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Highlights
» We focus on factorizations and inverse factorizations of special lower triangular matrices.
» We propose several new identities of the k —Fibonacci sequence.
» We give Cholesky factorization of generalized some special symmetric matrices.
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1. INTRODUCTION

The Fibonacci and Lucas humbers arise in several fields such as mathematics, physics, computer science,
and related fields. These numbers have attracted the attention of researchers for years. Until now, several
studies have been conducted on the applications and generalization of these sequences. An interesting
generalization of the Fibonacci sequence, k —Fibonacci sequence, {Fk,n}:;(), was presented by Falcon and

Plaza [1]. For k € R* and n € Ny, the k —Fibonacci numbers are defined by
Feni2 = kFgni1 + Feny Fro =0, Fiq =1 1)

In particular, for k = 1 and k = 2, we obtain the Fibonacci and Pell numbers respectively. Moreover, the

N
ratio of the quotient of two successive terms of k —Fibonacci numbers converges to ry (k) = w,

which is the positive root of the equation r? — kr — 1 = 0. Moreover, the k —Fibonacci numbers are
generated by the powers of the following 2 x 2 companion matrix:

k 1 n _ [Fk,n+1 Fk,n
1 0] B Fk,n Fk,n—l . (2)

Now, we denote the set of all n X n matrices by M;,. For any lower triangular matrix, E € M,,, with positive
diagonal entries, we may write G = EE*, where G € M, G = §5*,and S € M,,,. This factorization, which
is called as Cholesky factorization of G, is unique if S is nonsingular.

*e-mail: cahit@nevsehir.edu.tr, cahitkome@gmail.com



1586 Cahit KOME / GU J Sci, 35(4): 1585-1595 (2022)

A block diagonal matrix U € M, can be defined by

Uy 0
P ©
l o Ul

where U;; € My j = 12,1, and 2§-=1 n; = n. Notationally, this matrix can be denoted as U = U;; ©
Uy, @ ... U;; or, in a short form, 692;'-:1 Ujj. This sum is called as direct sum of the matrices
Ull! U22, ey Uii'

Matrix factorization provides considerable convenience in engineering problems and large matrix
computations. In recent years, several authors have studied the applications and factorizations of special
matrices whose entries are well—known number sequences [2-9]. For example, Kili¢ and Tasg1 discussed
the factorizations of the Pell and symmetric Pell matrices [2]. Lee et al. investigated the eigenvalues and
factorizations of the n x n Fibonacci matrix [3]. Later, Lee and Kim examined the factorization of the
generalized Fibonacci matrix and they found some bounds for the eigenvalues of the generalized symmetric
Fibonacci matrices [4]. Zhang and Zhang derived some identities including Lucas numbers using the Pascal
matrix and the Lucas matrix [5]. Stanica extended some results on the factorization of matrices associated
with Lucas, Pascal, Stirling sequences by the Fibonacci matrix [6]. Irmak and Kome investigated the
Cholesky factorization of the symmetric Lucas matrix and they obtain the upper and lower bounds for the
eigenvalues of the symmetric Lucas matrix by using some majorization techniques [9].

Motivated by the above cited works, in this paper, we define generalized n X n k —Fibonacci matrix of the
first kind and of the second kind, #,[x, k] = [h;;] and R, [x, k] = [ryj], as

