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Abstract

In this paper we study the behavior of the rational difference equation
of the fourth order
b Tn_o

———— n=201,...
) ) ) )
CTn—2 + dl‘n_3

Tn+1 = ATn +

where the initial conditions x_3, x_2, x_1, xo are arbitrary positive real
numbers and a, b, ¢, d are positive constants. Also, we give the solution
of some special cases of this equation.

Keywords: difference equations, stability, boundedness, periodicity, solution of differ-
ence equations.
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1. Introduction

In this paper we deal with the behavior of the solutions of the following nonlinear

difference equation
bxpnxn—2

1 T =ax ——— n=0,1,..
( ) n+1 n+ Cl‘n72+d$n737 3y
where the initial conditions x_3, x_2, x_1, xo are arbitrary positive real numbers and
a, b, c,d are positive constants. Also, we give the solution of some special cases of this
equation.
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Many researchers have investigated the behavior of the solution of difference equations
for example: Camouzis [6] has investigated the global attractivity and the local stability
of the difference equation

ba?
x = —
n+1 1 + xi,1
Cinar [7] has got the solutions of the following difference equation
T _ ATn—1
nh 1+ bmnmn—l '

In [9] Elabbasy et al. investigated the global stability, periodicity character and gave the
solution of special case of the following recursive sequence

bz,
Tyl = ATy — ——————.
CTp — dTn_1
Elabbasy et al. [10] studied the global stability, boundedness, periodicity character and
obtained the solution of some special cases of the difference equation

ALn—k
B + Y Hf:() Tn—i

Elabbasy et al. [11] investigated the global stability, periodicity character and got the
form of the solution of some special cases of the difference equation

ITnt+1 =

dxnflxnfk
Tnt+l — —— +a
Clp—s — b
Touafek [35] dealt with the behavior of the second order rational difference equation

axy, + brnxy 1 + crnzy 1 + drhan_1 +exh_y
Az4 + Bxypxd |+ Cx222 | + Dadx,_1 + Ext_ |~
In [42] Yalginkaya dealt with the behavior of the difference equation
Tn—m

xk

n

ITn+1 =

Tn+1 =a+

Zayed [44] studied the dynamics of the nonlinear rational difference equation
Tpil = Az, + Bxp—1 + M
q+ Tn—k
See also [1]-[5], [8]. Other related results on rational difference equations can be found
in refs. [12]-[20].

Nonlinear difference equations of order greater than one are of paramount impor-
tance in applications. Such equations also appear naturally as discrete analogues and as
numerical solutions of differential and delay differential equations which model various
diverse phenomena in biology, ecology, physiology, physics, engineering and economics.
Some nonlinear difference equations, especially the boundedness, global attractivity, os-
cillatory and some other properties of second order (and other order) nonlinear difference
equations and systems of difference equations have been investigated by many authors,
see [21]-[44]. Let us introduce some basic definitions and some theorems that we need in

the sequel. Let I be some interval of real numbers and let

[0 ey &

be a continuously differentiable function. Then for every set of initial conditions
Tk, T_kt1,...,T0 € I, the difference equation

(2) Tnt+1 = [(Tn, Tn-1, .y Tn—k), n=0,1,..,
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has a unique solution {z,}n=_j.

1.1. Definition (Equilibrium Point). A point T € [ is called an equilibrium point of
Eq.(2) if
T = f(z,Z,...,T).
That is, z, = T for n > 0, is a solution of Eq.(2), or equivalently, T is a fixed point of f.
1.2. Definition (Periodicity). A sequence {z,}ne_} is said to be periodic with period
pif Tpip =, foralln > —k.
1.3. Definition (Fibonacci Sequence). The sequence {Fm }m—o = {1,2,3,5,8,13,...}
ie. Fpy=Fp_1+4+Fpn_2, m>0, F_o =0, F_; =1 is called Fibonacci Sequence.
1.4. Definition (Stability). (i) The equilibrium point Z of Eq.(2) is locally stable if for
every € > 0, there exists 6 > 0 such that for all z_x,z_k41,...,2-1,20 € I with
|z—k —Z| + |T—k41 — F| + ... + w0 = T| < 0,
we have
|zn — | <€ forall n>—k.
(ii) The equilibrium point T of Eq.(2) is locally asymptotically stable if Z is locally stable
solution of Eq.(2) and there exists v > 0, such that for all z_x, z_g+1, ..., x—1,x0 € I with
|z—k —Z| + |2—kt1 — T+ ... + |20 — T| < 7,
we have
lim =z, ==.
n— oo

