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Abstract

In this paper, we introduce a new class of meromorphic harmonic
starlike functions with missing coefficients in the punctured unit disk
U∗ = {z : 0 < |z| < 1}. We obtain coefficient inequalities, a distor-
tion theorem and a closure theorem. In addition, we investigate some
properties of this class.
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1. Introduction

A continuous function f = u+ iv is a complex valued harmonic function in a complex
domain D if both u and v are real harmonic in D. In any simply connected domain
D ⊂ C we can write f = h+ḡ, where h and g are analytic in D. A necessary and sufficient
condition for f to be locally univalent and sense preserving in D is that |h′(z)| > |g′(z)|
in D (see [3]). In [5], Hengartner and Schober investigated functions harmonic in the

exterior of the unit disc Ũ = {z : |z| > 1}. They showed that complex valued, harmonic,
sense preserving, univalent mapping f must admit the representation

f(z) = h(z) + g(z) + A log |z|

where

h(z) = αz +

∞
∑

k=1

ak z−k and g(z) = βz +

∞
∑

k=1

bk z−k,
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0 ≤ |β| < |α|, A ∈ C. Also, Jahangiri and Silverman [11], Jahangiri [7] and Murugusun-
daramoorthy [9, 10] have studied classes of meromorphic harmonic functions.

Let MHp denote the class of functions harmonic, univalent, sense-preserving and
meromorphic in U∗ = {z : 0 < |z| < 1} and which have the representation

(1.1) f(z) = h(z) + g(z) =
a−1

z
+

∞
∑

k=1

ap+k zp+k +

∞
∑

k=1

bp+k zp+k,

where a−1 6= 0, p ∈ N = {1, 2, . . .}.

Notice that, if we take p = 0, then we are not missing any coefficients. Also, if we
substitute p = 0 and a−1 = 1 in the above representation (1.1), then we have

(1.2) f(z) = h(z) + g(z) =
1

z
+

∞
∑

k=1

ak zk +
∞
∑

k=1

bk zk,

therefore f ∈ MH. The class MH is defined and some subclasses are studied by Bostanci
et. al. in [2]. Otherwise, if we define the composite function w(z) = f(1/z), then w(z)

is a harmonic, sense preserving, univalent mapping in Ũ and w ∈ Σ′′. This class Σ′′ is
investigated by Hengartner and Schober in [5].

A function f(z) ∈ MHp is said to be in the subclass MHS∗
p(α) of meromorphic

harmonic α-starlike functions in U∗ if it satisfies the condition

(1.3) ℜ

{

−
zh′(z) − zg′(z)

h(z) + g(z)

}

> α,

where 0 ≤ α < 1. If α = 0 then this class is called the class of meromorphic harmonic
starlike functions. We denote the meromorphic harmonic starlike functions by MHS∗.
This classification (1.3) for harmonic univalent functions was first used by Jahangiri [6].

The class of meromorphic functions has been studied by various authors, includ-
ing Joshi and Sangle [7], Darwish [5], Uraleggaddi and Somanatha [12], and Aouf and
Hossen[4]. In this paper, we define a new operator H for meromorphic harmonic func-

tions. Also, we define the classes MHn
p (α) and MH

n

p (α). Then, we investigate some
properties of these classes, such as coefficient estimates and a distortion theorem.

We define the new operator H for harmonic functions as follows:

H0f(z) = f(z), H1f(z) = Hf(z) =
(z2h(z))′

z
− z3

(

g(z)

z2

)′

,

and for n = 2, . . .,

Hnf(z) = H(Hn−1f(z)).

Hence, we obtain for n = 0, 1, . . .,

Hnf(z) =
a−1

z
+

∞
∑

k=1

(p + k + 2)nap+kzp+k + (−1)n

∞
∑

k=1

(p + k − 2)nbp+kzp+k.

Using the operator H , we now make the following definition:

For 0 ≤ α < 1, n ∈ N0 = N ∪ {0}, MHn
p (α) denotes the class consisting of those

functions in MHp satisfying

(1.4) ℜ

{

Hn+1f(z)

Hnf(z)
− 2

}

< −α

for z ∈ U∗.
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Also, let MH
n

p (α) be the subclass of MHn
p (α) which consisting of meromorphic har-

monic functions of the form

(1.5) fn(z) = h(z) + (−1)ng(z) =
a−1

z
+

∞
∑

k=1

ap+kzp+k + (−1)n

∞
∑

k=1

bp+k zp+k

where a−1 > 0, ap+k ≥ 0, bp+k ≥ 0, p ∈ N.

