𝑛=0

(𝜈 ∥ ∇𝐸[𝐮𝑛+1] ∥2+ 𝜈 ∥ ∇𝐸[𝑤𝑛+1] ∥2+ 𝜅 ∥ ∇𝐸[𝑇𝑛+1] ∥2) ≤ 𝐶(ℎ2𝑘 + Δ𝑡4), 

where 𝐶 is a generic constant independent of ℎ and Δ𝑡, and  

 𝐞𝐮
𝑛+1: = 𝐮𝑛+1 − 𝐮ℎ

𝑛+1,   𝑒𝑇
𝑛+1: = 𝑇𝑛+1 − 𝑇ℎ

𝑛+1,    𝑒𝑤
𝑛+1: = 𝑤𝑛+1 − 𝑤ℎ

𝑛+1 

are the velocity, temperature and vorticity errors. 

  

Proof. Subtract (6)-(9) from (17)-(19) to get, for any 𝑟ℎ ∈ 𝑄ℎ 

 

(
𝛿[𝐞𝐮

𝑛+1]

Δ𝑡
, 𝐯ℎ) + 𝜈(∇𝐸[𝐞𝐮

𝑛+1], ∇𝐯ℎ) − (𝑃𝑛+1 − 𝑟ℎ , ∇ ⋅ 𝐯ℎ) + ((2𝑒𝑤
𝑛 − 𝑒𝑤

𝑛−1) × 𝐸[𝐮𝑛+1], 𝐯ℎ) 

+ ((2𝑤ℎ
𝑛 − 𝑤ℎ

𝑛−1) × 𝐸[𝐞𝐮
𝑛+1], 𝐯ℎ) = 𝑅𝑖 ((2𝑒𝑇

𝑛 − 𝑒𝑇
𝑛−1)�̂�, 𝐯ℎ) − Λ1(𝐮, 𝑇, 𝑤, 𝐯ℎ), (21) 

(
𝛿[𝑒𝑇

𝑛+1]

Δ𝑡
, 𝜒ℎ) + 𝜅(∇𝐸[𝑒𝑇

𝑛+1], ∇𝜒ℎ) + 𝑏∗(2𝐞𝐮
𝑛 − 𝐞𝐮

𝑛−1, 𝐸[𝑇𝑛+1], 𝜒ℎ) 

+𝑏∗(2𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1, 𝐸[𝑒𝑇
𝑛+1], 𝜒ℎ) = −Λ2(𝐮, 𝑇, 𝜒ℎ),                (22) 

(
𝛿[𝑒𝑤

𝑛+1]

Δ𝑡
, 𝑠ℎ) + 𝜈(∇𝐸[𝑒𝑤

𝑛+1], ∇𝑠ℎ) + 𝑏∗(2𝐞𝐮
𝑛 − 𝐞𝐮

𝑛−1, 𝐸[𝑤𝑛+1], 𝑠ℎ) 

+𝑏∗(2𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1, 𝐸[𝑒𝑤
𝑛+1], 𝑠ℎ) = 𝑅𝑖 (

𝜕(2𝑒𝑇
𝑛−𝑒𝑇

𝑛−1)

𝜕𝑥
, 𝑠ℎ) − Λ3(𝐮, 𝑇, 𝑤, 𝑠ℎ).          (23) 

Decompose the errors  

 𝐞𝐮
𝑛+1 = (𝐮𝑛+1 − �̃�ℎ

𝑛+1) − (𝐮ℎ
𝑛+1 − �̃�ℎ

𝑛+1) =: 𝛈𝐮
𝑛+1 − 𝛙𝐮,ℎ

𝑛+1, 

 𝑒𝑇
𝑛+1 = (𝑇𝑛+1 − �̃�ℎ

𝑛+1) − (𝑇ℎ
𝑛+1 − �̃�ℎ

𝑛+1) =: 𝜂𝑇
𝑛+1 − 𝜓𝑇,ℎ

𝑛+1, 

                              𝑒𝑤
𝑛+1 = (𝑤𝑛+1 − �̃�ℎ

𝑛+1) − (𝑤ℎ
𝑛+1 − �̃�ℎ

𝑛+1) =: 𝜂𝑤
𝑛+1 − 𝜓𝑤,ℎ

𝑛+1, 

where �̃�ℎ
𝑛+1, �̃�ℎ

𝑛+1 and �̃�ℎ
𝑛+1 are the 𝐿2-orthogonal projections of 𝐮𝑛+1, 𝑇𝑛+1 and 𝑤𝑛+1, respectively. 