(iii) The equilibrium point Z of Eq.(2) is global attractor if for all x _x, z_g41, ..., x—1,Z0 €
I, we have

lim z,=7=.
n—oo

(iv) The equilibrium point Z of Eq.(2) is globally asymptotically stable if Z is locally
stable, and T is also a global attractor of Eq.(2).
(v) The equilibrium point Z of Eq.(2) is unstable if T is not locally stable.
The linearized equation of Eq.(2) about the equilibrium Z is the linear difference
equation
k

(3) in :Zaf(f,f,...,f)yn_i.

OXp—i
i=0 n-t

Theorem A [27]: Assume that p; € R, i =1,2,...,kand k € {0,1,2,...}. Then

k

Z |pz‘ < 17

i=1
is a sufficient condition for the asymptotic stability of the difference equation
(4) Tntk + P1%Tntk—1 + . + Prxn =0, n=0,1,....
Consider the following equation
(5) Tn+1 = g(x”axn*27x"*3)'
The following theorem will be useful for the proof of our results in this paper.

Theorem B [28]: Let [a,b] be an interval of real numbers and assume that

g:la, b]3 — [a, b],
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is a continuous function satisfying the following properties :

(a) g(z,y,2) is non-decreasing in = and y in [a,b] for each z € [a,b], and is non-
increasing in z € [a, b] for each z and y in [a, b];

(b) If (m, M) € [a,b] X [a,b] is a solution of the system

M:g(M7M7m) and m:g(m7m7M)7
then
m = M.

Then Eq.(5) has a unique equilibrium Z € [a, b] and every solution of Eq.(5) converges
to .

2. Local Stability of Eq.(1)

In this section we investigate the local stability character of the solutions of Eq.(1).
Eq.(1) has a unique equilibrium point and is given by

bz>
T +dz’

T =aT +
or,
7°(1 —a)(c+ d) = bz°,
if (c+d)(1 — a) # b, then the unique equilibrium point is = 0.
Let f:(0,00)® — (0,00) be a function defined by

buv
(6) f(u,v,w)—au+cv+dw.
Therefore it follows that
bu
Julu,v,w) = a+ ot dw’
bduw
Jo(u, v, w) (cv + dw)?’
—bduv
Jw(u,v,w) = my
we see that
_ b
fu(x7m7x) — a+ ma
_ bd
fv(l',ﬂ,fll') - (C+d)27
_ —bd
fw(x7 Z, 1’) = m

The linearized equation of Eq.(1) about 7 is

(7) o+ L)y - M T -0
Yt ctrd) T cr a2 T exapht T

2.1. Theorem. Assume that
blc+3d) < (1 —a)(c+d)>.
Then the equilibrium point of Eq.(1) is locally asymptotically stable.
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Proof. 1t is follows by Theorem A that, Eq.(7) is asymptotically stable if

a+ b + bd + bd <1
c+d (c+d)? (c+d)? ’
or,
a2y
c+d  (c+d)? ’
and so,
bc + 3bd
— 1—a).
ctde © (I—a)
The proof is complete. O

3. Global Attractor of the Equilibrium Point of Eq.(1)

In this section we investigate the global attractivity character of solutions of Eq.(1).

3.1. Theorem. The equilibrium point T of Eq.(1) is global attractor if c(1 —a) # b.

Proof. Let p,q are a real numbers and assume that g : [p,q]> — [p,q] be a function

b
defined by g(u,v,w) = au + %, then we can easily see that the function g(u, v, w)
cv + dw

increasing in u, v and decreasing in w.
Suppose that (m, M) is a solution of the system
M =g(M,M,m) and m=g(m,m,M).

Then from Eq.(1), we see that

bM? bm?
M = M _— = [ —
“ +cM—|—dm’ m am+cm+dM’
or,
bM? bm?
M(l_a)_cM+dm’ m(l_a)_cm+dM’
then

c(1 —a)M? +d(1 —a)Mm =bM>, ¢(1—a)m® +d(1 —a)Mm = bm?,
Subtracting we obtain

c(1 —a)(M? —=m®) =b(M> —m?), c¢(1—a)#b.
Thus

M =m.

