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Abstract 

Here, we construct a modification of the (𝑝, 𝑞)-Bernstein operators for the two-dimensional case. 

We study some important properties of these new operators. We estimate the rate of convergence 

of these operators using modulus of continuity then we give these estimation for functions 

belonging to class 𝐿𝑖𝑝𝑀(𝛼1, 𝛼2). 
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1. INTRODUCTION 

 

Bernstein described called Bernstein polynomials, which he used in the Weierstrass theorem in [1]. New 

generalizations and applications of Bernstein operators introduced by many authors. For example, q-

Bernstein polynomials were defined [2] by Phillips in 1997. Some generalizations of Bernstein operators 

using q-integers can be found in [3-6]. Then q-calculus is extended to (𝑝, 𝑞)-calculus in approximation 

theory. Firstly, Mursaleen et al. carried this concept to the approximation theory [7]. After then, (𝑝, 𝑞)-
operators have been studied by different authors for examples [8-17]. Karaisa [18] defined bivariate form 

of (𝑝, 𝑞)-Bernstein operators. Karahan and Izgi gave generalized (𝑝, 𝑞)-Bernstein operators and 

constructed their important properties in [19]. Cevik studied over a certain interval the approach properties 

of this operator given in [20]. 

 

The purpose of our paper is to investigate two dimensional generalized (𝑝, 𝑞)-Bernstein operator given in 

[19]. This generalization is aimed to be used in applied areas such as computational methods in applied 

mathematics and numerical analysis. 

 

The paper is designed as following: After giving the necessary basic information, in the second section 

some fundamental results are examined on [0,
[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
] for generalized (𝑝, 𝑞)- Bernstein operators similar 

to that given in [20]. We introduce Korovkin type approximation properties of our operator for every 𝑓 ∈

𝐶(𝐼2) where 𝐼2 = [0,
[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
] × [0,

[𝑚+1]𝑝,𝑞

[𝑚+3]𝑝,𝑞
] in Section 3. We work out the rates of convergence using 

modulus of continuity and Lipschitz type function in fourth section. In the last section, results and 

references are given.  

Let us recall some representation of (𝑝, 𝑞)-analysis. (𝑝, 𝑞)-integer [𝑛]𝑝,𝑞 is introduced by 
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[𝑛]𝑝,𝑞 ≔
𝑝𝑛−𝑞𝑛

𝑝−𝑞
, 0 < 𝑞 < 𝑝 ≤ 1, 𝑛 = 0,1,2⋯  . 

 

For every 𝑛 ∈ ℕ, (𝑝, 𝑞)-factorial is defined as: 

 

[𝑛]𝑝,𝑞! = {
[𝑛]𝑝,𝑞[𝑛 − 1]𝑝,𝑞⋯[2]𝑝,𝑞[1]𝑝,𝑞  , 𝑛 ≥ 1 

                      1                                 ,         𝑛 = 0 
. 

 

The (𝑝, 𝑞)-binomial expansion is 

 

(𝑥 + 𝑦)𝑛 ≔ (𝑥 + 𝑦)(𝑝𝑥 + 𝑞𝑦)(𝑝2𝑥 + 𝑞2𝑦)… (𝑝𝑛−1𝑥 + 𝑞𝑛−1𝑦) 
 

and (𝑝, 𝑞)-binomial coefficients are given as 

 

[
𝑛
𝑘
]
𝑝,𝑞
: =

[𝑛]𝑝,𝑞!

[𝑛 − 𝑘]𝑝,𝑞! [𝑘]𝑝,𝑞!
= [

𝑛
𝑛 − 𝑘

]
𝑝,𝑞
. 

 

Details related to (𝑝, 𝑞)-calculus can be found in [21]. In [7], (𝑝, 𝑞)-Bernstein operators were introduced 

by Mursaleen et al. Karaisa [18] defined bivariate (𝑝, 𝑞)- Bernstein operator for 𝐷 ≔ [0,1] × [0,1], 𝑓 ∈

𝐶(𝐷). Karahan and Izgi gave generalized (𝑝, 𝑞)-Bernstein operators in [19] for every 𝑓 ∈ 𝐶 [0,
[𝑛+𝑎]𝑝,𝑞

[𝑛+𝑏]𝑝,𝑞
]. 

 

Motivated by these studies, we give a generalized (𝑝, 𝑞)-Bernstein operators, We will use as follows for 

every 𝑓 ∈ 𝐶 [0,
[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
]. Let 0 ≤ 𝑥 ≤

[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
 and  

 

𝐷𝑛,𝑘
(𝑝,𝑞)(𝑥):= (

[𝑛 + 3]𝑝,𝑞
[𝑛 + 1]𝑝,𝑞

)

𝑛

[
𝑛
𝑘
]
𝑝,𝑞
𝑝
𝑘(𝑘−1)

2 𝑥𝑘 ∏ (𝑝𝑠
[𝑛 + 1]𝑝,𝑞
[𝑛 + 3]𝑝,𝑞

− 𝑞𝑠𝑥)

𝑛−𝑘−1

𝑠=0

 

 

for every 𝑓 ∈ 𝐶 [0,
[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
], 

 

�̃�𝑛
(𝑝,𝑞)(𝑓; 𝑥) =

1

𝑝
𝑛(𝑛−1)

2

∑𝑓(
[𝑛 + 1]𝑝,𝑞[𝑘]𝑝,𝑞

[𝑛 + 3]𝑝,𝑞[𝑛]𝑝,𝑞𝑝
𝑘−𝑛)

𝑛

𝑘=0

𝐷𝑛,𝑘
(𝑝,𝑞)(𝑥).                                                                     (1) 

 

2. SOME PRELIMINARY RESULTS 

 

This section contains Lemma and Theorems as a preparation for the main section. Proofs can be easily done 

with the method in [19, 20]. Therefore, they will be given without proof. 

 

Lemma 2.1. Let 𝑓 ∈ 𝐶 [0,
[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
] , 𝑛 ≥ 1 and 0 < 𝑞 < 𝑝 ≤ 1. Then the operators �̃�𝑛

(𝑝,𝑞)(𝑓; 𝑥) are linear 

and positive. 