Choose 𝐯ℎ = 𝐸[𝛙𝐮,ℎ
𝑛+1] in (21), 𝜒ℎ = 𝐸[𝜓𝑇,ℎ

𝑛+1] in (22), and 𝑠ℎ = 𝐸[𝜓𝑤,ℎ
𝑛+1] in (23). Using the algebraic 

identity (10) produces: for any 𝑟ℎ ∈ 𝑄ℎ 

 
1

4Δ𝑡
(∥ 𝛙𝐮,ℎ

𝑛+1 ∥2 −∥ 𝛙𝐮,ℎ
𝑛 ∥2) +

1

4Δ𝑡
(∥ 2𝛙𝐮,ℎ

𝑛+1 − 𝛙𝐮,ℎ
𝑛 ∥2 −∥ 2𝛙𝐮,ℎ

𝑛 − 𝛙𝐮,ℎ
𝑛−1 ∥2) 

+
1

4Δ𝑡
(∥ 𝛙𝐮,ℎ

𝑛+1 − 𝛙𝐮,ℎ
𝑛 ∥2 −∥ 𝛙𝐮,ℎ

𝑛 − 𝛙𝐮,ℎ
𝑛−1 ∥2) +

3

4Δ𝑡
∥ 𝛙𝐮,ℎ

𝑛+1 − 2𝛙𝐮,ℎ
𝑛 + 𝛙𝐮,ℎ

𝑛−1 ∥2 

+𝜈 ∥ ∇𝐸[𝛙𝐮,ℎ
𝑛+1] ∥2 

= 𝜈(∇𝐸[𝛈𝐮
𝑛+1], ∇𝐸[𝛙𝐮,ℎ

𝑛+1]) − (𝑃𝑛+1 − 𝑟ℎ, ∇ ⋅ 𝐸[𝛙𝐮,ℎ
𝑛+1]) − 𝑅𝑖((2𝑒𝑇

𝑛 − 𝑒𝑇
𝑛−1)�̂�, 𝐸[𝛙𝐮,ℎ

𝑛+1]) 

 

+ ((2𝑒𝑤
𝑛 − 𝑒𝑤

𝑛−1) × 𝐸[𝐮𝑛+1], 𝐸[𝛙𝐮,ℎ
𝑛+1]) + ((2𝑤ℎ

𝑛 − 𝑤ℎ
𝑛−1) × 𝐸[𝛈𝐮

𝑛+1], 𝐸[𝛙𝐮,ℎ
𝑛+1]) 
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+Λ1(𝐮, 𝑇, 𝑤, 𝐸[𝛙𝐮,ℎ
𝑛+1]),                                                                                                                    (24) 

 

 and  

 
1

4Δ𝑡
(∥ 𝜓𝑇,ℎ

𝑛+1 ∥2 −∥ 𝜓𝑇,ℎ
𝑛 ∥2) +

1

4Δ𝑡
(∥ 2𝜓𝑇,ℎ

𝑛+1 − 𝜓𝑇,ℎ
𝑛 ∥2 −∥ 2𝜓𝑇,ℎ

𝑛 − 𝜓𝑇,ℎ
𝑛−1 ∥2) 

  

+
1

4Δ𝑡
(∥ 𝜓𝑇,ℎ

𝑛+1 − 𝜓𝑇,ℎ
𝑛 ∥2 −∥ 𝜓𝑇,ℎ

𝑛 − 𝜓𝑇,ℎ
𝑛−1 ∥2) +

3

4Δ𝑡
∥ 𝜓𝑇,ℎ

𝑛+1 − 2𝜓𝑇,ℎ
𝑛 + 𝜓𝑇,ℎ

𝑛−1 ∥2 

 

+𝜅 ∥ ∇𝐸[𝜓𝑇,ℎ
𝑛+1] ∥2 

 

= 𝜅 (∇𝐸[𝜂𝑇
𝑛+1], ∇𝐸[𝜓𝑇,ℎ

𝑛+1]) + 𝑏∗(2𝐞𝐮
𝑛 − 𝐞𝐮

𝑛−1, 𝐸[𝑇𝑛+1], 𝐸[𝜓𝑇,ℎ
𝑛+1]) 

 

+ 𝑏∗(2𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1, 𝐸[𝜂𝑇
𝑛+1], 𝐸[𝜓𝑇,ℎ

𝑛+1]) + Λ2(𝐮, 𝑇, 𝐸[𝜓𝑇,ℎ
𝑛+1]),                                                            (25) 

