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ABSTRACT

In this paper a general fixed point theorem for two pairs of weakly compatible mappings satistying ¢ -

implicit relations in G - metric spaces, which generalize and improve Theorem 2.1 [9], is proved.
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1. INTRODUCTION

Let (X,d) be a metric space and
S,T: (X,d) —> (X,d) be two mappings. In 1994,
Pant [17] introduced the notion of pointwise R - weakly
commuting mappings. It is proved in [18] that pointwise

R - weakly commutativity is equivalent to
commutativity in coincidence points. Jungck [8] defined

S and T to be weakly compatible if Sx = Tx implies
STx =TSx . Thus, S and T are weakly compatible

if and only if S and T are pointwise R - weakly
commuting.

In [5], [6], Dhage introduced a new class of generalized

metric space, named ID - metric spaces. Mustafa and
Sims [11], [12] proved that most of the claims concerning

the fundamental topological structures on D - metric
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spaces are incorrect and introduced an appropriate notion

of generalized metric space, named GG - metric space. In
fact, Mustafa, Sims and other authors studied many fixed

point results for self mappings in G - metric spaces
under certain conditions [13], [14], [15], [16], [28] and
other papers.

Several classical fixed point theorems and common fixed
point theorems have been recently unified by considering
a general condition by an implicit relation in [19], [20]
and other papers. Actually, the method is used in the
study of fixed points in metric spaces, symmetric spaces,
quasi - metric spaces, ultra - metric spaces, convex metric
spaces, reflexive spaces, compact metric spaces,
paracompact metric spaces, in two or three metric spaces,
for single valued mappings, hybrid pairs of mappings and
set valued mappings. Quite recently, this method is used
in the study of fixed points for mappings satisfying an
contractive condition of integral type, in fuzzy metric
spaces, probabilistic metric spaces and intuitionistic
metric spaces.
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The notion of ¢5 - implicit relation is introduced in [4].
The study of fixed points for mappings satisfying implicit
relations in G - metric spaces is initiated in [21], [22],
[24], [26] and in other papers.

The study of fixed points for mappings satisfying a ¢ -

contractive implicit relation in G - metric spaces is
initiated in [23], [25]. In [23], the authors proved a fixed
point theorem for a mapping satisfying a ¢ - implicit
relation. Quite recently, in [27] the authors extended this

results for a pair of mappings. In [9], a common fixed
point theorem for two pairs of weakly compatible

mappings in G - metric spaces is proved.

In this paper a general fixed point theorem for two pairs
of weakly compatible mappings in G - metric spaces,
satisfying ¢ - implicit relations which generalizes and

improves the results from Theorem 2.1 [9].

2. PRELIMINARIES

Definition 2.1 [12] Let X be a nonempty set and
G: X3 —>P + be a function satisfying the following
properties:

(G)):G(x,y,2)=0ifx=y=z,
(G,):0<G(x,x,y) forall x,ye X with x#y,
(G3):G(x,x,y)<G(x,y,z) forall x,y,ze X
with Z # ),

(Gy):G(x,y,2)=G(y,z,x) =... (symmetry in all

three variables),

(G5):G(x,y,2) < G(x,a,a)+G(a,y,z) forall
X,Y,Z,a € X (rectangle inequality).

The function G is called a G - metric on X and the
pair (X, G) iscalleda G - metric space.

Note that if G(x,1,z) =0 then x=y =z.

Definition 2.2 [12] Let (X, G) bea G - metric space.
A sequence (xn) in (X, G) is said to be:

a) G - convergent if for £ > 0, there is an x € X
and kK € N such that for all n,meN,n,m2> k,
G(x,x,,x,)<&.

b) G - Cauchy if for & > 0, there is k €N such that
for all n,mpeN, with nmp=>k,
G(x,,x,,, x,)—>0
as n,m, p —> 0.

m?>

x,) <€, thatis G(x,,x

A G - metric space (X,G) is said to be G -

complete if every G - Cauchy sequence is G -
convergent.