hij — Fk,i—j+1xi_j' l_] +1= 0:’ Tij — Fk,i—j+1xi+j_2: l_] +1= 0:. (4)
0, i—j+1<0 0, i—j+1<0
In particular, for n = 4, we get
1 0 0 0
kx 1 0 O
Holx k] =|(k*+ Dx?*  kx 1 0
k(k? +2)x3 (k*+1Dx? kx 1
and
1 0 0 0
Kl = kx x? 0 0
Ralx, k] = (k% + Dx?  kx3 x* 0
k(k? +2)x% (k% + Dx* kx> «x°
Moreover, we define the generalized symmetric k —Fibonacci matrix, 9, [x, k] = [q;;], as
Z;'n:l F’?'mei—Z’ i :j;
qij = qji = ) . . (5)
qij—2x° + kqi,]-_lx, i+1<]
For example,
1 kx (k% + 1)x? k(k? + 2)x3
kx (k? + 1)x? k(k? + 2)x3 (k* + 3k? + Dx*
Qulx. k] = (k2 + Dx%  k(k?+2)x3 (k* +3k% + 2)x*  k(k? +2)%x°
k(k? +2)x%  (k*+3k?> + Dx*  k(k?+ 2)%x° (k® + 5k* + 7k? + 2)x°
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This study is organized as follows. In Section 2, we derive some useful identities which are used in the
factorization process. In Section 3, we investigate factorizations and inverse factorizations of #,, [x, k] and
R, [x, k]. Moreover, we give the Cholesky factorization of 9,,[x, k] for any nonzero real number x.

2. k —FIBONACCI IDENTITIES

In this section, we give some useful identities of the k —Fibonacci numbers.
Lemma 2. 1. Let F, , be the k —Fibonacci number. Then, we have
Fk,2n+1 = Flg,n + Flg,n+1- (6)

Proof. We will use induction method for proving the theorem. It’s clear that Equation (6) holds for n = 1.
We assume that Equation (6) holds for n. We will show that Equation (6) holds for n + 1. Thus, we get

Fion+s = kFi2ni2 + Fionia

= k(ka,2n+1 + Fk,Zn) + Fiont1

= (k* + 1)Fy2n41 + kFy 20

= (k* + 2)Fi 2n+1 — Fi2n-1- )
By induction hypothesis, we obtain
Fiznss = (k% + 2)F ani1 — Fian—1

= (kK? + 2)(Fpn + Fins1) = (Fén — Fino1)

= (k* + DFZn + (k% + 2)F i1 = Finy. (8)
In addition, we have
Finiz + Féno1 = (kFiner + Fk,n)2 + (Fpe1 — ka,n)z

= (k* + 1)Ff 4, + (K% + DFE,. 9)

By virtue of (8) and (9), we obtain
Fion+s = Fiens1 + Finaa. (10)
Lemma 2. 2. Let F, ,, be the k —Fibonacci number. Then we have
kFinFin-1+ Fin1 = Fén = (=™ (11)
Lemma 2. 3. Let F, , be the k —Fibonacci number. Then we have
kFinFin-1 = Fins1 = Fin-1 = kFinFins1- (12)

Proof. Lemma 2.2 and Lemma 2.3 can be proven similar to the proof of Lemma 2.1. So, we omit the proofs.

Lemma 2. 4. [10] Let Fy, ,, be the n —th term of the sequence {Fj, ,}pen. Then we have

n 2 _ FrnFrn+1
i=o Fli =~ (13)

Lemma 2. 5. Let F, ,, be the k —Fibonacci number. Then we have

Fk,z +1_ka, Fk, +1—1
Fya1Fro + FroFgs + -+ Fen_1Fen = = an =
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Proof. By virtue of Lemma 2.3, we have
ka,1Fk,2 = FI?,3 - Fl?,1 - ka,sz,s
kFi2Frs = F¢q — Féz — kFi3Fy s

ka,3Fk,4 = FI?,S - FI?,3 - kaA-Fk,S

ka,n—ZFk,n—l = Flg,n - sz,n—z - ka,n—le,n

ka,n—le,n = Fk2,n+1 - sz,n—l - ka,an,n+1-

By considering Fy, ; = 1 and F; , = k and arranging the above equations, we have

2k(Fi1Fie2 + FioFis + - + Fun—1Fin) = Fén + Fini1 — kFinFiner — Fier — Feo + kFi 1 Fi
and

Fk,2n+1 - ka,an,n+1 -1
2k '

Fy1Fio + FroFrs + o+ Feno1Fen =

Therefore the proof is complete.

For more identities of the Fibonacci and Lucas numbers, we refer to the book [11].