 

and  

  
1

4Δ𝑡
(∥ 𝜓𝑤,ℎ

𝑛+1 ∥2 −∥ 𝜓𝑤,ℎ
𝑛 ∥2) +

1

4Δ𝑡
(∥ 2𝜓𝑤,ℎ

𝑛+1 − 𝜓𝑤,ℎ
𝑛 ∥2 −∥ 2𝜓𝑤,ℎ

𝑛 − 𝜓𝑤,ℎ
𝑛−1 ∥2) 

  

+
1

4Δ𝑡
(∥ 𝜓𝑤,ℎ

𝑛+1 − 𝜓𝑤,ℎ
𝑛 ∥2 −∥ 𝜓𝑤,ℎ

𝑛 − 𝜓𝑤,ℎ
𝑛−1 ∥2) +

3

4Δ𝑡
∥ 𝜓𝑤,ℎ

𝑛+1 − 2𝜓𝑤,ℎ
𝑛 + 𝜓𝑤,ℎ

𝑛−1 ∥2 

 

+𝜈 ∥ ∇𝐸[𝜓𝑤,ℎ
𝑛+1] ∥2 

 

= 𝜈(∇𝐸[𝜂𝑤
𝑛+1], ∇𝐸[𝜓𝑤,ℎ

𝑛+1]) + 𝑏∗(2𝐞𝐮
𝑛 − 𝐞𝐮

𝑛−1, 𝐸[𝑤𝑛+1], 𝐸[𝜓𝑤,ℎ
𝑛+1]) 

 

+𝑏∗(2𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1, 𝐸[𝜂𝑤
𝑛+1], 𝐸[𝜓𝑤,ℎ

𝑛+1]) − 𝑅𝑖 (
𝜕(2𝑒𝑇

𝑛 − 𝑒𝑇
𝑛−1)

𝜕𝑥
, 𝐸[𝜓𝑤,ℎ

𝑛+1]) 

 

+Λ3(𝐮, 𝑇, 𝑤, 𝐸[𝜓𝑤,ℎ
𝑛+1]) .                                                                                                                      (26) 

 

We now bound the right hand side terms of (24). Apply the Cauchy-Schwarz inequality, Lemma 3, 

Lemma 4 to the first fourth right hand side terms which yields  

 

|𝜈(∇𝐸[𝛈𝐮
𝑛+1], ∇𝐸[𝛙𝐮,ℎ

𝑛+1])| ≤
𝜀1𝜈

2
∥ ∇𝐸[𝛈𝐮

𝑛+1] ∥2+
𝜈

2𝜀1
∥ ∇𝐸[𝛙𝐮,ℎ

𝑛+1] ∥2, 

              |(𝑃𝑛+1 − 𝑟ℎ, ∇ ⋅ 𝐸[𝛙𝐮,ℎ
𝑛+1])| ≤

𝜀2𝜈−1

2
inf

𝑟ℎ∈𝑄ℎ

∥ 𝑃𝑛+1 − 𝑟ℎ ∥2 + 
𝜈

2𝜀2
∥ ∇𝐸[𝛙𝐮,ℎ

𝑛+1] ∥2, 

|𝑅𝑖((2𝑒𝑇
𝑛 − 𝑒𝑇

𝑛−1)�̂�, 𝐸[𝛙𝐮,ℎ
𝑛+1])| ≤ 𝑅𝑖(∥ 2𝜂𝑇

𝑛 − 𝜂𝑇
𝑛−1 ∥ +∥ 2𝜓𝑇,ℎ

𝑛 − 𝜓𝑇,ℎ
𝑛−1 ∥)𝐶𝑃 ∥ ∇𝐸[𝛙𝐮,ℎ

𝑛+1] ∥, 

  ≤
𝑅𝑖2𝐶𝑃

2𝜈−1𝜀3

2
(∥ 2𝜂𝑇

𝑛 − 𝜂𝑇
𝑛−1 ∥2 +∥ 2𝜓𝑇,ℎ

𝑛 − 𝜓𝑇,ℎ
𝑛−1 ∥2) +

𝜈

𝜀3
∥ ∇𝐸[𝛙𝐮,ℎ

𝑛+1] ∥2. 