Lemma 2.1 [12] Let (X, G) bea G - metric space.
Then, the following properties are equivalent:

1) (Xn) is G - convergentto X ;

2) G(x,,x,,x) >0 as n = o0;

3) G(x,,x,x) >0 as n = o0;

4y G(x,,x,,,x) >0 as n,m —> 0.

m?>

Lemma 2.2 [12] If (X, G) isa G - metric space, the
following properties are equivalent:

1) (xn) is G - Cauchy;

2) For &£>0, there exists keN such that
G(x,,x,,,x,) <& foral m,neN, m,n>k.

m?>

Lemma 2.3 [12] Let (X, G) bea G - metric space.

Then, the function G(x, v,z ) is jointly continuous in
all three of its variables.

Note that each G - metric generates a topology T G on
X [12], whose base is a family of open G - balls
{BG(X,E)ZXEX,8>O}, where
Bo(x,6)={yeX:G(x,y,y)<g&} for all
x,ye X and € >0.

Anonemptyset A C X is G -closedif A= A.

Lemma 2.4 [10] Let (X,G) bea G - metric space
and A asubsetof X . A is G - closed if for any G
- convergent sequence in A with limy—wX, =X,

then x € 4.

In [2], [22], [23] and other papers some fixed point

theorems for weakly compatible mappings in G - metric
spaces are proved. Quite recently, in [9] the following
theorem is proved.

Theorem 2.1 (Theorem 2.1 [9]) Let (X, G) be a
complete G - metric space. Suppose that ( f S ) and

( g, T ) are two pairs weakly compatible self - mappings
on X satisfying
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G(fx, fx, gv) < hmax{G(Sx, Sx, T), G( fx, fx,5x),G(gy, &, Ty),
%[G( fx, 0, Tv)+ G(gy, g, Sx)]}

and

@.1)

G(fx,gy,gy) < hmax{G(Sx, Ty, Ty), G(fx,Sx,8x),G(gy, Iy, Ty),
1
E [G(fx’ Ty’ TJ’) + G(g]/, Sxa Sx)] }

1
for all X,y € X, where he [0,5 . Suppose that

F(X)ST(X) and g(X)< S(X). If one of
T(X) or S(X) isa G - closed subspace of X,
then f . g ,8 and T have an unique common fixed

point.

The purpose of this paper is to prove a general fixed point
theorem for two pairs of weakly compatible self -

mappings of (X ,G) satisfying ¢ - implicit relations

in G - metric spaces which generalize and improve
Theorem 2.1.

3. IMPLICIT RELATIONS
Definition 3.1 [23] A function f :[0,00) — 0,00) is
a ¢ - function, f € ¢ ,if f is nondecreasing function

such that Ozo“fn(l‘)<-|-00, for all >0 and
n=1
f(0)=0.

Definition 3.2 [23] Let F¢ be the set of all continuous

functions F'(#,...,t5): P i — P such that
(Fl) . F' is nonincreasing in variable ls,

(Fz) . there exists a function ¢1 S ¢ such that for all
u,v>0 with F(u,v,v,u,u+v,0)<0 implies

usg(v),

(F3) . there exists a function ¢2 (S ¢ such that for all

t,t >0, F(t,6,0,0,¢,t )< 0 implies £ < (£ ).
The following examples are presented in [23].

Example 3.1.

ts+1
F(tl,...,t6):t1_kmax{t25t3at45 2 2 6}’

where k €0,1).

(2.2)

Example 3.2.
where @ > 0,b,c,d,e>0and a+b+c+2d+e<1.

Example 3.3.
F(tyynts) =t, —kmax{ty, 1y, 15,1, |, where

ke{O,lj.
2

Example 3.4.
F(ty,..ts) =17 —t,(at, + bty +cty) —dtst, .
where @ > 0,b,¢,d 20 and a+b+c+d <1.