3. FACTORIZATIONS

In this section, for any nonzero real number x, we investigate the factorizations of ,, [x, k] [x, k] and

L] Rn ’
Q.[x, k]. Let 7, be an n x n identity matrix. Moreover, we define the matrices £, [x, k], H,[x, k] and
A;[x, k] by

1 0 0 1.0 0
kx 1 0 0 1 0
Lolx k] = x§ o 1| K=l ke 1 (14)

and Li[x, k] = Ly[x, k] D T;, i=,12,..., Hylx, k] =[1] ® Hp-1[x k], Ailx, k] =7T,, Az[xk]=
T3 @ L_1[x, k], and, for i > 3, A;[x, k] = T,_; D L;_3[x, k].

Now, by definition of the matrix product and using k —Fibonacci sequence, we consider a factorization of
the generalized k —Fibonacci matrix of the first kind.

Lemma 3. 1. Fori > 3,

[, k. Li_a[x, k] = H;[x, k. (15)

From the definition of A;[x, k], we know that A,[x, k] = L,_3[x, k], Aq[x, k] =T, and A,[x, k] =
T3 @ L_1[x, k]. So, the following theorem are the consequence of Lemma 3.1.

Theorem 3. 2. The generalized k —Fibonacci matrix of the first kind, H,,[x, k], can be factorized by
A;[x, k]’s as follows:

H,lx k] = Aq[x, k]A,[x, k] ... A%, k] (16)
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For example,

Hslx, k] = Aq[x, k]A[x, k]Az[x, k]Aq[x, k]As[x, k]

=J5(3, @ L_1[x, k]) (T, @ Lo[x, k] ([1] D L1[x, k])L;[x, k]
1 0 0 O O073r1 O 0 O Or1 0 O 0 O
o 1 0 O offo 1 0 o0 Ofjfo0 1 0 0 O
0 o0 1 0 OO 0o 1 0 OO 0 1 0 O
“fo o o 1 oflo o o 1 oo 0 kx 1 O
0 0 0 0 1{lo 0 0 kx 1ll0 0 x* 0 1
| I i |
1 0 0 0 017r1 0O 0 0 o0
0 1 0 0 O Hkx 1 0 0 O }
0 kx 1 0 Oflx> o0 1 0 O
0 x2 0 1 o0l}|o 0O 0 1 0
0 o0 0O 0 110 0O 0 0 1
1 0 0 0 0
kx 1 0 0 0
| k24 Dx? kx 1 0 0
T k(k? + 2)x3 (k? + Dx?  kx 1 0
(k* +3k%+ Dx* k(k?+2)x3 (k> +Dx? kx 1

We consider another factorization of },,[x, k]. Then, n X n matrix 7, [x, k] = [t;;] is defined as:

o Fiq 0 - 0
Freix™, =1, Foox 1 0
ty=4b i=j e, Tokl=|: : s
0, otherwise, 1

Fkrnxn_l 0

Theorem 3.3. For n > 2,

Hlx, k] = Tlx, k]I @ Troq[x, k1) (T @ Tn—z[x, kD) ... (Tn—z © T[x, k).
We know that

A7)

(18)

(19)

1 0 0 1 0 0
o |-kx 1 0 4 o 1 o _ _
Lolx k]t = _x’z‘ 0 Lokl =00 T, 1| and Libo kTt = Lol kTN @ 5. (20)

Now, we define the matrix J;[x, k] = A;[x, k]~1. Thus , we obtain

1 0
Jilx k] = A, k17 = T, Jo[x, k] = AR [, k] = T3 @ Ly [x, K] =Ty @ [—kx 1 ]

and

Jilx, k] = A;[x, k]
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Moreover, we know that

—Fy 1 o - 0
—Fj 2% 1 - 0

To[x k]t = : . | and (G ®Ti[x kD) =9, @ T,_ix, k] (21)
_Fk,nxn—l o -+ 1

Therefore, the following corollary holds.