 

To estimate the first non-linear term below, use the error decomposition, the Hölder and the Young’s 

inequalities to get  

 

|((2𝑒𝑤
𝑛 − 𝑒𝑤

𝑛−1) × 𝐸[𝐮𝑛+1], 𝐸[𝛙𝐮,ℎ
𝑛+1])| 

≤ |((2𝜂𝑤
𝑛 − 𝜂𝑤

𝑛−1) × 𝐸[𝐮𝑛+1], 𝐸[𝛙𝐮,ℎ
𝑛+1])| + |((2𝜓𝑤,ℎ

𝑛 − 𝜓𝑤,ℎ
𝑛−1) × 𝐸[𝐮𝑛+1], 𝐸[𝛙𝐮,ℎ

𝑛+1])| 

≤ 𝐶(∥ 2𝜂𝑤
𝑛 − 𝜂𝑤

𝑛−1 ∥ +∥ 2𝜓𝑤,ℎ
𝑛 − 𝜓𝑤,ℎ

𝑛−1 ∥) ∥ ∇𝐸[𝐮𝑛+1] ∥∥ ∇𝐸[𝛙𝐮,ℎ
𝑛+1] ∥ 
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≤
𝐶𝜀4𝜈−1

2
(∥ 2𝜂𝑤

𝑛 − 𝜂𝑤
𝑛−1 ∥2 +∥ 2𝜓𝑤,ℎ

𝑛 − 𝜓𝑤,ℎ
𝑛−1 ∥2) ∥ ∇𝐸[𝐮𝑛+1] ∥2+

𝜈

𝜀4
∥ ∇𝐸[𝛙𝐮,ℎ

𝑛+1] ∥2. 

 

The second nonlinear term is estimated as follows:  

 

|((2𝑤ℎ
𝑛 − 𝑤ℎ

𝑛−1) × 𝐸[𝛈𝐮
𝑛+1], 𝐸[𝛙𝐮,ℎ

𝑛+1])| ≤ 𝐶 ∥ 2𝑤ℎ
𝑛 − 𝑤ℎ

𝑛−1 ∥∥ ∇𝐸[𝛈𝐮
𝑛+1] ∥∥ ∇𝐸[𝛙𝐮,ℎ

𝑛+1] ∥   

                                                    ≤
𝐶𝜈−1𝜀5

2
∥ 2𝑤ℎ

𝑛 − 𝑤ℎ
𝑛−1 ∥2∥ ∇𝐸[𝛈𝐮

𝑛+1] ∥2+
𝜈

2𝜀5
∥ ∇𝐸[𝛙𝐮,ℎ

𝑛+1] ∥2. 

 

Insert all these estimates to (24), and choose appropriate 𝜀𝑖, 𝑖 = 1,2, . . . ,5. Multiplying the resulting 

inequality by 4Δ𝑡 yields  

 

(∥ 𝛙𝐮,ℎ
𝑛+1 ∥2 −∥ 𝛙𝐮,ℎ

𝑛 ∥2) + (∥ 2𝛙𝐮,ℎ
𝑛+1 − 𝛙𝐮,ℎ

𝑛 ∥2 −∥ 2𝛙𝐮,ℎ
𝑛 − 𝛙𝐮,ℎ

𝑛−1 ∥2) 

 

+(∥ 𝛙𝐮,ℎ
𝑛+1 − 𝛙𝐮,ℎ

𝑛 ∥2 −∥ 𝛙𝐮,ℎ
𝑛 − 𝛙𝐮,ℎ

𝑛−1 ∥2) + 3 ∥ 𝛙𝐮,ℎ
𝑛+1 − 2𝛙𝐮,ℎ

𝑛 + 𝛙𝐮,ℎ
𝑛−1 ∥2 

 

+2 𝜈Δ𝑡 ∥ ∇𝐸[𝛙𝐮,ℎ
𝑛+1] ∥2 

 

≤ 𝐶Δ𝑡(𝜈 ∥ ∇𝐸[𝛈𝐮
𝑛+1] ∥2+ 𝜈−1 inf

𝑟ℎ∈𝑄ℎ

∥ 𝑃𝑛+1 − 𝑟ℎ ∥2+ 𝜈−1𝑅𝑖2𝐶𝑃
2 ∥ 2𝜂𝑇

𝑛 − η𝑇
𝑛−1 ∥2 

 

+ 𝜈−1𝑅𝑖2𝐶𝑃
2 ∥ 2𝜓𝑇,ℎ

𝑛 − 𝜓𝑇,ℎ
𝑛−1 ∥2+ 𝜈−1 ∥ 2𝜂𝑤

𝑛 − 𝜂𝑤
𝑛−1 ∥2∥ ∇𝐸[𝐮𝑛+1] ∥2 

 

+ 𝜈−1 ∥ 2𝜓𝑤,ℎ
𝑛 − 𝜓𝑤,ℎ

𝑛−1 ∥2∥ ∇𝐸[𝐮𝑛+1] ∥2+ 𝜈−1 ∥ 2𝑤ℎ
𝑛 − 𝑤ℎ

𝑛−1 ∥2∥ ∇𝐸[𝛈𝐮
𝑛+1] ∥2) 

 

+ 4Δ𝑡Λ1(𝐮, 𝑇, 𝑤, 𝐸[𝛙𝐮,ℎ
𝑛+1]). 