2. Some results for the class MHp

2.1. Theorem. If f ∈ MHp, then the diameter Df of C \ f(U∗) satisfies

Df ≥ 2|a−1|.

This estimate is sharp for f(z) = a−1z
−1.

Proof. Let Df (r) be the diameter of f(|z| = r), 0 < r < 1, and let D∗
f (r) = max|z|=r |f(z)−

f(−z)|. Then Df (r) ց Df as r → 1 and Df (r) ≥ D∗
f (r). Since

[D∗
f (r)]2 ≥

1

2π

∫ 2π

0

|f(reiθ) − f(re−iθ)|2dθ

=















4

[

|a−1|
2

r2 +
∞
∑

k=1

(

|ap+2k−1|
2 + |bp+2k−1|

2
)

r2(p+2k−1)

]

, p is odd

4

[

|a−1|
2

r2
+

∞
∑

k=1

(

|ap+2k|
2 + |bp+2k|

2
)

r2(p+2k)

]

, p is even

≥ 4|a−1|
2r−2,

we conclude that Df ≥ 2|a−1|. �

2.2. Corollary. If we substitute p = 0, a−1 = 1 and w(z) = f(1/z) in the above theorem,
then we have w ∈ Σ′′ and

Dw ≥ 2|1 + b1|. �

2.3. Theorem. If f ∈ MHp has expansion (1.1) then

∞
∑

k=1

(p + k)(|ap+k|
2 − |bp+k|

2) ≤ |a−1|
2.

Equality occurs if and only if C \ f(U∗) has zero area.

Proof. The area of the omitted set is

lim
r→1

1

2i

∫

|z|=r

f̄df = lim
r→1

[

1

2i

∫

|z|=r

h̄h′dz +
1

2i

∫

|z|=r

gg′dz̄

]

= π

[

−|a−1|
2 +

∞
∑

k=1

(p + k)(|ap+k|
2 − |bp+k|

2)

]

≤ 0.

�

2.4. Corollary. If we substitute p = 0, a−1 = 1 and w(z) = f(1/z) in the above theorem,
then we have w ∈ Σ′′ and

∞
∑

k=1

k(|ak|
2 − |bk|

2) ≤ 1 + 2ℜb1. �
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3. Coefficient inequalities

3.1. Theorem. If f(z) = h(z) + g(z) is of the form (1.1) and the condition

(3.1)

∞
∑

k=1

[(p + k + 2)n(p + k + α) |aP+k| + (p + k − 2)n(p + k − α) |bp+k|] |

≤ (1 − α)|a−1|

is satisfied then f(z) ∈ MHn
p (α).

Proof. Set

p(z) =







−
Hn+1f(z)

Hnf(z)
+ 2 − α, z 6= 0,

1 − α, z = 0.

We must show that if the conditation (3.1) is satisfied then f(z) ∈ MHn
p (α). Therefore,

it is sufficient to show that p(z) is in the class PH which is the class of harmonic functions
with positive real part, or equivalently prove that

(3.2) |p(z) + 1| > |p(z) − 1|, z ∈ U.

From (7) we obtain, for z ∈ U∗,

(3.3)

∣

∣−Hn+1f(z) + (2 − α + 1)Hnf(z)
∣

∣

|Hnf(z)|
>

∣

∣−Hn+1f(z) + (2 − α − 1)Hnf(z)
∣

∣

|Hnf(z)|
.