 

Lemma 2.2. Let 0 < 𝑞 < 𝑝 ≤ 1 and 𝑥 ∈ [0,
[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
]. Then we get 

  i.  �̃�𝑛
(𝑝,𝑞)(1; 𝑥) = 1, 

 

 ii.  �̃�𝑛
(𝑝,𝑞)(𝑡; 𝑥) = 𝑥, 
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iii.  �̃�𝑛
(𝑝,𝑞)(𝑡2; 𝑥) =

𝑝𝑛−1

[𝑛]𝑝,𝑞

[𝑛 + 1]𝑝,𝑞
[𝑛 + 3]𝑝,𝑞

𝑥 +
𝑞[𝑛 − 1]𝑝,𝑞
[𝑛]𝑝,𝑞

𝑥2, 

iv.  �̃�𝑛
(𝑝,𝑞)(𝑡3; 𝑥) = (

[𝑛 + 1]𝑝,𝑞
[𝑛 + 3]𝑝,𝑞

)

2

(
𝑝𝑛−1

[𝑛]𝑝,𝑞
)

2

𝑥 +
[𝑛 + 1]𝑝,𝑞
[𝑛 + 3]𝑝,𝑞

𝑝𝑛−2𝑞[𝑛 − 1]𝑝,𝑞(2𝑝 + 𝑞)

[𝑛]𝑝,𝑞
2 𝑥2 

+
𝑞3[𝑛 − 1]𝑝,𝑞[𝑛 − 2]𝑝,𝑞

[𝑛]𝑝,𝑞
2 𝑥3, 

 

 v.  �̃�𝑛
(𝑝,𝑞)(𝑡4; 𝑥) = (

[𝑛 + 1]𝑝,𝑞
[𝑛 + 3]𝑝,𝑞

)

3

(
𝑝𝑛−1

[𝑛]𝑝,𝑞
)

3

𝑥 

+(
[𝑛 + 1]𝑝,𝑞
[𝑛 + 3]𝑝,𝑞

)

2
𝑝2𝑛−4[𝑛 − 1]𝑝,𝑞𝑞(3𝑝

2 + 3𝑝𝑞 + 𝑞2)

[𝑛]𝑝,𝑞
3 𝑥2 

+(
[𝑛 + 1]𝑝,𝑞
[𝑛 + 3]𝑝,𝑞

)
𝑝𝑛−3[𝑛 − 1]𝑝,𝑞[𝑛 − 2]𝑝,𝑞𝑞

3(3𝑝2 + 2𝑝𝑞 + 𝑞2)

[𝑛]𝑝,𝑞
3 𝑥3 

+
𝑞6[𝑛 − 1]𝑝,𝑞[𝑛 − 2]𝑝,𝑞[𝑛 − 3]𝑝,𝑞

[𝑛]𝑝,𝑞
3 𝑥4 . 

 

The approximation theorem for the space 𝐶 [0,
[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
] given below and the case of lim

𝑛→∞

𝑝𝑛
𝑛−1

[𝑛]𝑝𝑛,𝑞𝑛
= 0 in the 

following rate of convergence of operators should be taken into account. 

 

Theorem 2.1. Let lim
𝑛→∞

𝑝𝑛 = lim
𝑛→∞

𝑞𝑛 = 1 , with 0 < 𝑞𝑛 < 𝑝𝑛 ≤ 1. Then for each 𝑓 ∈ 𝐶 [0,
[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
], 

�̃�𝑛
(𝑝𝑛,𝑞𝑛)(𝑓, 𝑥) converges uniformly to 𝑓 on [0,

[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
]. 

 

Lemma 2.3. The following formulas for moments are easily obtained using Lemma 2.2 

 

  i.   �̃�𝑛
(𝑝,𝑞)((𝑡 − 𝑥)0; 𝑥) = 1, 

 

 ii.   �̃�𝑛
(𝑝,𝑞)((𝑡 − 𝑥)1; 𝑥) = 0, 

 

iii.   �̃�𝑛
(𝑝,𝑞)((𝑡 − 𝑥)2; 𝑥) =

[𝑛 + 1]𝑝,𝑞
[𝑛 + 3]𝑝,𝑞

𝑝𝑛−1

[𝑛]𝑝,𝑞
𝑥 + (

[𝑛 − 1]𝑝,𝑞
[𝑛]𝑝,𝑞

𝑞 − 1)𝑥2,  

 

iv.   �̃�𝑛
(𝑝,𝑞)((𝑡 − 𝑥)4; 𝑥) = {

𝑝𝑛−3[𝑛]𝑝,𝑞
2 (−𝑝2 + 2𝑝𝑞 − 𝑞2) + 𝑝𝑛−5[𝑛]𝑝,𝑞(−𝑝

3 + 3𝑝𝑞2 + 𝑞3)

[𝑛]𝑝,𝑞
3  

−
𝑝3𝑛−6(𝑝2 + 𝑝3 + 2𝑝𝑞2 + 𝑞3)

[𝑛]𝑝,𝑞
3 }𝑥4 + (

[𝑛 + 1]𝑝,𝑞
[𝑛 + 3]𝑝,𝑞

){
𝑝𝑛−3[𝑛]𝑝,𝑞

2 (𝑝2 − 2𝑝𝑞 + 𝑞2)

[𝑛]𝑝,𝑞
3  

+
𝑝2𝑛−5[𝑛]𝑝,𝑞(−𝑞

3 − 4𝑝𝑞2 − 3𝑝2𝑞 + 2𝑞3) − 𝑝3𝑛−6(3𝑝3 + 3𝑝𝑞2 + 5𝑝2𝑞 + 𝑞3)

[𝑛]𝑝,𝑞
3 } 𝑥3 

+(
[𝑛 + 1]𝑝,𝑞
[𝑛 + 3]𝑝,𝑞

)

2

{
𝑝2𝑛−4[𝑛]𝑝,𝑞(−𝑝

2 + 3𝑝𝑞 + 𝑞2) − 𝑝3𝑛−5[𝑛]𝑝,𝑞(3𝑝
2 + 3𝑝𝑞 + 𝑞2)

[𝑛]𝑝,𝑞
3 }𝑥2 

−(
[𝑛 + 1]𝑝,𝑞
[𝑛 + 3]𝑝,𝑞

)

3
𝑝3𝑛−3

[𝑛]𝑝,𝑞
3 𝑥. 

 

We illustrate an approximation of the operators �̃�𝑛
(𝑝𝑛,𝑞𝑛)(𝑓, 𝑥) for a function 𝑓(𝑥) by Maple programs.  
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Example 2.1. Let 𝑓(𝑥) = 𝑥2 + 1. In Figure 1 a) and b) the graphs of the approximation of operator 

�̃�𝑛
(𝑝𝑛,𝑞𝑛)(𝑓, 𝑥) to the function 𝑓 is given. We demonstrate  𝑛 = 2(green), 𝑛 = 4 (red), 𝑛 = 6 (black), 𝑛 = 8 

(cyan), 𝑛 = 10 (magenta) in operators. In Figure 1 a) take q = 0.8, p = 0.9 and in Figure 1 b) take q =
0.5, p = 0.9. 

 

 

Figure 1. a) and b) Approximation of �̃�𝑛
(𝑝𝑛,𝑞𝑛)(𝑓, 𝑥) to 𝑓 for different values of p and q 

 

Example 2.2. Let 𝑔(𝑥) =
1

103
(𝑒(𝑥

2+1) + cos (𝑥)) + 𝑥3
𝑒𝑥
1. In Figure 2. a) and b) the graphs of the 

approximation of operator �̃�𝑛
(𝑝𝑛,𝑞𝑛)(𝑔, 𝑥) to the function 𝑔 is given. We demonstrate  𝑛 = 5(green), 𝑛 = 6 

(red), 𝑛 = 7 (black), 𝑛 = 9 (cyan), 𝑛 = 10 (magenta) in operators. In Figure 2. a) take q = 0.9, p = 0.95 

and in Figure 2. b) take q = 0.85, p = 0.88. 
 