 

Now take 𝐯ℎ = 𝐸[𝛙𝐮,ℎ
𝑛+1] in Lemma 8, and choose 𝜀1

∗ + 𝜀2
∗ + 𝜀3

∗ + 𝜀4
∗ = 1/4. Summing over time steps, 

and applying (20) for true solutions yields  

∥ 𝛙𝐮,ℎ
𝑁 ∥2 +∥ 2𝛙𝐮,ℎ

𝑁 − 𝛙𝐮,ℎ
𝑁−1 ∥2 +∥ 𝛙𝐮,ℎ

𝑁 − 𝛙𝐮,ℎ
𝑁−1 ∥2+ 3 ∑

𝑁−1

𝑛=0

∥ 𝛙𝐮,ℎ
𝑛+1 − 2𝛙𝐮,ℎ

𝑛 + 𝛙𝐮,ℎ
𝑛−1 ∥2 

+𝜈Δ𝑡 ∑

𝑁−1

𝑛=0

∥ ∇𝐸[𝛙𝐮,ℎ
𝑛+1] ∥2 

≤ 𝐶(𝜈 ℎ2𝑘+2‖|𝐮|‖2,𝑘+2
2 + 𝜈−1ℎ2𝑘‖|𝑃|‖2,𝑘

2 + 𝑅𝑖2𝐶𝑃
2 𝜈−1ℎ2𝑘+2‖|𝑇|‖2,𝑘+1

2  

 + 𝜈−1ℎ2𝑘+2‖|𝐮|‖2,𝑘+2
2 ‖|∇𝐮|‖∞,0

2 ) +  𝐶 𝜈−1Δ𝑡 ∑

𝑁−1

𝑛=0

∥ 2𝑤ℎ
𝑛 − 𝑤ℎ

𝑛−1 ∥2∥ ∇𝐸[𝛈𝐮
𝑛+1] ∥2 

+𝐶 Δ𝑡 ∑𝑁−1
𝑛=0 (𝜈−1 𝑅𝑖2𝐶𝑃

2 ∥ 2𝜓𝑇,ℎ
𝑛 − 𝜓𝑇,ℎ

𝑛−1 ∥2+ 𝜈−1 ∥ 2𝜓𝑤,ℎ
𝑛 − ψ𝑤,ℎ

𝑛−1 ∥2∥ ∇𝐸[𝐮𝑛+1] ∥2)  +  𝐶Δ𝑡4. (27) 

 

Similar estimates produce the following bounds for the temperature/vorticity errors:  

  
1

4Δ𝑡
(∥ 𝜓𝑇,ℎ

𝑛+1 ∥2 −∥ 𝜓𝑇,ℎ
𝑛 ∥2) +

1

4Δ𝑡
(∥ 2𝜓𝑇,ℎ

𝑛+1 − 𝜓𝑇,ℎ
𝑛 ∥2 −∥ 2𝜓𝑇,ℎ

𝑛 − 𝜓𝑇,ℎ
𝑛−1 ∥2)  

+
1

4Δ𝑡
(∥ 𝜓𝑇,ℎ

𝑛+1 − 𝜓𝑇,ℎ
𝑛 ∥2 −∥ 𝜓𝑇,ℎ

𝑛 − 𝜓𝑇,ℎ
𝑛−1 ∥2) +

3

4Δ𝑡
∥ 𝜓𝑇,ℎ

𝑛+1 − 2𝜓𝑇,ℎ
𝑛 + 𝜓𝑇,ℎ

𝑛−1 ∥2 

+
𝜅

2
∥ ∇𝐸[𝜓𝑇,ℎ

𝑛+1] ∥2 

 ≤ 𝐶(𝜅 ∥ ∇𝐸[𝜂𝑇
𝑛+1] ∥2+ 𝜅−1(∥ 2𝛈𝐮

𝑛 − 𝛈𝐮
𝑛−1 ∥2 +∥ 2𝛙𝐮,ℎ

𝑛 − 𝛙𝐮,ℎ
𝑛−1 ∥2) ∥ 𝐸[𝑇𝑛+1] ∥2

2 

 

                         + 𝜅−1 ∥ ∇(2𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1) ∥2∥ ∇𝐸[𝜂𝑇
𝑛+1] ∥2+ |Λ2(𝐮, 𝑇, 𝐸[𝜓𝑇,ℎ