Since,

(3.4)

∣

∣−Hn+1f(z) + (2 − α + 1)Hnf(z)
∣

∣

=

∣

∣

∣

∣

∣

(α − 2)a−1

z
+

∞
∑

k=1

(p + k + 2)n(p + k + α − 1)ap+k zp+k

+(−1)n

∞
∑

k=1

(p + k − 2)n(p + k + 1 − α)b̄p+k z̄p+k

∣

∣

∣

∣

∣

≥
(2 − α)|a−1|

|z|
−

∞
∑

k=1

(p + k + 2)n(p + k + α − 1)|ap+k|| z|
p+k

−
∞
∑

k=1

(p + k − 2)n(p + k + 1 − α)|̄bp+k|| z̄|
p+k

> |a−1| +
∞
∑

k=1

(p + k + 2)n|ap+k| −
∞
∑

k=1

(p + k − 2)n|bp+k|,
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and

(3.5)

∣

∣−Hn+1f(z) + (2 − α − 1)Hnf(z)
∣

∣

=

∣

∣

∣

∣

∣

αa−1

z
+

∞
∑

k=1

(p + k + 2)n(p + k + α + 1)ap+k zp+k

+ (−1)n

∞
∑

k=1

(p + k − 2)n(p + k − 1 − α)b̄p+k z̄p+k

∣

∣

∣

∣

∣

≤
α|a−1|

|z|
+

∞
∑

k=1

(p + k + 2)n(p + k + α + 1)|ap+k|| z|
p+k

+

∞
∑

k=1

(p + k − 2)n(p + k − 1 − α)|̄bp+k|| z̄|
p+k

< |a−1| +
∞
∑

k=1

(p + k + 2)n|ap+k| −
∞
∑

k=1

(p + k − 2)n|bp+k|,

we see that inequality (3.1) holds in U∗ by (3.4) and (3.5). The case z = 0 is trivial.
Hence p(z) ∈ PH. So the proof of Theorem 3.1 is complete. �

3.2. Corollary. If we substitute p = 0, n = 0, α = 0 and a−1 = 1 in the above theorem,
then we have

∑∞
k=1 k(|ak| + |bk|) ≤ 1 and f ∈ MHS∗, therefore f harmonic starlike in

U∗ [2, page 373, Theorem 2.1].

3.3. Theorem. Let the function fn(z) to be defined by (1.5). A necessary and sufficient

condition for fn(z) ∈ MH
n

p (α) is that

(3.6)

∞
∑

k=1

[(p + k + 2)n(p + k + α)ap+k + (p + k − 2)n(p + k − α)bp+k] ≤ (1 − α)a−1.

The estimate (3.6) is sharp and the equality is attained for the function

f(z) =
a−1

z
+

(1 − α)a−1

(p + k + 2)n(p + k + α)
zp+k −

(1 − α)a−1

(p + k − 2)n(p + k − α)
z̄p+k.

Proof. In view of Theorem 3.1, it is sufficient to prove the ”only if” part, since MH
n

p (α) ⊂

MHn
p (α). Assume that fn(z) ∈ MH

n

p (α). Let z be a complex number. If ℜ(z) > 0 then
ℜ(1/z) > 0. Thus from (1.4) we obtain

ℜ

{

−
Hn+1f(z)

Hnf(z)
+ (2 − α)

}

> 0

and

0 < ℜ

{

Hnf(z)

−Hn+1f(z) + (2 − α)Hnf(z)

}

≤

∣

∣

∣

∣

Hnf(z)

−Hn+1f(z) + (2 − α)Hnf(z)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

a−1 +
∞
∑

k=1

(p + k + 2)nap+k zp+k+1 + |z|2
∞
∑

k=1

(p + k − 2)nbp+k z̄p+k−1

D

∣

∣

∣

∣

∣

,
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where

D = (1 − α)a−1 −
∞
∑

k=1

(p + k + 2)n(p + k + α)ap+k zp+k+1

+ |z|2
∞
∑

k=1

(p + k − 2)n(p + k − α)bp+k z̄n+k−1.

Hence

(3.7)

0 ≤

a−1 +
∞
∑

k=1

(p + k + 2)nap+k +
∞
∑

k=1

(p + k − 2)nbp+k

(1 − α)a−1 −
∞
∑

k=1

(p + k + 2)n(p + k + α)ap+k −
∞
∑

k=1

(p + k − 2)n(p + k − α)bp+k

.

From (3.7), we must have

∞
∑

k=1

[(p + k + 2)n(p + k + α)ap+k + (p + k − 2)n(p + k − α)bp+k] ≤ (1 − α)a−1.