It follows by Theorem B that T is a global attractor of Eq.(1) and then the proof is
complete. O
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4. Boundedness of solutions of Eq.(1)

In this section we study the boundedness of solutions of Eq.(1).

4.1. Theorem. FEvery solution of Eq.(1) is bounded if <a + 9) <1.
c

Proof. Let {zn}nZ_3 be a solution of Eq.(1). It follows from Eq.(1) that

brnTn— bTpn T b
Tni1 = by + ——"2 < am, 4+ —"2 = (a4 =)z,
CTn—2 + drn_3 CTp—2 c
Then
Tn+1 <z, forall n>0.

Then the sequence {x,}n=o is decreasing and so are bounded from above by M =
max{T_3,T_2,T_1,To}. O

For confirming the results of this section, we consider numerical example for z_3 =
T,z =2,2.1 =9, zo =6, a =02, b =04, ¢c =5, d =3. [See Fig. 1] and for
x3=T, x_2=2,2_1=9, 20=6,a=0.2, b=9, c=5, d = 3.. [See Fig. 2]

plot of x(n+1)= ax(n)+{bx(n)*X(n-2))/(cx(n-2) +dx(n-3)) plot of x(n+1)= ax(n)+(bx(n)*x(n-2))l(cx(n-2)+dx(n-3))
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af E 4000f

3F 1 3000

2F 1 2000p

1 1 1000}

" L L
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n

FIGURE 1 FIGURE 2

5. Special Cases of Eq.(1)

5.1. First Case. In this section we study the following special case of Eq.(1)
TnTn—2

8 Tngl = Tn + ——————— )\
( ) i Tn—2 + Tn-3

where the initial conditions z_3, x_2, x_1, xo are arbitrary positive real numbers.

5.1. Theorem. Let {z,}5_3 be a solution of Eq.(8). Then forn=0,1,2,...

S hﬁ (f2i+37’+f2i+2p) (f2i+3k‘+f2i+27“> <f2i+3h+f2i+2k>
" paly foivor + faix1p faivek + foigar foirah + foitik )’

P hﬁ (f2i+37“+f2¢+2p) (f2¢+1k+f2i?“) (f2i+1h+f2ik)
snt o foivor + foitap foik + foiar foih + faicak )’
- <f2i+37"+f2i+2p> <f2i+3k+f2i+27") <f2i+lh+f2ik)
=L\ f2iter + fait1p faigok + faigar faih + faicak )’

T3n+2 = h H

=0
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where x_3 = p, x—2 =71, T_1 =k, xo = h, {fm}m=1 = {1,1,2,3,5,8,13,...}, f-1 =
fo=1.

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1, n — 2. That is;

N 1:[ (f2i+37"+f2i+2p> (f2i+3k+f2i+27”) (f2i+1h+f2ik')
" i faigor + faizap fairok + faiqar faih + faicak )’
P hh (f2z+37"+f21+2p> (f2i+3k+f2i+27”) (f2i+3h+f2i+2k>
" bl faigor + faizap faitok + faiqar Joivoh + faiprk )’
PO hﬁ (f2z+37"+f2L+2p> (f2i+1k+f2i7"> (f2i+1h+f2z‘k>
" bl foitor + foit1p faik + faicar faih + faiak )’
P hn 4 (f2z+37“+f21+2p) <f2i+3k+f2i+27”) (f2i+1h+f2ik)
" oo faiver + fait1p faivok + foiy1r faih + faicik )
Now, it follows from Eq.(8) that
T3n—1T3n—3 faigsr + f2z+2p) (f2i+3/€ + f2i+27“> <f2i+1h + fzik>
T3n = Tgn—1+——————— =]
3 nt T3n—3 + T3n—a H <f21+21" + f2it1p foivok + foiy1r faih + foi1k
foit3r+faitap foitsk+faiyar f21+1h+f21
(h H (f2i+27'+f2i+lp) (f2i+2k+f2i+1?") foih+fai—1k )

fait3htfoiqtok
faitah+tfait1k

)
Faigahtfaipak ))
)

f21+37”+f2i+210 faitsk+faiyor
f2i+27'+f2i+117 faitak+faiyar

h f2L+3T+f2L+2P) (f2i+3k+f2i+27')
faiyor+fait1p faitak+faiy1r
4

< f21+3T+f21+217) (f2i+3k+f2i+27") f21+1h+f21

faitahtfait1k

faitar+fait1p faivak+foiy1r faih+fai—1k

<f z+37”+f21+2p) <f2i+3k+f2i+27") f2i+1h+f2ik>
faigor + faiyap fairok + faiqar faih + faiak