𝑛+1])|, 
 

and  
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1

4Δ𝑡
(∥ 𝜓𝑤,ℎ

𝑛+1 ∥2 −∥ 𝜓𝑤,ℎ
𝑛 ∥2) +

1

4Δ𝑡
(∥ 2𝜓𝑤,ℎ

𝑛+1 − 𝜓𝑤,ℎ
𝑛 ∥2 −∥ 2𝜓𝑤,ℎ

𝑛 − 𝜓𝑤,ℎ
𝑛−1 ∥2) 

  

+
1

4Δ𝑡
(∥ 𝜓𝑤,ℎ

𝑛+1 − 𝜓𝑤,ℎ
𝑛 ∥2 −∥ 𝜓𝑤,ℎ

𝑛 − 𝜓𝑤,ℎ
𝑛−1 ∥2) +

3

4Δ𝑡
∥ 𝜓𝑤,ℎ

𝑛+1 − 2𝜓𝑤,ℎ
𝑛 + 𝜓𝑤,ℎ

𝑛−1 ∥2 

 

+
𝜈

2
∥ ∇𝐸[𝜓𝑤,ℎ

𝑛+1] ∥2 

 

 ≤ 𝐶 (𝜈 ∥ ∇𝐸[𝜂𝑤
𝑛+1] ∥ |2 + 𝜈−1(∥ 2𝛈𝐮

𝑛 − 𝛈𝐮
𝑛−1 ∥2 +∥ 2𝛙𝐮,ℎ

𝑛 − 𝛙𝐮,ℎ
𝑛−1 ∥2) ∥ 𝐸[𝑤𝑛+1] ∥2

2) 

 

        +𝜈−1 ∥ ∇(2𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1) ∥2∥ ∇𝐸[𝜂𝑤
𝑛+1] ∥2+ 𝜈−1𝑅𝑖2(∥ 2𝜂𝑇

𝑛 − 𝜂𝑇
𝑛−1 ∥2 

 

                      +∥ 2𝜓𝑇,ℎ
𝑛 − 𝜓𝑇,ℎ

𝑛−1 ∥2) + |Λ3(𝐮, 𝑇, 𝑤, 𝐸[𝜓𝑤,ℎ
𝑛+1])|. 

 

 Now, set 𝜒ℎ = 𝐸[𝜓𝑇,ℎ
𝑛+1] and 𝑠ℎ = 𝐸[𝜓𝑤,ℎ

𝑛+1] in Lemma 8, multiply by 4∆𝑡and sum from 𝑛 = 0 to 𝑁 −

1, and apply (20) to get  

 

∥ 𝜓𝑇,ℎ
𝑁 ∥2 +∥ 2𝜓𝑇,ℎ

𝑁 − 𝜓𝑇,ℎ
𝑁−1 ∥2 +∥ 𝜓𝑇,ℎ

𝑁 − 𝜓𝑇,ℎ
𝑁−1 ∥2 +∥ 𝜓𝑇,ℎ

𝑁 − 2𝜓𝑇,ℎ
𝑁−1 + 𝜓𝑇,ℎ

𝑁−2 ∥2 

+𝜅Δ𝑡 ∑

𝑁−1

𝑛=0

∥ ∇𝐸[𝜓𝑇,ℎ
𝑛+1] ∥2 

    ≤ 𝐶(𝜅 ℎ2𝑘‖|𝑇|‖2,𝑘+1
2  + 𝜅−1ℎ2𝑘+4‖|𝐮|‖2,𝑘+2

2 ‖|𝑇|‖∞,2
2 ) 

+ 𝐶Δ𝑡 ∑

𝑁−1

𝑛=0

𝜅−1(∥ ∇(2𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1) ∥2∥ ∇𝐸[𝜂𝑇
𝑛+1] ∥2 +∥ 𝐸[𝑇𝑛+1] ∥2

2∥ 2𝛙𝐮,ℎ
𝑛 − 𝛙𝐮,ℎ

𝑛−1 ∥2) + 𝐶Δ𝑡4, 

 

and   

∥ 𝜓𝑤,ℎ
𝑁 ∥2 +∥ 2𝜓𝑤,ℎ

𝑁 − 𝜓𝑤,ℎ
𝑁−1 ∥2 +∥ 𝜓𝑤,ℎ

𝑁 − 𝜓𝑤,ℎ
𝑁−1 ∥2 +∥ 𝜓𝑤,ℎ

𝑁 − 2𝜓𝑤,ℎ
𝑁−1 + 𝜓𝑤,ℎ

𝑁−2 ∥2 

+𝜈Δ𝑡 ∑

𝑁−1

𝑛=0

∥ ∇𝐸[𝜓𝑤,ℎ
𝑛+1] ∥2 

 ≤ 𝐶(𝜈 ℎ2𝑘‖|𝐮|‖2,𝑘+2
2 + 𝜈−1ℎ2𝑘+4‖|𝐮|‖2,𝑘+2

2 ‖|𝑤|‖∞,2
2 + 𝜈−1𝑅𝑖2ℎ2k+2‖|𝑇|‖2,𝑘+1

2 )  