Example 3.5.
t,+t, t;+t
F(tl,...,t6):t1_kmax tz,u,u N
2 2
where keO,l).
Example 3.6.
2.2 2,2
Lty +is5t
F([l,...,[6)=[13 —CM, where
I+2, +t; +1,
celo,1).
Example 3.7.
tst
F(tl,...,t6)=t12—at22—cs—6, where
I+t +¢,

a>20and a+c<lI.

Example 3.8.
,where a > 0,b,c>0 and a+b+2c<1.

Example 3.9.
,where a > 0,b,¢>0 and a+b+3c<1.

Example 3.10.
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F(tl,.,té) = tl —CmaX{l‘z,l‘3,ﬂl4[ ""15[6}’

where ¢ € (0,1).

4. MAIN RESULTS

Theorem 4.1 [1] Let f ,& be weakly compatible self
mappings on a nonempty set X . If f and g have an
unique point of coincidence W = ﬁC = gx,then W is

the unique common fixed point of f and g .

Theorem 4.2 Let f, g, S and T be self mappings of a

G - metric space such that

Hl (G(SX, Ty> Ty)> G(fx, g, gy)’ G(fjc> SX, SX),

G(gy. Iy, Ty),G(fx, Ty, Ty), G(gy, Sx,5x)) < 0,
4.1)

HZ(G(TX: Sys Sy): G(gx: fy: fy): G(gxa sz TX),
G(fy,Sy,59),G(gx, Sy, Sy), G(f,Tx,Tx)) <0,

4.2)
forall X,y € X , where H, 1, H, satisty property (F,).

If there exist #,V € X such that fu =Su and
gv= TV, then there exists £ € X such that ¢ is the
unique point of coincidence of f and S, as well ¢ is

the unique point of coincidence of g and T.

Proof. First we prove that f U = gV. Suppose that
fu # gV . Then, by (4.1) we have successively
H,(G(Su,Tv,Tv),G( fu, gv, gv), G( fu, Su, Su),
G(gv,Tv,Tv),G(fu,Tv,Tv),G(gv,Su,Su)) <0,

H,(G(fu, gv,gv), G(fu, gv,gv),0,0, G(fir, gv, gv), G(gv, fu, fu)) <0,
By (F3) we obtain
G(fu,gv,gv) < $r(G(gv, fu, fu)) < G(gv, fu, fu).

Similarly, by (4.2) we have successively

Hz(G(TV,SZ/I,Su), G(gv’ fus fu)s G(gV,TV, TV),
G(fv,Su,Su),G(gv,Su,Su),G(fu,Tv,Tv)) <0,

H,(G(gv, fu, fu), G(gv, fu, fu),0,0, G(gv, fu, fu), G( fu,gv,gv)) <0,

By (F3) we obtain
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G(gv, fu, fu) < §(G(fu, gv, gv)) < G(fu, gV, gv).

Hence,

G(fu,gv,gv) < G(gv, fu, fu) < G(fu,gv,gv),

a contradiction. Hence, fu = gv which implies
t=fu=gv=Su=Tv for teX.
Therefore f is a common point of coincidence of

(f,S) and (g,T). We prove that  is the unique
point of coincidence of ( f S ) Suppose that there is

some

other point of coincidence Z = ﬁ/V =Sw, z#t.

By (4.1) we have successively

H (G(Sw,Tv,Tv),G(fw, gv, gv), G(fw, Sw, Sw),
G(gv,Tv,Tv),G(fw,Tv,Tv),G(gv,Sw,Sw)) <0,

H\(G(fw,gv, gv), G(fw, gv,gv),0,0,G(fw, gv,gv), G(gv, fw, fw)) < 0.

By (F3) we have

G(fv,gv,gv) < (G(gv, fw, fw)) < G(gv, fw, fw).

Similarly, by (4.2) and (F3) we obtain

G(gv, fw, fw) < G(fw, gv, gv).