 

Figure 2. a) and b) Approximation of �̃�𝑛
(𝑝𝑛,𝑞𝑛)(𝑔, 𝑥) to 𝑔 for different values of p and q 

 

The modulus of continuity given with 𝑤(𝑓; 𝛿), it is given by the following relation in litearature  
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𝑤(𝑓, 𝛿) = sup
|𝑥1−𝑥2| ≤𝛿

|𝑓(𝑥1) − 𝑓(𝑥2)| , 𝑥1, 𝑥2 ∈ 𝐼. 

 

Theorem 2.2. Let 𝑓 ∈ 𝐶 [0,
[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
], then 

|�̃�𝑛
(𝑝,𝑞)(𝑓; 𝑥) − 𝑓(𝑥)| ≤ (1 +

[𝑛 + 1]𝑝,𝑞
[𝑛 + 3]𝑝,𝑞

)𝜔(𝑓; 𝛿𝑛), 

 

where 𝛿𝑛 = √((
𝑝𝑛−1

[𝑛]𝑝,𝑞

[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
)
2

(2
𝑞[𝑛−1]𝑝,𝑞

[𝑛]𝑝,𝑞
− 1)). 

 

Theorem 2.3. Let 𝐶2 [0,
[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
] := {𝑓 ∈ 𝐶 [0,

[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
] ∶  𝑓′, 𝑓′′ ∈ 𝐶 [0,

[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
]}, the sequences (𝑝𝑛), 

(𝑞𝑛) satisfying 0 < 𝑞𝑛 < 𝑝𝑛 ≤ 1 such that as 𝑛 → ∞ 𝑝𝑛 → 1, 𝑞𝑛 → 1 and 𝑝𝑛
𝑛 → 𝛼, 𝑞𝑛

𝑛 → 𝛽 where 0 ≤

𝛼, 𝛽 < 1 and 0 < 𝛾 ≤ 1. For every 𝑓 ∈ 𝐶2 [0,
[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
], we get  

 

lim
𝑛→∞

[𝑛]𝑝𝑛,𝑞𝑛 (�̃�𝑛
(𝑝𝑛,𝑞𝑛)(𝑓; 𝑥) − 𝑓(𝑥)) =

𝑥(𝛾 − 𝛼𝑥)

2
𝑓′′(𝑥). 

 

We recall a function belongs to 𝐿𝑖𝑝𝑀(𝛼) if |𝑓(𝑡) − 𝑓(𝑥)| ≤ 𝑀|𝑡 − 𝑥|
𝛼, for 𝑀 > 0, 𝑡, 𝑥 ∈ [0,

[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
] and 

𝛼 ∈ (0,1]. 
 

Theorem 2.4. Let 𝑓 ∈ 𝐿𝑖𝑝𝑀(𝛼),  0 < 𝑞𝑛 < 𝑝𝑛 ≤ 1 then the following inequality holds 

 

|�̃�𝑛
(𝑝𝑛,𝑞𝑛)(𝑓; 𝑥) − 𝑓(𝑥)| ≤ 𝑀

{
 
 

 
 𝑝𝑛

𝑛−1 (
[𝑛 + 1]𝑝𝑛,𝑞𝑛
[𝑛 + 3]𝑝𝑛,𝑞𝑛

)

2

[𝑛]𝑝𝑛,𝑞𝑛

}
 
 

 
 

𝛼
2

. 

 

3. MAIN RESULTS 

 

Let 𝐼2 = [0,
[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
] × [0,

[𝑚+1]𝑝,𝑞

[𝑚+3]𝑝,𝑞
], 𝑓: 𝐼2 → ℝ2 and for 𝑖 ∈ {1,2} 0 < 𝑞𝑖 < 𝑝𝑖 ≤ 1. Then a modification of 

the two-dimensional (𝑝, 𝑞)-Bernstein operator be described as follows: 

 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) =

1

𝑝1

𝑛(𝑛−1)
2 𝑝2

𝑚(𝑚−1)
2

∑∑𝐷𝑛,𝑘(𝑝1, 𝑞1; 𝑥)𝐷𝑚,𝑗(𝑝2, 𝑞2; 𝑦)

𝑚

𝑗=0

𝑛

𝑘=0

 

× 𝑓 (
[𝑛 + 1]𝑝1,𝑞1[𝑘]𝑝1,𝑞1

[𝑛 + 3]𝑝1,𝑞1[𝑛]𝑝1,𝑞1𝑝1
𝑘−𝑛 ,

[𝑚 + 1]𝑝2,𝑞2[𝑗]𝑝2,𝑞2

[𝑚 + 3]𝑝2,𝑞2[𝑚]𝑝2,𝑞2𝑝2
𝑗−𝑚

),                                                                             (2) 

 

where 

𝐷𝑛,𝑘(𝑝1, 𝑞1; 𝑥) = (
[𝑛 + 3]𝑝1,𝑞1
[𝑛 + 1]𝑝1,𝑞1

)

𝑛

[
𝑛
𝑘
]
𝑝1,𝑞1

𝑝1

𝑘(𝑘−1)
2 𝑥𝑘 ∏ (𝑝1

𝑠
[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

− 𝑞1
𝑠𝑥)

𝑛−𝑘−1

𝑠=0

, 

𝐷𝑚,𝑗(𝑝2, 𝑞2; 𝑦) = (
[𝑚 + 3]𝑝2,𝑞2
[𝑚 + 1]𝑝2,𝑞2

)

𝑚

[
𝑚
𝑗 ]
𝑝2,𝑞2

𝑝2

𝑗(𝑗−1)
2 𝑦𝑗 ∏ (𝑝2

𝑟
[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

− 𝑞2
𝑟𝑦)

𝑚−𝑗−1

𝑟=0

. 
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Let 𝐼2 = [0,
[𝑛+1]𝑝,𝑞

[𝑛+3]𝑝,𝑞
] × [0,

[𝑚+1]𝑝,𝑞

[𝑚+3]𝑝,𝑞
], 0 < 𝑞𝑖 < 𝑝𝑖 ≤ 1, where 𝑖 ∈ {1,2} and 𝑓: 𝐼2 → ℝ2. For 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦), we can do the following demonstrations: 

 

�̃�𝑛
(𝑝1,𝑞1)𝑥 (𝑓; 𝑥, 𝑦) =

1

𝑝1

𝑛(𝑛−1)
2

∑𝑓(
[𝑛 + 1]𝑝1,𝑞1[𝑘]𝑝1,𝑞1

[𝑛 + 3]𝑝1,𝑞1[𝑛]𝑝1,𝑞1𝑝1
𝑘−𝑛 , 𝑦)𝐷𝑛,𝑘(𝑝1, 𝑞1; 𝑥)

𝑛

𝑘=0

                                      (3) 

 

and 

 

�̃�𝑚
(𝑝2,𝑞2)𝑦 (𝑓; 𝑥, 𝑦) =

1

𝑝2

𝑚(𝑚−1)
2

∑𝑓(𝑥,
[𝑚 + 1]𝑝2,𝑞2[𝑗]𝑝2,𝑞2

[𝑚 + 3]𝑝2,𝑞2[𝑚]𝑝2,𝑞2𝑝2
𝑗−𝑚

)𝐷𝑚,𝑗(𝑝2, 𝑞2; 𝑦).