                          + 𝐶 Δ𝑡 ∑

𝑁−1

𝑛=0

𝜈−1(∥ ∇(2𝐮ℎ
𝑛 − 𝐮ℎ

𝑛−1) ∥2∥ ∇𝐸[𝜂𝑤
𝑛+1] ∥2 

             + 𝐶 Δ𝑡 ∑

𝑁−1

𝑛=0

𝜈−1(∥ 2𝛙𝐮,ℎ
𝑛 − 𝛙𝐮,ℎ

𝑛−1 ∥2∥ 𝐸[𝑤𝑛+1] ∥2
2 +∥ 2ψ𝑇,ℎ

𝑛 − ψ𝑇,ℎ
𝑛−1 ∥2) +  𝐶 Δ𝑡4. 

Summing the last two inequalities together with (27), and applying the Gronwall Lemma together with 

the velocity/temperature/vorticity stability results finishes the proof. 

 

2.1. Numerical experiment 1: convergence rate verification 

 

The first numerical experiment confirms the spatial and temporal convergence rates of Algorithm 1. 

Choosing 𝑷2 for the velocity, 𝑃1 for the pressure, and 𝑃2 for the vorticity/temperature, Theorem 9 

concludes that spatial and temporal errors are both of second-order,i.e., 

 

‖𝐮(𝑡∗) − 𝐮ℎ
𝑁‖ + ‖|𝐮 − 𝐮ℎ|‖2,1 + ‖𝑇(𝑡∗) − 𝑇ℎ

𝑁‖ + ‖|𝑇 − 𝑇ℎ|‖2,1 + ‖𝑤(𝑡∗) − 𝑤ℎ
𝑁‖ + ‖|𝑤 − 𝑤ℎ|‖2,1 

= 𝛰(ℎ2 + ∆𝑡2),                                                                                                                                   (28) 

 

where 
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‖∙‖2,1 ∶= ∆t (∑‖∇(∙)‖2,1
2

N−1

n=0

)

1/2

. 

 

To verify these rates, the analytical solutions are chosen as  

 

𝐮(𝐱, 𝑡) ∶= ⟨𝑒𝑡 𝑐𝑜𝑠(𝜋(𝑦 − 𝑡)), 𝑒𝑡 𝑠𝑖𝑛(𝜋(𝑥 + 𝑡))⟩,  𝑝(𝑥, 𝑡) ∶= sin(𝑥 + 𝑦)(1 + 𝑡2) 

   𝑇(𝑥, 𝑡) ∶= sin(𝜋𝑥) + 𝑦𝑒𝑡 
 

in 𝛀 ∶= (0,1) × (0,1) with dimensionless flow parameters 𝜈 = 1, 𝑅𝑖 = 1, 𝜅=1. From which initial 

conditions and forcing terms are defined. To observe second order temporal accuracy, we first fix ℎ =

1/128, and then calculate approximations for ∆𝑡 =
1

4
,

1

8
,

1

16
,

1

32
,

1

64
. The results are presented in Table 

1. In a similar manner, after setting 𝑡∗ = 0.001,  ∆𝑡 = 0.0001, we run Algorithm 1 for ℎ =
1

4
,

1

8
,

1

16
,

1

32
,

1

64
, see Table 2. Both two results coincide with (28). 

 

Table 1. Temporal errors and rates for a fixed mesh size ℎ = 1/128 

Δ𝑡 ‖|𝐮 − 𝐮ℎ|‖2,1 Rate ‖|𝑇 − 𝑇ℎ|‖2,1 Rate ‖|𝑇 − 𝑇ℎ|‖2,1 Rate 

1/4 5.3861e-1  --- 4.4585e-1 --- 2.4682 --- 

1/8 1.5552e-1 1.85 1.3711e-1 1.70 6.5782e-1 1.91 

1/16 3.4477e-2 2.22 3.5219e-2 1.97 1.3904e-1 2.24 

1/32 8.0471e-3 2.15 8.8744e-3 1.99 3.1829e-2 2.13 

1/64 1.9507e-3 2.09 2.2280e-3 1.99 7.6539e-3 2.06 

 