Hence,

G(fw, gv,gv) < G(gv, fw, fw) <G(fw, gv,gv),
fw=gv=fu=t.

a contradiction. Hence,

Therefore,

fw=Sw=t=z.

Similarly, we prove that f is the unique point of

coincidence of g and T.

Theorem 4.3. Let (X, G) bea G - metric space and
{f, S} and {g, T} be two pairs of self mappings of
X satisfying the inequalities (4.1), (4.2) for all
x,yeX, H,H,eF, and

S(X)c g(X)andT(X) < f(X).

(4.3)
If one of f(X) or g(X) isa G - closed subset of

X , then
a) ( f ,8) have a coincidence point,
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b) (g,T) have a coincidence point. Proof. Let X, € X be an arbitrary point of X . Since
S(X) C g(X) and T(X) C f(X), there exist

Moreover, if (f,S) and (g,T) are weakly
: : X;,Xy € X such that Sx, = gx; and TX; = fx,.

compatible, then f , g ,8 and T have an unique
common fixed point.

By continuing this process, for 77 = 0,1,2,... we choose X, V, € X such that

y2n = SxZn = gx2n+l’ y2n+l = Tx2n+l = fx2n+2'

By (4.1) we have successively

H(G(8xy,,Txp,115 T50,11), G(fX0> 8%2,0415 8211 )» G(fXa,5 8%, 8%5,),
G(8%,0415 19,1415 10,11, G005 TX0115 T5,041), G(€X0,04158%5,,5,5%,)) 0,

H, (G(yZn s Vontls Yona ), G(yxZn—l s VonsVon ) G(yZn—l s VonsYVon )>
G2 Yani1s Yani1)» G(Vap 15 Vanst> Y21 ),0) < 0.

By (Fi) and (GS) we obtain

Hl (G(yZn ’ y2n+1 ’ y2n+l )’ G(yZn—l > yZn s yZn )’ G(yZn—l ’ yZn 2 yZn )’
G(Vans Yani1s Yans1)s G(Van-1s YVans Y2u) + G(Vaps Yauitr Y2ui1):0) < 0.

By (Fz) we obtain
G(y2n3y2n+1 ay2n+1) < ¢1(G(y2n71 ’yZn’yZn))‘

Again, by (4.2) we have successively

Hy(G(Txy,,4158%5,1258%,12), G(€X0 415 anias anin ) G(€%0,015, 1,015, TX5,41),
G (2115 8%24258%2,042)> G(€%2,11158X2,14258%2,042 ) G (fX105 150,041, 1%5,,1)) <0,

Hy(G(Vani1s YVans2s Yani2)s GO%005 Yarits Yani1)s G(Vans Yanit> Vans1)s
G(Vapi1s Yani2s Yans2)s G(Vans Vanias Vani2):0) < 0.

By (Fl) and (GS) we have that

Hy(G(Vani1>Yania> Yone2)s GVans Yanits Yani1)s G(Vans Yansts Vans1)»

G(Vani1>Yanr25 Y2n42)s G(V2s Vansts Yans1) + G(Vans Vapia Yani2),0) < 0.
By (Fz) we have

G(Vans1> YVanias Yone2) SO(G(Vons YVanits Yani1)s

which implies

C;(yn’yn+l’yn+l)S %(G(yn—laynayn))sn = 1523---

Then



1036 GU J Sci, 27(4):1031-1038 (2014)/ Valeriu POPA, Alina Mihaela PATRICIU

G(Vy> Vst Vur1) < ¢1n (G(Yo> 1> 1))

We prove that (yn) isa G - Cauchy sequence in X .