𝑚

𝑗=0

                                (4) 

 

Theorem 3.1. The operators �̃�𝑛
(𝑝1,𝑞1)𝑥 , �̃�𝑚

(𝑝2,𝑞2)𝑦
 define on 𝐶(𝐼2). Then the following results holds. 

 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) = �̃�𝑛

(𝑝1,𝑞1)𝑥 (𝑓; 𝑥, 𝑦) �̃�𝑚
(𝑝2,𝑞2)𝑦 (𝑓; 𝑥, 𝑦) 

 

= �̃�𝑚
(𝑝2,𝑞2)𝑦 (𝑓; 𝑥, 𝑦) �̃�𝑛

(𝑝1,𝑞1)𝑥 (𝑓; 𝑥, 𝑦). 

 

Proof 

 

�̃�𝑛
(𝑝1,𝑞1)𝑥 (𝑓; 𝑥, 𝑦) �̃�𝑚

(𝑝2,𝑞2)𝑦 (𝑓; 𝑥, 𝑦) = �̃�𝑛
(𝑝1,𝑞1)𝑥 ( �̃�𝑚

(𝑝2,𝑞2)𝑦
; 𝑥, 𝑦) 

 

= �̃�𝑛
(𝑝1,𝑞1)𝑥 (

1

𝑝2

𝑚(𝑚−1)
2

∑𝑓(𝑥,
[𝑚 + 1]𝑝2,𝑞2[𝑗]𝑝2,𝑞2

[𝑚 + 3]𝑝2,𝑞2[𝑚]𝑝2,𝑞2𝑝2
𝑗−𝑚

)𝐷𝑚,𝑗(𝑝2, 𝑞2; 𝑦)

𝑚

𝑗=0

; 𝑥, 𝑦) 

 

=
1

𝑝2

𝑚(𝑚−1)
2

∑𝐷𝑚,𝑗(𝑝2, 𝑞2; 𝑦)

𝑚

𝑗=0

�̃�𝑛
(𝑝1,𝑞1)𝑥 (𝑓 (𝑥,

[𝑚 + 1]𝑝2,𝑞2[𝑗]𝑝2,𝑞2

[𝑚 + 3]𝑝2,𝑞2[𝑚]𝑝2,𝑞2𝑝2
𝑗−𝑚

) ; 𝑥, 𝑦) 

 

=
1

𝑝1

𝑛(𝑛−1)
2 𝑝2

𝑚(𝑚−1)
2

∑∑𝐷𝑛,𝑘(𝑝1, 𝑞1; 𝑥)

𝑛

𝑘=0

𝑚

𝑗=0

𝐷𝑚,𝑗(𝑝2, 𝑞2; 𝑦) 

 

× 𝑓 (
[𝑛 + 1]𝑝1,𝑞1[𝑘]𝑝1,𝑞1

[𝑛 + 3]𝑝1,𝑞1[𝑛]𝑝1,𝑞1𝑝1
𝑘−𝑛 ,

[𝑚 + 1]𝑝2,𝑞2[𝑗]𝑝2,𝑞2

[𝑚 + 3]𝑝2,𝑞2[𝑚]𝑝2,𝑞2𝑝2
𝑗−𝑚

). 

 

Similarly, 

 

�̃�𝑚
(𝑝2,𝑞2)𝑦 (𝑓; 𝑥, 𝑦) �̃�𝑛

(𝑝1,𝑞1)𝑥 (𝑓; 𝑥, 𝑦) = �̃�𝑚
(𝑝2,𝑞2)𝑦

( �̃�𝑛
(𝑝1,𝑞1)𝑥 ; 𝑥, 𝑦) 

 

= �̃�𝑚
(𝑝2,𝑞2)𝑦

(
1

𝑝1

𝑛(𝑛−1)
2

∑𝑓(
[𝑛 + 1]𝑝1,𝑞1[𝑘]𝑝1,𝑞1

[𝑛 + 3]𝑝1,𝑞1[𝑛]𝑝1,𝑞1𝑝1
𝑘−𝑛 , 𝑦)𝐷𝑛,𝑘(𝑝1, 𝑞1; 𝑥)

𝑛

𝑘=0

; 𝑥, 𝑦) 
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=
1

𝑝1

𝑛(𝑛−1)
2 𝑝2

𝑚(𝑚−1)
2

∑∑𝐷𝑛,𝑘(𝑝1, 𝑞1; 𝑥)

𝑚

𝑗=0

𝑛

𝑘=0

𝐷𝑚,𝑗(𝑝2, 𝑞2; 𝑦) 

 

× 𝑓 (
[𝑛 + 1]𝑝1,𝑞1[𝑘]𝑝1,𝑞1

[𝑛 + 3]𝑝1,𝑞1[𝑛]𝑝1,𝑞1𝑝1
𝑘−𝑛 ,

[𝑚 + 1]𝑝2,𝑞2[𝑗]𝑝2,𝑞2

[𝑚 + 3]𝑝2,𝑞2[𝑚]𝑝2,𝑞2𝑝2
𝑗−𝑚

). 

 

Therefore, we have the desired result. 

 

Lemma 3.1. Let 𝑓: 𝐼2 → ℝ2 and for 𝑖 ∈ {1,2}, 0 < 𝑞𝑖 < 𝑝𝑖 ≤ 1. Then we have next equality, 

 

   i.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(1; 𝑥, 𝑦) = 1, 

 

  ii.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜃; 𝑥, 𝑦) = 𝑥, 

 

 iii.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜏; 𝑥, 𝑦) = 𝑦, 

 

 iv.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜃2; 𝑥, 𝑦) =

𝑝1
𝑛−1

[𝑛]𝑝1,𝑞1
(
[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

)𝑥 +
[𝑛 − 1]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1

𝑞1𝑥
2, 

 

  v.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜏2; 𝑥, 𝑦) =

𝑝2
𝑚−1

[𝑚]𝑝2,𝑞2
(
[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

)𝑦 +
[𝑚 − 1]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2

𝑞2𝑦
2, 

 

 vi.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜃2 + 𝜏2; 𝑥, 𝑦) =

𝑝1
𝑛−1

[𝑛]𝑝1,𝑞1
(
[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

)𝑥 +
[𝑛 − 1]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1

𝑞1𝑥
2 

  + (
[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

)
𝑝2
𝑚−1

[𝑚]𝑝2,𝑞2
𝑦 +

[𝑚 − 1]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2

𝑞2𝑦
2. 