<f22+57‘+f22+2p> (f2i+3k+f2i+27") <f2¢+1h+f2ik) (fzn—1h+f2n—2k)
faigor + faivap fairok + faiqar faih + faiak fon—2h + fon_3k

f2n71h+ f2n72k‘>
e |
(fzn—2h+f2n—3k

Il
g:h

||:]:\

_ hnl:f <f2¢+37“+f2i+2p> <f2i+3k+f2i+27“> <f2i+1h+f2ik>
L LA foiger + foit1p faivek + foipar faih + fai—1k

<1+ fon—1h 4+ fon—2k )
fon—1h + fon—2k + fon—2h + fon_3k

:hﬁ <f2i+37‘+f2i+2p) (f2i+3k+f2i+27') <f2i+1h+f2ik) (f2n+1h+f2nk)
el foitor + foitap foivok + foirar foih + fai—1k fonh + fon—1k )~

Therefore

P hﬁ (f2i+37”+f2i+2p> (f2i+3k+f2i+27”> (f2i+3h+f2i+2k)
" i faivor + foix1p foiv2k + foiqar foivoh + foit1k )~
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Also, from Eq.(8), we see that
T3nT3n—2
T3n—2 + T3n—3

_ hﬁ <f2i+37‘+f2i+2p> (f2¢+3k+f2i+27‘) (f2i+3h+f2i+2k)
=0

T3n+1 = X3n +

foitor + foitap foivok + foigar foivoh + fait1k

—1
h nH foigar+foiyop foigsk+foitor foitszh+faipok
=0 foitor+faiy1p foitok+faitar foitoh+fair1k
h nﬁl foitar+foiyop foit1k+fair faiv1htfaik
=0 foitor+foivip foik+fai—ar faih+fai—1k
h nﬁl foigsr+faiyop foit1k+fair faiv1h+tfaik
=0 foiyor+fait1p faik+fai—1m faih+f2i—1k

—2
+ hnH foiv3r+f2it2p faiysk+foiyor faiysh+faitak
=0 faivar+fait1p foivok+foip1r faivoh+fait1k

P hﬁ <f2i+37”+f2i+2p) <f2i+3k+f2i+27”) (f2i+3h+f2i+2k>
nr palet foitor + foit1p foivok 4+ foirar foivoh + foit1k

-1
hnl_[ foit3r+faitop faiysk+foiyor faiysh+faitok foent1r+fonp
=0 faitar+rfait1p faivok+foip1r faivoh+fait1k fonrm+fon—1pP

<f2n+17" + f2np> 11

+

font + fon—1p

_ hn_l <f2i+37“ + f2i+2p) <f2i+3k + f2¢+27”> <f2i+3h + f2¢+2k>
palirs foitor + foit1p foivok + foirar foivoh + faiv1k
n-1 (f2z‘+37“ + f2¢+2p> (f2¢+3k + f2i+27“) (f2i+3h + faiyok
foivor + faitap foiok + foigar foivoh + faitak
font17 + fonD + fon” + fon—1D

>

) (fonT + fon—1p)

i=0

+

n—1
—h H (f2i+3T+f21‘+2P) (f2i+3k+f2i+2T) (fzi+3h+f2i+2k) (1 + ff2n+1r+f2n,17 )
=0

foiqor+faip1p foigok+faip1r foiqoh+faip1k ont27+fanp1p
Thus
. _ hﬁ (f2i+37' + f2i+2p> <f2i+1k + f2i7'> <f2i+1h + f21k>
3n4+1 = .
"t by faigar + faiyap faik + foiar faih + faiak

Also,

T T3n—

T3n4+2 = X3n+1 T+ gntlZin—l

T3n—1 + T3n—2

_ hﬁ <f2i+37“+f21'+2p) <f2i+1k+f2i7") <f2i+lh+f2ik>
faigor + faizap faik + faiar faih + faiak