Corollary 3. 4. Forn = 2,
g{n [x' k]_l = c"ZTL [x, k]_lc’qn—l[x' k]_l ‘AZ [X, k]_lc’ql [X, k]_l
= Inl% klIn-1[% k] ... T2 [x, k]J1 [x, K]

= (Tn—2 ® [x, kD)7 ... (I @ Toea [, kD) 71T [, k] (22)
From Corollary 3.4, we have
r1 0 0 0 0
—kx 1 0 0 0
—x? —kx 1 0 0
Hylx, k7t =0 —x% —kx 1 0 (23)
0 0 —x% —kx 1

For a factorization of generalized k —Fibonacci matrix of the second kind, R, [x, k], we define the matrices

M, [x, k], Rp[x, k] and IV, [x, k] by

1 0 0 1 0 0
kx x* 0 0 1 0
Mol k] =17 o 2l Malokl=|, . . (24)

and M;[x, k] = My[x, k] D xzﬂi, i=,1,2,.., ﬁn[x, k] =[1] @ Rp_1lx, k], Mi[x, k] = T,, Ny[x, k] =
T3 @ M_q[x, k], and, for i >3, N;[x, k] = T,,_; ® M;_3[x,k]. Thus, we can give the following
Lemma.

Lemma3.5. Fori = 3,

Ri[x, k] = R;[x, kK]M;_3[x, k]. (25)
Proof. For i = 3, we have R;[x, k] = R3[x, k] M,[x, k].

The next theorem describes the factorization of R, [x, k] for i > 3.

Theorem 3. 6. The generalized k —Fibonacci matrix of the second kind, R, [x, k] can be factorized by
Ni[x, k]’s as follows:

Rplx, k] = N [x, kING [x, k] ... Ny, [, k]. (26)

Now, we consider another factorization of R,,[x, k]. Let K, [x, k] be n X n matrix as:
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il o1 Fer 0 -« 0
( ';’l ’ ] _' Fypx x2 0

kij={%" L= e, Kylxkl=| : A | (27)
0, otherwise, Fk’nxn—l 0 - x2

By the definition of the matrix 7C,,[x, k], we can give the factorization of R,,[x, k] in the following theorem.
Theorem 3. 7. Forn = 2,

Rlx, k] = Ko [x, k](Ty @ K1 [x, k]) T @ Kz [x, K]) ... (Tn—z @ H[x, k]). (28)
We know that

1 0 O
K 1 1 0 0
-- = 0 0 1 0
Mo[x' k]_l = xl x 1| M—l[‘xl k]_l = O _E i (29)
e 0 = x
and M;[x, k] ™t = Mo[x, k] ™1 @ — 7. Define Us[x, k] = ;[x, k] 1. Then,
1 0
Ui, k] = T, U [, k] = N[, k] 2 =T s @ M_ [, k] =T, B |—kx 1
and
Ui[x, k] = Ni[x, k]~ = Tp_y @ Mi_3[x, k]~
Furthermore, we know that
—Fyq 0O - 0
_% x_lz e 0
Knlx, k] = |3 i w1 | and (5 @ Kooyl kDT = 9, @ Hopoi[x, K] 7L (30)
_Fk,nxn_3 0 cee x_12

Now, we can give the following corollary.

Corollary 3.8. Forn = 2,
R, k™1 = Ny [, k]I NG_q [, k17 N [, k] 72V [, k]2
= Up[x, k1 Up_q1[x, k] ... Us[x, K]U4[x, k]
= (Tn—2 ® Ka[x, k])7h .. (01 @ Koy [x, KD T K [x, K] (31)

From Corollary 3.8, we have
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-1 0 0 0 0
_k iz 0 0 0
X X
1 k 1
Z oo 0 0
-1 _ 1 ko1
R, [x, k] 0 -L L2 0 (32)
) 1 . k ' 1
0 0 - x2n—4 - x2n=3  y2n-2

Now we define a generalized k —Fibonacci symmetric matrix 9, [x, k] = [q;;] as, fori,j = 1,2, ..., n,