 

Proof Actually, by  (2) we get 

 

  i.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(1; 𝑥, 𝑦) =

1

𝑝1

𝑛(𝑛−1)
2

1

𝑝2

𝑚(𝑚−1)
2

∑∑𝐷𝑛,𝑘(𝑝1, 𝑞1; 𝑥)

𝑚

𝑗=0

𝑛

𝑘=0

𝐷𝑚,𝑗(𝑝2, 𝑞2; 𝑦) 

 

=
1

𝑝1

𝑛(𝑛−1)
2 𝑝2

𝑚(𝑚−1)
2

(
[𝑛 + 3]𝑝1,𝑞1
[𝑛 + 1]𝑝1,𝑞1

)

𝑛

(
[𝑚 + 3]𝑝2,𝑞2
[𝑚 + 1]𝑝2,𝑞2

)

𝑚

[∑ [
𝑛
𝑘
]
𝑝1,𝑞1

𝑝1

𝑘(𝑘−1)
2 𝑥𝑘

𝑛

𝑘=0

 

 

× ∏ (𝑝1
𝑠
[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

− 𝑞1
𝑠𝑥)

𝑛−𝑘−1

𝑠=0

] [∑[
𝑚
𝑗 ]
𝑝2,𝑞2

𝑝2

𝑗(𝑗−1)
2 𝑦𝑗

𝑚

𝑗=0

∏ (𝑝2
𝑟
[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

− 𝑞2
𝑟𝑦)

𝑚−𝑗−1

𝑟=0

] = 1. 

 

  ii.   From the (3), (4) we get 

 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜃; 𝑥, 𝑦) =

1

𝑝1

𝑛(𝑛−1)
2 𝑝2

𝑚(𝑚−1)
2

∑∑𝑓(
[𝑛 + 1]𝑝1,𝑞1[𝑘]𝑝1,𝑞1

[𝑛 + 3]𝑝1,𝑞1[𝑛]𝑝1,𝑞1𝑝1
𝑘−𝑛 , 𝑦)

𝑚

𝑗=0

𝑛

𝑘=0

 

 

× 𝐷𝑛,𝑘(𝑝1, 𝑞1; 𝑥)𝐷𝑚,𝑗(𝑝2, 𝑞2; 𝑦) 
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=
1

𝑝1

𝑛(𝑛−3)
2 𝑝2

𝑚(𝑚−1)
2

(
[𝑛 + 3]𝑝1,𝑞1
[𝑛 + 1]𝑝1,𝑞1

)

𝑛−1

(
[𝑚 + 3]𝑝2,𝑞2
[𝑚 + 1]𝑝2,𝑞2

)

𝑚

𝑝2

𝑚(𝑚−1)
2 (

[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

)

𝑚

 

 

× [∑ [
𝑛 − 1
𝑘 − 1

]
𝑝1,𝑞1

𝑝1

𝑘(𝑘−3)
2 𝑥𝑘 ∏ (𝑝1

𝑠
[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

− 𝑞1
𝑠𝑥)

𝑛−𝑘−1

𝑠=0

𝑛

𝑘=1

]        𝑘 → 𝑘 + 1 

 

=
1

𝑝1

𝑛(𝑛−3)
2

(
[𝑛 + 3]𝑝1,𝑞1
[𝑛 + 1]𝑝1,𝑞1

)

𝑛−1

[∑ [
𝑛 − 1
𝑘

]
𝑝1,𝑞1

𝑝1

(𝑘+1)(𝑘−2)
2 𝑥𝑘+1

𝑛−1

𝑘=0

∏ (𝑝1
𝑠
[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

− 𝑞1
𝑠𝑥)

𝑛−𝑘−2

𝑠=0

] 

 

=
𝑥

𝑝1

(𝑛−1)(𝑛−2)
2

(
[𝑛 + 3]𝑝1,𝑞1
[𝑛 + 1]𝑝1,𝑞1

)

𝑛−1

(
[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

)

𝑛−1

𝑝1

(𝑛−2)(𝑛−1)
2 = 𝑥. 

 

Similarly, �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜏; 𝑥, 𝑦) = 𝑦 is obtained. 

 

 iv.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜃2; 𝑥, 𝑦) 

 

= 
1

𝑝1

𝑛(𝑛−1)
2 𝑝2

𝑚(𝑚−1)
2

∑∑𝑓(
[𝑛 + 1]𝑝1,𝑞1

2 [𝑘]𝑝1,𝑞1
2

[𝑛 + 3]𝑝1,𝑞1
2 [𝑛]𝑝1,𝑞1

2 𝑝1
2𝑘−2𝑛 , 𝑦)𝐷𝑛,𝑘(𝑝1, 𝑞1; 𝑥)

𝑚

𝑗=0

𝑛

𝑘=0

𝐷𝑚,𝑗(𝑝2, 𝑞2; 𝑦) 

 

=
𝑥

[𝑛]𝑝1,𝑞1𝑝1

(𝑛−1)(𝑛−4)
2

(
[𝑛 + 3]𝑝1,𝑞1
[𝑛 + 1]𝑝1,𝑞1

)

𝑛−2

[∑[𝑘 + 1]𝑝1,𝑞1 [
𝑛 − 1
𝑘

]
𝑝1,𝑞1

𝑝1

(𝑘−3)𝑘
2 𝑥𝑘

𝑛−1

𝑘=0

 

 

× ∏ (𝑝1
𝑠
[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

− 𝑞1
𝑠𝑥)

𝑛−𝑘−2

𝑠=0

]. 

 

Using the fact that [𝑘 + 1]𝑝1,𝑞1 = 𝑝1
𝑘 + 𝑞1[𝑘]𝑝1,𝑞1 , we get  

 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜃2; 𝑥, 𝑦) =

𝑝1
𝑛−1

[𝑛]𝑝1,𝑞1

[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

𝑥 +
[𝑛 − 1]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1

𝑞1𝑥
2. 

 

In a similar way we get �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜏2; 𝑥, 𝑦).  Hence we can write  

 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜃2 + 𝜏2; 𝑥, 𝑦) = (

[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

)
𝑝1
𝑛−1

[𝑛]𝑝1,𝑞1
𝑥 +

[𝑛 − 1]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1

𝑞1𝑥
2 

 

+(
[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

)
𝑝2
𝑚−1

[𝑚]𝑝2,𝑞2
𝑦 +

[𝑚 − 1]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2

𝑞2𝑦
2. 

 

Remark 3.1. Let 0 < 𝑞1,𝑛 < 𝑝1,𝑛 ≤ 1, 0 < 𝑞2,𝑚 < 𝑝2,𝑚 ≤ 1 and 

 

lim
𝑛→∞

𝑝1,𝑛 = lim
𝑛→∞

𝑞1,𝑛 = 1 , 𝑙𝑖𝑚
𝑚→∞

𝑝2,𝑚 = 𝑙𝑖𝑚
𝑚→∞

𝑞2,𝑚 = 1 
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then following equalities are hold 

 

lim
𝑛→∞

𝑝1,𝑛
𝑛−1

[𝑛]𝑝1,𝑛;𝑞1,𝑛
= lim

𝑚→∞

𝑝2,𝑚
𝑚−1

[𝑚]𝑝2,𝑚;𝑞2,𝑚
= 0,  

 

lim
𝑛→∞

[𝑛 − 1]𝑝1,𝑛;𝑞1,𝑛
[𝑛]𝑝1,𝑛;𝑞1,𝑛

𝑞1,𝑛 = lim
𝑚→∞

[𝑚 − 1]𝑝2,𝑚;𝑞2,𝑚
[𝑚]𝑝2,𝑚;𝑞2,𝑚

𝑞2,𝑚 = 1. 