=0

h ﬁ (f21'+37”+f2¢+217) (.fZ'i+1k+.f2i7') (f2i+1h+f2ik) (f2n+1k+f2n?")
=0

faiyor+fait1p faik+fai—1m faih+f2i—1k fonk+fan—17

font1k + fznT>
J2nttV T 2l ) g
<f2nk + fon—1r

n

_hH foig3r+foiqpop foit1k+fair foit1h+faik 1+ fong1k+fonr

- faivar+foit1p faik+fai—1m faiht+f2i—1k fant1k+fonrt+fonk+fon—17
i=0
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:hﬁ <f2i+31”+f21'+2p) <f2¢+1k+f2i1”> (f2i+1h+f2ik> (1+ fonat1k+fonr )
i=0 faigor + foivip faik + faiar faih + faiak fontoktfoniar

Therefore

oy — hﬁ (f2i+31“ + f2i+2p> <f2i+3k + f21‘+27“) (f2i+lh+ f2ik>
i bl foitor + foit1p foivok + foiqar faih + foicak )

Hence, the proof is completed. O

For confirming the results of this section, we consider numerical example for z_3 =
3, xz_o=T,2_1 =2, o =6. [See Fig. 3.

1200t

plot of x(n+1)= x(n)+(x(n)*x(n-2))/(x(n-2)+x(n-3))

10000

8000

4000

2000

FIGURE 3

5.2. Second Case. In this section we give a specific form of the solutions of the differ-
ence equation

TnTn—2
9)  Tgr =g+ I
Tn—2 — Tn-3

where the initial conditions x_3, x_2, x_1, o are arbitrary positive real numbers with

T_3 # T_o # r_1 # To.
5.2. Theorem. Let {z,}n>_o be a solution of Eq.(9). Then for n=0,1,2, ...

v, = hﬁ (fi+37" - fi+1p) (fi+3k - fi+17"> <fi+3h — fi+1k)
" 2t \fixar = ficip ) \ firik — ficar ) \ fisah — ficak )’

Tsnt1 = h (27" _P) ﬁ (fi+47’ - fi+2p) (fi+3k - fi+17”> <fi+3h - fi+1k§)

r—p ) 5\ fiver — fip fivrk — fioar fixih— ficak )’
_ (27“ —;0) <2k - 7“) e (fz‘+47” - fi+2p> <fi+4/f - fi+27’) <fi+3h - fi+1k)

T3n+2 = h H )
r=p k—r ) 5\ firer = fip firek — fir firrh — fiork

where x_3 =p, x_g =71, T—1 =k, o = h, {fm}tm=—1=1{1,0,1,1,2,3,5,8,...}, f-1 =

1, fo=0.

Proof. As the proof of Theorem 5.1 and will be omitted. O
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Assume that z_3 =9, z_» =7, z_1 = 11, xo = 6. [See Fig. 4], and for z_3 = 7,
z_9 =3, z_1 =4, xo = 8. [See Fig. 5].

x10° plot of x(n+1)= x(ny+(x()x(n-2))/(x(n-2)-x(n-3) X10° plot of x(n+1)= X(n)+(x(n)*X(n-2))(x(n-2)-x(n~3))

15 -2

x(n)
x(n)

-3

0.5

FIGURE 4 FIGURE 5

5.3. Third Case. In this section we obtain the solution of the following special case of
Eq.(1)
TnTn—2

10 ntl =Tp — ———————
( ) It v l"n,72+mn737

where the initial conditions x_3, x_2, x_1, o are arbitrary positive real numbers.