 

Table 2. Spatial errors and rates for an end time 𝑡∗ = 0.001and ∆𝑡 = 0,0001 

ℎ ‖|𝐮 − 𝐮ℎ|‖2,   1 Rate ‖|𝑇 − 𝑇ℎ|‖2,   1 Rate ‖|𝑇 − 𝑇ℎ|‖2,   1 Rate 

1/2 8.3533e-3  --- 5.8896e-3 --- 2.6225e-2 --- 

1/4 2.1083e-3 1.99 1.4828e-3 1.99 6.6020e-3 1.99 

1/8 5.1801e-4 2.03 3.6277e-4 2.04 1.6133e-3 2.03 

1/16 1.2761e-4 2.02 8.9073e-5 2.03 3.9599e-4 2.03 

1/32 3.1745e-5 2.01 2.2134e-5 2.01 9.8396e-5 2.01 

1/64 7.9238e-6 2.00 5.5241e-6 2.00 2.4576e-5 2.00 

 

 

We point out that both 𝑤ℎ and 𝐮ℎ approximate the same fluid variable, 𝐮. Therefore, ∥ 𝑤ℎ − (∇ × 𝐮ℎ) ∥ 

should be very small. To observe this, we make three calculations when for 𝑡∗ =
1

16
, ℎ =

1

32
; 𝑡∗ =

1

32
, ℎ =

1

64
 and 𝑡∗ =

1

64
, ℎ =

1

128
.   We labelled the plots obtained from these calculations by Level 1, 

Level 2 and Level 3, respectively. The results can be seen in Figure 1. 
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         Figure 1. Shown above is a plot of ‖𝑤ℎ − ∇ × 𝐮ℎ‖ versus time, for the finest 3 discretizations 

  

4.2. Numerical experiment 2: Marsigli’s experiment with 𝑹𝒆 = 𝟏𝟎𝟎𝟎 

 

The second numerical experiment tests the proposed algorithm on a benchmark problem, named 

Marsigli’s experiment. For the problem set-up, we follow the paper [18]. Flow region is an insulated 

box [0,8] × [0,1] divided at 𝑥 = 4. The initial velocity is taken to be zero since the flow is at rest, and 

the initial temperature on the left hand side of the box is 𝑡0 = 1.0, and on the right hand side 𝑡0 = 1.5. 

The dimensionless flow parameters are set to be  𝑅𝑒 = 1000, 𝑅𝑖 = 4, 𝑃𝑟 = 1 and the flow starts from 

rest. 

 

Our goal here is to compare Algorithm 1 and BE-FEM of the VVT-model on the same moderately fine 

mesh. Taking the same flow parameters as in DNS except time step ∆𝑡 = 0.02, we calculated all 

solutions at 𝑡∗ = 2, 4, 6, 8 on the same mesh. The results from these computations are shown in Figure 

3. Even though BE-FEM gives very similar results at 𝑡∗ = 2,   𝑡∗ = 4 to those of the paper [18], see 

Figure 2,  it produces time delay solutions 𝑡∗ = 6 and 𝑡∗ = 8. However, Algorithm 1 catches very well 

the flow pattern and temperature distribution as in [18] at all time levels, 𝑡∗ = 2, 4, 6, 8. Hence, the 

proposed method dramatically improves the results of BE-FEM for VVT model.  

 

 

 

 

 

 
Figure 2. The temperature contours of direct numerical simulaitons for Boussinesq equations, 

respectivelty, at  𝑡∗ =2, 4, 6, 8      
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𝒕∗ = 𝟐 

 

 
𝒕∗ = 𝟒 

 

 
𝒕∗ = 𝟔 

 

 
𝒕∗ = 𝟖 

 

 
Figure 3. The temperature contours of our model and of BE-FEM for VVT-model, respectively, at 

𝑡∗ =2, 4, 6, 8 

 

5. CONCLUSIONS 

In this paper, we proposed, analyzed and tested a numerical method for VVT model of the Boussinesq 

equations. The method combines the standard BE-FEM with three modular second order linear time 

filters, one each for the velocity, the temperature and the vorticity. Since these filter steps are 

implemented as completely decoupled steps, the method requires only three lines of code into the 

standard BE-FE code at each time step. Eliminating intermediate steps leads to an equivalent method 

which is second order, A-stable. It was proven that approximate solutions are unconditionally stable in 

time, and possess optimal convergence rates. The numerical experiments presented here verify 

theoretical convergence rates, and reveal the superiority of the method over the standard BE-FEM of 

the VVT model on a benchmark problem, named Marsigli’s experiment. 
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