Zi _ F]? X2i_2, l=],
QijZjS:{ m12,m . . (33)
qij—2x° + kqi,j_lx, i+1<,
where g; o = 0. Then we know that for j > 1, q;; = qj1 = Fyjx’ "> and q3; = qj, = Fi j+1%7.
For example,
1 kx (k? + 1)x? k(k? + 2)x3
kx (k% + 1)x? k(k?+2)x3 (k* + 3k% + 1Dx*
Qulx, k] = (k% + 1)x?  k(k? + 2)x® (k* 4 3k% + 2)x*  k(k?+2)%x5
k(k? +2)x3  (k* +3k? + Dx*  k(k? +2)%x> (k® + 5k* + 7k? + 2)x°
From the definition of 9,,[x, k], we can give the following lemmas.
Lemma3.9.Forj >3, qs; = Fy, (Fk,j_3 + @) x/+L,
Proof. From Lemma 2.4, we know that gs3 = Y7_; Féx* = (F¢, + F¢, + Fs)x* = @x‘*.

Therefore, for Fy g = 0, q33 = Fj 4 (Fk,0 + %) x*.

Fij—2Fk3 i
1—) X+

By induction, for j > 3, we find that q3 j = Fj 4 (Fk,j_3 +—=

We knOW that q1'3 = q3'1 = Fk’3x2 and QZ,B = Q3,2 = Fk'4x3. AISO, we knOW that q1'4 = q4'1 = Fk,4x3,

_ _ 4 _ _ Fr2Fr3\ .5
G2,4 = qa2 = Frsx®and qz4 = qa3 = Fia (Fk»l L )x '

Lemma 3. 10. For j > 4, q; = Fy4 (Fk,]-_4 + Fyj—aFy3 + @) xJ*2,

Using Lemmas 3.9 and 3.10, we can obtain gs 1, gs 2, g5 3 and gs 4. SO, we can give the next lemma.
Lemma 3. 11. Forj > 5, q5; = (Fk,j_5Fk,4(1 + Fg + Fis) + w) xJ+3,

Proof. As g5 5 = @xs, we have the desired lemma by induction.

Lemma 3. 12. Forj > i > 6, we have

Frj—i+1Fk,iF ki i+ j—
9ij = (Fk,j—iFk,4(1 + Fis + Fis) + Fij-iFisFe + =+ Fij-iFii-1Fei + %) xtI72.(34)
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Now, we can give the following theorem as a consequence of Lemmas 3.9 — 3.12.

Theorem 3. 13. For n > 1 a positive integer, we have
Un[x, K] Up_1[x, k] ... Uy [x, k]Qn[x, k] = F[x, k]T (35)
as well as the Cholesky factorization of Q,, [x, k] can be given by

Qnlx, k] = Rn[x, k]Hn[x, k" (36)

Proof. From Corollary 3.8, we have R, [x, k] 10, [x, k] = H,[x, k]T. Then the theorem holds.

Let V[x, k] = [vi;] = R [x, k] *Qn[x, k]. From the definition of Q, [x, k] and (32), v;; = 0 fori + 1 < j.
Now, we take into account the case j = i. From Lemmas 3.9 — 3.12 and (32), we know that v;; = h;; for
i <5.Weconsiderj =i > 6.

Then, using (32), we get

1 k 1

Vij =~ ima Y2 T aims G- iz G
xiti=2 Fij—iv1FiiFriv1
=z (Fk,j—iFk,4(1 + Fi3 + Fis) + Fij—iFisFre + - + FiojoiFrio1Fii + . )
kxi+j—3
— (Fiej—iv1Fra(1 + Fiz + Fis) + Fi jiv1FsFie
Fk, - Fk,'— Fk,'
+ o+ B joiv Fri—oFrio1 + %)
xiti—4

peTavy (Fij—iv2Fra(1 + Fis + Fis) + Fijiv2FrsFie

Fk,j—i+3Fk,i—2Fk,i—1)

oot FyjmivaFi-sFi-z + ’

= /" ((Fij—i — kFij—iv1 — Fj-i+2)Fia(1+ Fiz + Fis)

+(Fijoi = kFy j—iv1 — Fijoiv2)FisFre + -+ (Fijoi — kFy j—iv1 — Fioj—i+2)Fii-3Fki-2