For n,m € N with m > n , we have repeating (GS) that

G Vs V) S G Vistr Vi) Y GVi15 V2o Vir2) F oot GV s Vs Vi)

m—1
< Z¢H GO

00
Since kz¢1k(G(y0,yl,yl )) <+, then for any & >0, there exists k €N such that for m,n>k,
=1

m—1
k G < & . Hence, by Lemma 2.2, isa G - Cauchy sequence. Since (X,G) is G - complete,
20 (G(yo, v, 0 y Va y seq : p

k=n
there exists Z € X suchthat y, —> Z as 1 —> 00. This implies that [im,—sw V2, = liMp—sw Vops) = Z -

Suppose that g(X) is closed. It follows that Z = gu/ , for some U € X . Using (4.1) we have successively

HI(G(S-XZn > Tua lel), G(ﬁZn »8U, gu)a G(ﬁZn ’ szna szn)a
G(gu,Tu,Tu),G( fx,,,Tu,Tu),G(gu, Sx,,,Sx,,)) <0,

H(G(ya,, Tu,Tu), G(y5,—1> 8, 8U), G( V215 Yan> Vau)s
G(guaTu’ Tu)a G(yZn—ID Tu,Tu), G(gu’ YVonsVon )) <0.
Letting 72 tend to infinity we obtain
H,(G(z,Tu,Tu),0,0,G(z,Tu,Tu),G(z,Tu,Tu),0) < 0,

which implies by (Fz) that G(z,Tu,Tu) < P(0)=0. Hence, z=Tu = gu and u is a coincidence point of g
and T .

Since T(X) < f(X) , there exists V€ X such that z=Tu = fV = gu . Then by (4.2) we have successively

H2 (G(Tua SV,SV), G(gua fV, fV), G(gu,Tu,Tu),
G(fv,5v,8v),G(gu,Sv,5v),G( fv,Tu,Tu)) <0,

H,(G(gu,Sv,5v),0,0,G(gu, Sv,Sv), G(gu,Sv,Sv),0) <0

which implies by (FZ) that
G(gu,Sv,5v) < ¢(0) =0,

ie. Z=gu = Sy = fv . Hence, V is a coincidence point of S and f

Therefore, z is the common point of coincidence of ( f ,S ) and ( g, T ) By Theorem 4.1, z is the unique point of
coincidence of (f, S) and (g, T) . By Theorem 4.1, Z is the unique common fixed point of f, g, S and T.
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Corollary 4.1 Let (X , G) be a complete G - metric space. Suppose that ( f S ) and ( g, T ) are weakly compatible
pairs of self mappings of X satisfying

G(Sx, Ty, Ty) < hmax{G(fx, gy, gv), G( fx, Sx, Sx),

1
G(gya Tya Ty)’E[G(fx: Ty, Ty) + G(gy: SX, Sx)]}:
4.4)
G(Tx, Sy, Sy) < hmax{G(gx, fy, fy), G(gx, Tx, Tx),

1
G(ﬁ}a Sya Sy)’E[G(gxa Sya Sy) + G(ﬁjaTxa TX)]} < Oa
4.5)

forall x,y € X and h€0,1). Suppose that S(X) < g(X) and T(X) C f(X) . If one of g(X) or f(X)
isa G - closed subspace of X , then f, g, S and T have an unique common fixed point.

Proof. The proof it follows from Theorem 4.3 and Example 3.1 with ¢1 (t)= ¢2 (t)=kt.

Remark 4.1
1. In the proof of Theorem 2.1 [3], page 4, lines 10 and 11 from the bottom, there exists some written mistakes and hence the

proof of the fact that the sequence (yn) isa G - Cauchy sequence is not correct. Similarly, in the proof of Theorem 2.1

[9]. For a correct form of Theorem 2.1, we suggest the inequality
G(fx,gr,gy) < hmax{G(Sx,Ty,Ty), G(Sx, fx, fx), G(Ty, gy, &),
1
E[G(Sx, gy, gy)+G(Iy, fx, fo)l}
instead inequality (2.2).
1
2. Corollary 4.1 is a generalization and the correct form of Theorem 2.1 because he 0,1) instead /1 € 0,5 and the

fact that (yn) isa G - Cauchy sequence is correct.

3. By Examples 3.2 — 3.10 we obtain new particular results.
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