 

Theorem 3.2. Let 0 < 𝑞1,𝑛 < 𝑝1,𝑛 ≤ 1, 0 < 𝑞2,𝑚 < 𝑝2,𝑚 ≤ 1 and lim
𝑛→∞

𝑝1,𝑛 = lim
𝑛→∞

𝑞1,𝑛 = 1 , 𝑙𝑖𝑚
𝑚→∞

𝑝2,𝑚 =

𝑙𝑖𝑚
𝑚→∞

𝑞2,𝑚 = 1. Then for every 𝑓 ∈ 𝐶(𝐼2) we have 

 

lim
𝑛,𝑚→∞

‖�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)‖

𝐶(𝐼2) 
  = 0

  
. 

 

Proof In accordance to Volkov's theorem, since it is easy to show the case i-iii in Lemma 3.1, it is sufficient 

to show only following equality 

 

lim
𝑛,𝑚→∞

‖�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(𝜃2 + 𝜏2; 𝑥, 𝑦) − (𝑥2 + 𝑦2)‖

𝐶(𝐼2) 
  = 0.

  
 

 

By definition of the norm, we get 

 

max
(𝑥,𝑦)∈𝐼2

|�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(𝜃2 + 𝜏2; 𝑥, 𝑦) − (𝑥2 + 𝑦2)| 

 

≤ |(
[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

)

2
𝑝1
𝑛−1

[𝑛]𝑝1,𝑞1
+ (

[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

)

2
𝑝2
𝑚−1

[𝑚]𝑝2,𝑞2
| 

 

+ |[
[𝑛 − 1]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1

𝑞1,𝑛 − 1] (
[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

)

2

+ [
[𝑚 − 1]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2

𝑞2,𝑚 − 1](
[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

)

2

|. 

 

Here, using the equations  

 

[𝑛 − 1]𝑝1,𝑛,𝑞1,𝑛𝑞1,𝑛 = [𝑛]𝑝1,𝑛,𝑞1,𝑛 − 𝑝1,𝑛
𝑛−1  

 

and  

 

[𝑚 − 1]𝑝2,𝑚,𝑞2,𝑚𝑞2,𝑚 = [𝑚]𝑝2,𝑚,𝑞2,𝑚 − 𝑝2,𝑚
𝑚−1  

 

we write  

 

max
(𝑥,𝑦)∈𝐼2

|�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(𝜃2 + 𝜏2; 𝑥, 𝑦) − (𝑥2 + 𝑦2)| 

 

≤
2𝑝1,𝑛

𝑛−1

[𝑛]𝑝1,𝑛,𝑞1,𝑛
(
[𝑛 + 1]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 3]𝑝1,𝑛,𝑞1,𝑛

)

2

+
2𝑝2,𝑚

𝑚−1

[𝑚]𝑝2,𝑚,𝑞2,𝑚
(
[𝑚 + 1]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 3]𝑝2,𝑚,𝑞2,𝑚

)

2

. 

 

For each 𝑓 ∈ 𝐶(𝐼2) according to definition of sequences of 𝑝1,𝑛, 𝑞1,𝑛 and 𝑝2,𝑚, 𝑞2,𝑚 it can be get  
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lim
𝑛,𝑚→∞

‖�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)‖

𝐶(𝐼2) 
  = 0.

  
 

 

Hence, the proof of theorem is complete. 

 

Lemma 3.2. For �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) the following equations are true. 

 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)((𝜃 − 𝑥)2; 𝑥, 𝑦) =

𝑝1
𝑛−1[𝑛 + 1]𝑝1,𝑞1

[𝑛 + 3]𝑝1,𝑞1[𝑛]𝑝1,𝑞1
𝑥 + (

[𝑛 − 1]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1

𝑞1 − 1)𝑥
2, 

 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)((𝜏 − 𝑦)2; 𝑥, 𝑦) =

𝑝2
𝑚−1[𝑚 + 1]𝑝2,𝑞2

[𝑚 + 3]𝑝2,𝑞2[𝑚]𝑝2,𝑞2
𝑦 + (

[𝑚 − 1]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2

𝑞2 − 1)𝑦
2. 

Proof 

 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)((𝜃 − 𝑥)2; 𝑥, 𝑦) = �̃�𝑛,𝑚

(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜃2; 𝑥, 𝑦) − 2𝑥𝑥 + 𝑥2�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(1; 𝑥, 𝑦) 

 

=
𝑝1
𝑛−1[𝑛 + 1]𝑝1,𝑞1

[𝑛 + 3]𝑝1,𝑞1[𝑛]𝑝1,𝑞1
𝑥 + (

𝑞1[𝑛 − 1]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1

− 1)𝑥2. 

 

Similarly, 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)((𝜏 − 𝑦)2; 𝑥, 𝑦) =

[𝑚 + 1]𝑝2,𝑞2𝑝2
𝑚−1

[𝑚 + 3]𝑝2,𝑞2[𝑚]𝑝2,𝑞2
𝑦 + (

[𝑚 − 1]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2

𝑞2 − 1)𝑦
2. 

 

Example 3.1. In Figure 3. a) for 𝑓(𝑥, 𝑦) =
3

𝑥𝑦+1
. and in Figure 3.b) for 𝑓(𝑥, 𝑦) = 𝑠𝑖𝑛2(𝑥2 − 3) −

𝑐𝑜𝑠2(𝑦2 − 2) − 4 the graphs of the approximation of operator �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓, 𝑥, 𝑦) is given. We 

demonstrate in Figure 3. a) 𝑓(blue), (𝑚, 𝑛) = (3,2)(green), (𝑚, 𝑛) = (4,4)(red), (𝑚, 𝑛) = (4,5)(cyan) and 

in Figure 3. b) (𝑚, 𝑛) = (1,2)(violet), (𝑚, 𝑛) = (2,2)(plum), (𝑚, 𝑛) = (3,4)(magenta), (𝑚, 𝑛) =
(4,4)(aquamarine). In Figure 3. a) and b) take (𝑝1, 𝑞1) = (0.65,0.57)  = (𝑝2, 𝑞2). 

 

Figure 3. a) and b) Approximation  to 
3

𝑥𝑦+1
 and 𝑠𝑖𝑛2(𝑥2 − 3) − 𝑐𝑜𝑠2(𝑦2 − 2) − 4 
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Example 3.2.  In Figure 4. a) and Figure 4. b) the graphs of the approximation of operator 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓, 𝑥, 𝑦) to 𝑓(𝑥, 𝑦) = 𝑒𝑥𝑦+1is given. We demonstrate in Figure 4. a) (𝑚, 𝑛) = (3,2)(khaki), 

(𝑚, 𝑛) = (4,4)(violet), (𝑚, 𝑛) = (4,5)(cyan) and in Figure 4. b) (𝑚, 𝑛) = (3,2)(red), (𝑚, 𝑛) =
(4,4)(plum), (𝑚, 𝑛) = (4,5)(cyan). In Figure 4. a) take (𝑝1, 𝑞1) = (0.65,0.57)  = (𝑝2, 𝑞2).and b) take 
(𝑝1, 𝑞1) = (0.52, 0.51)  and (𝑝2, 𝑞2) = (0.51, 0.50). 