Fk, i s
+ (Fk,j—i —kFyj_iv1— ]k l+3) Fri2Fii—1 + (Fijoi — Fjoiv2)Frio1Fri +

FriFki+1
Fijmiv1 =)

. Fi j-i+3 (2K2+1)Fy j_iv1
Since  (Fij—i = kFijoiv1 = Fijoiv2) = —2kFijiv1, Fiojoi = kFyjoipn — =22 = — .
and Fy j_; — Fi j—i+2 = —kFy j_i+1, We get

Vij = Fjoiv1(—2kFy 4 — 2k(Fi3Fyq + FiaFios + -+ Fri—3Fii—2 + Fii—2Fri-1)
1 FriFr,i )
— 2 Frim2Fiio1 = ko1 Fioy + =507 (37)
Since Fy 4 = k(k?* + 2) and using Lemma 2.5, we have

Fragi-1)+1 = kFii—1Fei — 1
2k

1
Vij = Fijoivr (=2k*(k? + 2) — 2k< — k(k? + 2)) - EFk,i—ZFk,i—l
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FriFriviy_j—i
_ka,i—le,i +—k )X]

_ Fri—2Fki-1 | FriFki+1 i—i
= Frj-i+1 (1 = Frpion —————+—"—)x)7".

By virtue of Lemma 2.1 and after some basic calculations, we get
Vij = Fjoint (U= Fy — Fioq + FRi + FEig)x ™

= Fyj_ip10? 7" (38)
Hence V, [x, k] = H,[x, k]T for1 < i,j <n.

Thus, R, [x, k]171Q,[x, k] = 3, [x, k], that is, the Cholesky factorization of Q,[x,k] is given by
Onlx, k] = Ry [x, k]H, [x, k]T-

For example,
1 kx (k? + 1)x? k(k? + 2)x3
kx (k% + Dx? k(k? + 2)x3 (k* + 3k% + Dx*
Qulx, k] = [(k? + D)x?  k(k?+2)x3 (k* 4 3k% + 2)x*  k(k?+2)%x5
k(k? +2)x% (k* +3k? + Dx*  k(k? + 2)%x° (k® + 5k* + 7k? + 2)x®
1 0 0 011 kx (k% +1)x? k(k?+2)x3
Jex x? 0 0flo 1 kx (k2 + 1)x?
=[k?+Dx?  kx3 x* 0 0o o0 1 kx
k(k?+2)x® (K*2+Dx* kx> x®|lo o o 1
= Ry [x, k] H,[x, k]”. (39)
Since Q,[x, k™1 = (H,[x, k]T) 1R, [x, k]~1, we have
k242 0 —— 0 0 0 0
b
2
0 20 -0 0 0
1 k242 1
-= 0 - 0 -= 0
1 k242 1
Qn[x' k]—l — 0 _F 0 26 0 _F 0 (40)
. ' . 1 : I.<.2+2 : .1
0 0 xZn—S 0 xZ‘rl—ﬁ O x2n—4
1 kZ+1 k
0 0 T y2n—6 0 x2n—4 T y2n-3
1 k 1
_O 0 x2n—4  y2n-3 x2n-2

By virtue of Theorem 3.13, we give the following identity.

Corollary 3. 14. Let F, ,, be the k —Fibonacci number. Then

if nis odd

FrnFrn-m-1)=$(MFrm\ _2pn—m—2
k x !
(Fk,an,n—(m—l)_z(m*'l)Fk,m) x2n—m=2
k

(Fk,an,n—m + -+ Fk,m+1Fk,l)xzn_m_2 = (41)

, ifniseven,
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where §(m) = m — 2 l%] is a parity function, i.e., §(m) = 0 if misevenand é(m) = 1if misodd. In

particular, if we multiply the i-th row of H,,[x, k] and the i —th column of #£,,[x, k]T, we obtain Lemma
2.4. Moreover, Lemma 2.4 is the special case of Corollary 3.14 for m = 0.
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