5.3. Theorem. Let {z,}al_o be a solution of Eq.(10). Then for n =0,1,2, ...

" _ hkrp
o (far + far1D) (fak + fasar) (fah + farik)’
" _ hkrp
ST (fapar + for2p) (Fak + fora?) (b + fai1k)’
hkrp
T3n+2 =

(fat1r + for2p) (fat1k + fator) (fuh + foi1k)
where r_3 = P, T—2 =T, T_1 = k, To = h7 {fm}ﬁ:l = {17 1»27375787 137 }7 fO =1L

Proof. For n = 0,1 the result holds. Now suppose that n > 1 and that our assumption
holds for n — 1, n — 2. That is;

_ hkrp

T T Faar 4 fap) (Faik + far) (faah+ fa1k)’
- . hkrp

8T (it + fab) (Faoik + far) (Faih + fuk)’
" _ hkrp

n2 (far + fas1p) (fa—1k + far) (Farh + fuk)’
" . hkrp

3n—1 =

(far + fnr1p) (fnk + fat17) (fn—1h + fnk)
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Now, it follows from Eq.(10) that

T3n—1T3n—3 hkrp

T e Tt Tanea (o + Foiip) ik + foat) (Fnoih + fuk)

hkrp hkrp
(fnr+fns1p)(frk+fng1r)(fn_1h+fnk) (fn—1r+fnp)(fn—1k+far)(Fn_1h+fnk)

hkrp =+ hkrp
(Fn—1r+fup)(Fn-1k+far)(fno1h+fnk)  (Frn17+fnp)(frn—1k+Ffar)(fn_2h+fn_1k)

hkrp
(far + fat10) (fnk + fot1r) (fn—1h + fok)

hkrp 1
(Far+fns1p)(Fnk+Fng1r)(Fn_1h+fnk) fro1h + fuk
N 1 1

(fnflh + fnk) + (fn72h + fnflk)

hkrp
(.fnr + fn+1p) (fnk —+ fn+17') (fnflhz + fnk)
hkrp
((fnr + fus1P) (uk + Fuiar) (Fnih + fnk')) (n o2t Jnth)
Jn—2h+ fno1k + fa—1h + frk

_ hkrp (1_ fn—2h+fn—1k>
(far + fos1p) (fak + fas17) (fa—1h + fuk) fab + friik

B hkrp fn—1h + fuk

— (far 4 fas1p) (fak + fasar) (fa—1h + fak) (fnh + fn+1k> '
Therefore

- hkrp '
(far + fas1p) (fnk + frsar) (fah + friak)
Also, from Eq.(10), we see that
Soms1 = wem — T3nL3n—_2 _ hkrp
ZT3n—2 + T3n-3 (fur + fa41p) (fuk + fros17) (fah + fri1k)
hkrp 1
_ (fnar + friap) (fuk -1F fri17) (fnh + f1n+1k) (far + fni1p)

(far + fat1p) * (fa—17+ fup)

— hkrp 1— (fn,—lr+fnp)
(Fnrtfug1p) (FnktFng1r) (Fnh+ Fosik) (fn—17+fnp)+(fnr+fnsip)

_ hkrp (1 _ famr+ fap )
(fnT + fn+1p) (fnk + fnJrlT) (fnh + fnJrlk) Sfrr1r 4 frnaop

_ hkrp (fn+1r+fn+2pffnflrffnp) )
(far + fat1D) (fnk + fot17) (fnh + foi1k) Fnt1rtfniop

Thus
hkrp
(fat17 + fot2p) (fok + fr17) (fah + foi1k) .

L3n+1 —
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Also,
Tanio A T3n+1T3n—1 _ hk’f’p
Tan—1+ Tan—2  (fas17 + fag2p) (fuk + fosar) (fuh + fasik)
hkrp 1
_ (fat17 + fot2p) (fnk1+ fn+17") (fnh +1fn+lk3) (fnk + fn+17")
Gkt Farir) ik four)
_ hkrp (1 B (fr—1k 4 fur) )
(fn+17" + fn+2p) (fnk + fn+17") (fnh + fn-‘rlk) (fn—lk + fnr) + (fnk + fn+17")
_ hkrp <1 _ facik+ far ) .
(frn+17 + fos2p) (frk + fos17) (fah + friik) fri1k + fagar
Therefore
s = hkrp .
(fat1r + fov2p) (fat1k + fator) (fuh + foi1k)
Hence, the proof is completed. |

Fig. 6 shows the solution of Eq. (10) when x_3 =5, z_2 =8, x—1 =4, o = 9.

plot of x(n+1)= x(n)=(x(n)*x(n-2))/(x(n-2)+x(n-3))

0 2 4 6 8 10 12 14 16 18 20

FIGURE 6

5.4. Fourth Case. In this section we study the following special case of Eq.(1)
TnTn—

(11)  Tppr = a0 — —
ITn—2 — Tn-3

where the initial conditions x_3, £_2, x_1, o are arbitrary non zero real numbers.with

Tr—3 75 xr—2 7é Xr—1 7& Zo.