 

 

Figure 4. a) and b) Approximation of �̃�𝑛
(𝑝𝑛,𝑞𝑛)(𝑓, 𝑥) to 𝑓 for different values of (𝑝1, 𝑞1) and (𝑝2, 𝑞2) 

 

 

4. RATES OF CONVERGENCES 

 

Now, we give some convergence properties of �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) by the following well known 

definitions of complete and first, second modulus of continuity. 

 

For every 𝑓 ∈ 𝐶(𝐼2) and (𝜃, 𝜏), (𝑥, 𝑦) ∈ 𝐼2 complete and partial modulus of continuity are defined as 

following respectively in for examples [11] 

 

𝜔(𝑓, 𝛿𝑛,𝑚) = sup {|𝑓(𝜃, 𝜏) − 𝑓(𝑥, 𝑦)|: √(𝜃 − 𝑥)
2 + (𝜏 − 𝑦)2 ≤ 𝛿𝑛,𝑚}, 

 

𝜔1(𝑓; 𝛿) = sup{|𝑓(𝑥1, 𝑦) − 𝑓(𝑥2, 𝑦)|: 𝑦 ∈ 𝐼 𝑣𝑒 |𝑥1 − 𝑥2| ≤ 𝛿}, 
 

𝜔2(𝑓; 𝛿) = sup{|𝑓(𝑥, 𝑦1) − 𝑓(𝑥, 𝑦2)|: 𝑥 ∈ 𝐼 𝑣𝑒 |𝑦1 − 𝑦2| ≤ 𝛿}. 
 

Theorem 4.1. For sufficiently large 𝑛,𝑚 and every 𝑓 ∈ 𝐶(𝐼2) , rate of convergence of 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) is calculated by the following inequality using the modulus of continuity 

 

|�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 2𝜔(𝑓; 𝛿𝑛,𝑚), 

 

where 
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𝛿𝑛,𝑚 = [(
𝑝1
𝑛−1

[𝑛]𝑝1,𝑞1

[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

)

2

(2
[𝑛 − 1]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1

𝑞1 − 1) 

+(
𝑝2
𝑚−1

[𝑚]𝑝2,𝑞2

[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

)

2

(2
[𝑚 − 1]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2

𝑞2 − 1)]

1
2⁄

. 

 

Proof Definition of complete modulus of continuity we get 

 

|�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤

1

𝑝1

𝑛(𝑛−1)
2

1

𝑝2

𝑚(𝑚−1)
2

∑∑𝐷𝑛,𝑘(𝑝1, 𝑞1; 𝑥)𝐷𝑚,𝑗(𝑝2, 𝑞2; 𝑦)

𝑚

𝑗=0

𝑛

𝑘=0

 

 

× |𝑓 (
[𝑛 + 1]𝑝1,𝑞1[𝑘]𝑝1,𝑞1

[𝑛 + 3]𝑝1,𝑞1[𝑛]𝑝1,𝑞1𝑝1
𝑘−𝑛 ,

[𝑚 + 1]𝑝2,𝑞2[𝑗]𝑝2,𝑞2

[𝑚 + 3]𝑝2,𝑞2[𝑚]𝑝2,𝑞2𝑝2
𝑗−𝑚

) − 𝑓(𝑥, 𝑦)| 

 

≤
1

𝑝1

𝑛(𝑛−1)
2

1

𝑝2

𝑚(𝑚−1)
2

∑∑𝐷𝑛,𝑘(𝑝1, 𝑞1; 𝑥)𝐷𝑚,𝑗(𝑝2, 𝑞2; 𝑦)

𝑚

𝑗=0

𝑛

𝑘=0

𝜔(𝑓; 𝛿𝑛,𝑚)(
√(𝜃 − 𝑥)2 + (𝜏 − 𝑦)2

𝛿𝑛,𝑚
+ 1) 

 

≤ 𝜔(𝑓; 𝛿𝑛,𝑚) {1 +
1

𝛿𝑛,𝑚
{�̃�𝑛,𝑚

(𝑝1,𝑞1),(𝑝2,𝑞2)((𝜃 − 𝑥)2 + (𝜏 − 𝑦)2; 𝑥, 𝑦)}
1
2⁄
} 

 

≤ 𝜔(𝑓; 𝛿𝑛,𝑚) {1 +
1

𝛿𝑛,𝑚
[(
[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

)

2

(
𝑝1
𝑛−1

[𝑛]𝑝1,𝑞1
)

2

(2
[𝑛 − 1]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1

𝑞1 − 1) 

 

+(
[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

)

2

(
𝑝2
𝑚−1

[𝑚]𝑝2,𝑞2
)

2

(2
[𝑚 − 1]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2

𝑞2 − 1)]

1
2⁄

}. 

 

Using Remark 3.1. and choosing 

 

𝛿𝑛,𝑚 = [(
𝑝1
𝑛−1

[𝑛]𝑝1,𝑞1

[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

)

2

(2
[𝑛 − 1]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1

𝑞1 − 1) 

+(
𝑝2
𝑚−1

[𝑚]𝑝2,𝑞2

[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

)

2

(2
[𝑚 − 1]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2

𝑞2 − 1)]

1
2⁄

, 

 

we get our desired result. 

 

Theorem 4.2. For 𝑓 ∈ 𝐶(𝐼2), the following inequality is true 

 

|�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 2(𝜔1(𝑓; 𝛿𝑛) + 𝜔

2(𝑓; 𝛿𝑚)), 

 

where 

𝛿𝑛 = √(
𝑝1
𝑛−1

[𝑛]𝑝1,𝑞1

[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

)

2

(2
[𝑛 − 1]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1

𝑞1 − 1), 
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𝛿𝑚 = √(
𝑝2
𝑚−1

[𝑚]𝑝2,𝑞2

[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

)

2

(2
[𝑚 − 1]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2

𝑞2 − 1) . 

 

Proof Applying the Cauchy-Schwarz inequality 

 

|�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ �̃�𝑛,𝑚

(𝑝1,𝑞1),(𝑝2,𝑞2)(|𝑓(𝜃, 𝜏) − 𝑓(𝑥, 𝑦)|; 𝑥, 𝑦) 

 

≤ 𝜔1(𝑓; 𝛿𝑛) [1 +
1

𝛿𝑛
(�̃�𝑛,𝑚

(𝑝1,𝑞1),(𝑝2,𝑞2)((𝜃 − 𝑥)2; 𝑥, 𝑦))
1 2⁄

] 

+𝜔2(𝑓; 𝛿𝑚) [1 +
1

𝛿𝑚
(�̃�𝑛,𝑚

(𝑝1,𝑞1),(𝑝2,𝑞2)((𝜏 − 𝑦)2; 𝑥, 𝑦))
1 2⁄

] 

≤ 𝜔1(𝑓; 𝛿𝑛) [1 +
1

𝛿𝑛
√(

𝑝1
𝑛−1

[𝑛]𝑝1,𝑞1

[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

)

2

(2
[𝑛 − 1]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1

𝑞1 − 1)] 

+𝜔2(𝑓; 𝛿𝑚) [1 +
1

𝛿𝑚
√(

𝑝2
𝑚−1

[𝑚]𝑝2,𝑞2

[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

)

2

(2
[𝑚 − 1]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2

𝑞2 − 1)]. 

 

Choosing 

 

𝛿𝑛 = √(
𝑝1
𝑛−1

[𝑛]𝑝1,𝑞1

[𝑛 + 1]𝑝1,𝑞1
[𝑛 + 3]𝑝1,𝑞1

)

2

(2
[𝑛 − 1]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1

𝑞1 − 1), 

 

𝛿𝑚 = √(
𝑝2
𝑚−1

[𝑚]𝑝2,𝑞2

[𝑚 + 1]𝑝2,𝑞2
[𝑚 + 3]𝑝2,𝑞2

)

2

(2
[𝑚 − 1]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2

𝑞2 − 1), 

 

then ends the proof of theorem. 

 

Let 𝑓 be a continuous real valued function 𝛼1, 𝛼2 ∈ (0,1] and (𝜃, 𝜏), (𝑥, 𝑦) ∈ 𝐼2. There exists 𝑀 > 0:  

 
|𝑓(𝜃, 𝜏) − 𝑓(𝑥, 𝑦)| ≤ 𝑀|𝜃 − 𝑥|𝛼1|𝜏 − 𝑦|𝛼2 , 
 

then 𝑓 is named Lipschitz continuous function. The set of Lipschitz continuous functions demonstrated by 

𝐿𝑖𝑝𝑀(𝛼1, 𝛼2) [18, 22]. 

 

Theorem 4.3. Let (𝑥, 𝑦) ∈ 𝐼2 and 𝑓 ∈ 𝐿𝑖𝑝𝑀(𝛼1, 𝛼2). (𝛿𝑛) and (𝛿𝑚) are the sequences defined in the 

Theorem 4.2., then we get the following inequalities for the operators �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) 

 

|�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 𝑀(√𝛿𝑛)

𝛼1
(√𝛿𝑚)

𝛼2
. 

 

Proof Let 𝑓 ∈ 𝐿𝑖𝑝𝑀(𝛼1, 𝛼2). Using linearity and positivity of �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦), we have 

 

|�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ �̃�𝑛,𝑚

(𝑝1,𝑞1),(𝑝2,𝑞2)(|𝑓(𝜃, 𝜏) − 𝑓(𝑥, 𝑦)|, 𝑞𝑛; 𝑥, 𝑦) 

 

≤ 𝑀�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(|𝜃 − 𝑥|𝛼1; 𝑥)�̃�𝑛,𝑚

(𝑝1,𝑞1),(𝑝2,𝑞2)(|𝜏 − 𝑦|𝛼2; 𝑦). 

 

Taking  
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𝑝′ =
2

𝛼1
 , 𝑞′ =

2

2−𝛼1
  and 𝑝′′ =

2

𝛼2
 , 𝑞′′ =

2

2−𝛼2
 then applying Hölder’s inequality and using 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(1; 𝑥, 𝑦) = 1, we have 

 

|�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| 

 

≤ 𝑀 {�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(|𝜃 − 𝑥|2; 𝑥)}

𝛼1 2⁄
{�̃�𝑛,𝑚

(𝑝1,𝑞1),(𝑝2,𝑞2)(1; 𝑥)}
𝛼1 2⁄

 

× {�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(|𝜏 − 𝑦|2; 𝑦)}

𝛼2 2⁄
{�̃�𝑛,𝑚

(𝑝1,𝑞1),(𝑝2,𝑞2)(1; 𝑦)}
𝛼2 2⁄

 

 

≤ 𝑀(√𝛿𝑛)
𝛼1
(√𝛿𝑚)

𝛼2
. 

 

Thus, Theorem 4. 3. is proved. 

 

Example 4.1. We give the error estimates for 𝑓(𝑥, 𝑦) =
(𝑥+𝑦+√2)

50
 when (𝑝1, 𝑞1) =

(0.92, 0.59) and (𝑝2, 𝑞2) = (0.96, 0.65) in Table 1. 

 

Table 1. Error estimates for different values of (𝑛,𝑚) 

n,m error estimates with 

complete modulus of 

continuity 

error estimates with 

partial modulus of 

continuity 

  10, 10 0.1683982664 0.1683469057 

𝟏𝟎𝟐, 𝟏𝟎𝟐 0.1695933260 0.1695451434 

𝟏𝟎𝟑, 𝟏𝟎𝟑 0.1695933262 0.1695451436 

𝟏𝟎𝟒, 𝟏𝟎𝟒 0.1695933261 0.1695451435 

𝟏𝟎𝟓, 𝟏𝟎𝟓 0.1695933262 0.1695451436 

𝟏𝟎𝟓, 𝟏𝟎𝟓 0.1695933261 0.1695451435 

𝟏𝟎𝟔, 𝟏𝟎𝟔 0.1695933262 0.1695451436 

𝟏𝟎𝟕, 𝟏𝟎𝟕 0.1695933260 0.1695451434 

𝟏𝟎𝟖, 𝟏𝟎𝟖 0.1695933262 0.1695451436 

 

Example 4.2. We give the error estimates for 𝑔(𝑥, 𝑦) =
1

3𝑥2+5𝑦2+16
 when (𝑝1, 𝑞1) = (0.90, 0.54)  and 

(𝑝2, 𝑞2) = (0.95, 0.64) in Table 2. 

 

Table 2. Error estimates for different values of (𝑛,𝑚) 

 n,m error estimates with 

complete modulus of 

continuity 

error estimates with 

partial modulus of 

continuity 

  10, 10 0.08422241720 0.1334602607 

𝟏𝟎𝟐, 𝟏𝟎𝟐 0.08458555582 0.1341653560 

𝟏𝟎𝟑, 𝟏𝟎𝟑 0.08458555582 0.1341653560 

𝟏𝟎𝟒, 𝟏𝟎𝟒 0.08458555580  0.1341653559 

𝟏𝟎𝟓, 𝟏𝟎𝟓 0.08458555578 0.1341653558 

𝟏𝟎𝟓, 𝟏𝟎𝟓 0.08458555582 0.1341653559 

𝟏𝟎𝟔, 𝟏𝟎𝟔 0.08458555572 0.1341653556 

𝟏𝟎𝟕, 𝟏𝟎𝟕 0.08458555582 0.1341653559 

𝟏𝟎𝟖, 𝟏𝟎𝟖 0.08458555582 0.1341653559 
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5. RESULTS 

 

In this paper, a generalized of bivariate (𝑝, 𝑞)-Bernstein operators are constructed. Then, rate of 

convergence of our operators was given. With these results, an example is given about the studies for 

approximation of bivariate (𝑝, 𝑞) analogs of operators. 
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