5.4. Theorem. Let {z,}ne_3 be a solution of Eq.(11). Then every solution of Eq.(11)
is periodic with period 18. Moreover {x, }ne_3 takes the form

hp hpr hprk
7T’k7h7 b b b
b @—1) (1) —k) (- —k)(k—h)
—hpk hp ik —h, P —hpr
r—k)k—h) (k—h) 7 7 77 T (p—-r) (p—-r)r—k) [’
(r —k)( 7h;m(€ ) ok ( 7}”3 (p—r)(r—Fk)

(p_?“)(?"—k)(k—h)7 (T—k)(k—h)’ (k_h),p,r,k,h,...
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or,
h
Tign—3 = P, Ti8n—-2 =T, Tign—1 = K, Tign = N, Tisnt1 = ( _pr)7
- hpr - hprk
18n42 = T~ v, T18n+43 = )
i (p—r)(r—k) P p—r)(r—k)(k—h)
. B —hpk . _ hp . o
18n+d4 = 7(7‘ “ Wk —h)’ 18n+5 = 7(k L 18n+6 = —D,
—h,
Tign+7 = —Ty, T18n48 — —k, T18n+9 = —h, T18n+10 = 71),
(p—r)
- —hpr - —hprk
18n4+11 = T, ) Tl8ntl12 = )
i (p—r)(r—k) " (p—r)(r—k)(k—h)
. B —hpk . _ —hp
18n+13 = 7(7" “ Wk —h)’ 18n+14 = 7([4: —hy
where z_3 =p, o =71, x_1 =k, ©o = h.
Proof. The proof is left to the reader. O

Fig. 7 shows the solution of Eq.(11) when z_3 = 6, x—2 = 3, x—1 =7, o = 9 and
Fig. 8 shows the solution when z_3 = =9, x_2 =6, z_; = —5, xo = 8.

plot of x(n+1)= x(n)~(x(n)*x(n-2)/(x(n-2)~x(n-3)) x10° plot of x(n+1)= x(n)+(x(n)x(n-2))/(x(n-2)-x(n-3))

T T 1

x(n)
o

=15

x(n)

" "
0 10 20

" " " L L L L L L L L
30 40 50 60 0 2 4 6 8 10 12 14 16
n n

FIGURE 7 FIGURE 8

5.5. Fifth Case. In this section we obtain the periodic solution of the following special

case of Eq.(1)

(12) Tn+1 = Tn +

Tnln—2

)
Tp_2 — 2Tp_3

where the initial conditions z_3, x_2, x_1, xo are positive.

5.5. Theorem. Let {z,}n=_3 be a solution of Eq.(12). If t_3 =7, x_2 = 2, ©_1

9, ©o = 6. Then the solution of Eq.(12) is periodic with period 6 and {xn}er_3 =
{7,2,9,6,5,14,7,2,9,6,5,...} . See Fig. 9.
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plot of x(n+1)= ax(n)+(bx(n)*x(n-2))/(cx(n-2)+dx(n-3))

0 2 4 6 8 10 12 14 16 18 20
n

FIGURE 9

5.6. Lemma. Let x_3=2,x_2 =09, z_1 =6, o = 5. Then the solution of Eq.(12) is
periodic with period 6 and {xn}ne_3 =1{2,9,6,5,14,7,2,9,6,5,14,...} .

5.7. Lemma. Ifz_3=9,2_2 =2, z_1 =5, zo = 3. Then the solution of Eq.(12) is
periodic with period 6 and {xn}ne_3 = {9, 2,5,3, %1, %, 9,2,5,3, }

Conclusion. This paper discussed about boundedness, global stability and the so-
lutions of some special cases of Eq. (1). In Section 2 we proved when b(c + 3d) <
(1—a)(c+d)?, Eq. (1) local stability. In Section 3 we showed that when ¢(1 —a) # b the
unique equilibrium of Eq. (1) is globally asymptotically stable. In Section 4 we proved

. b . . .
that every solution is bounded if (a + —) < 1. In Section 5 we have given the solutions
c

of some special cases of Eq. (1) and given a numerical examples of each case.
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