Hence, the proof is completed. �

3.4. Theorem. Let 0 ≤ α1 ≤ α2 < 1, p ∈ N and n ∈ N0. Then MH
n

p (α2) ⊂ MH
n

p (α1).

Proof. Let the function fn(z) defined by (1.5) be in the class MH
n

p (α2) and let α1 =
α2 − δ. Then, by Theorem 3.3, we have

∞
∑

k=1

(p+k+2)n(p+k+α2)ap+k +(−1)n(p+k−2)n(p+k−α2)bp+k ≤ (1−α2)a−1

and
∞
∑

k=1

(p + k + 2)n(p + k + α2)ap+k + (−1)n(p + k − 2)n(p + k − α2)bp+k

≤
(1 − α2)a−1

p + 1 − α2

≤ a−1.

Consequently,

∞
∑

k=1

(p + k + 2)n(p + k + α1)ap+k + (−1)n(p + k − 2)n(p + k − α1)bp+k

=
∞
∑

k=1

(p + k + 2)n(p + k + α2)ap+k + (−1)n(p + k − 2)n(p + k − α2)bp+k

+ δ

(

∞
∑

k=1

(−1)n(p + k − 2)nbp+k + (p + k + 2)nap+k

)

≤ (1 − α2)a−1.

�

3.5. Theorem. Let 0 ≤ α < 1, p ∈ N and n ∈ N0. Then MH
n+1
p (α) ⊂ MH

n

p (α).

Proof. The proof of Theorem 3.5 also follows from Theorem 3.3. �
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4. Distortion theorem

4.1. Theorem. Let the function fn(z) be in the class MH
n

p (α). Then, for 0 < |z| =
r < 1, we have

(4.1)
a−1

r
−

(1 − α)a−1

(p − 1)n(p + 1 − α)
r1+p ≤ |fn(z)| ≤

a−1

r
+

(1 − α)a−1

(p − 1)n(p + 1 − α)
r1+p

where equalities hold for the functions

f(z) =
a−1

z
±

(1 − α)a−1

(p − 1)n(p + 1 − α)
z, z = r

Proof. In view of Theorem 3.3, for 0 < |z| = r < 1,

|fn(z)| =

∣

∣

∣

∣

a−1

z
+

∞
∑

k=1

ap+k zp+k + (−1)n

∞
∑

k=1

bp+k zp+k

∣

∣

∣

∣

≤
a−1

r
+ r1+p

∞
∑

k=1

(ap+k + bp+k )

≤
a−1

r
+

r1+p

(p − 1)n(p + 1 − α)

∞
∑

k=1

(p − 1)n(p + 1 − α)(ap+k + bp+k )

≤
a−1

r
+

r1+p

(p − 1)n(p + 1 − α)

×

∞
∑

k=1

[(p + k + 2)n(p + k + α)ap+k + (p + k − 2)n(p + k − α)bp+k ]

≤
a−1

r
+

(1 − α)a−1

(p − 1)n(p + 1 − α)
r1+p

and

|fn(z)| =

∣

∣

∣

∣

a−1

z
+

∞
∑

k=1

ap+k zp+k + (−1)n

∞
∑

k=1

bp+k zp+k

∣

∣

∣

∣

≥
a−1

r
− r1+p

∞
∑

k=1

(ap+k + bp+k )

≥
a−1

r
−

r1+p

(p − 1)n(p + 1 − α)

∞
∑

k=1

(p − 1)n(p + 1 − α)(ap+k + bp+k )

≥
a−1

r
−

r1+p

(p − 1)n(p + 1 − α)

×
∞
∑

k=1

[(p + k + 2)n(p + k + α)ap+k + (p + k − 2)n(p + k − α)bp+k ]

≥
a−1

r
−

(1 − α)a−1

(p − 1)n(p + 1 − α)
r1+p.

Thus, inequality (4.1) is obtained. �

5. Closure theorem

Let the function fn,j(z) be defined by

(5.1) fn,j(z) =
a−1,j

z
+

∞
∑

k=1

ap+k,jz
p+k + (−1)n

∞
∑

k=1

bp+k, jzp+k, j = 1, 2, . . . , m,
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for z ∈ U∗.

Now we shall prove the following result for the closure of such a function in the class
MH

n

p (α).

5.1. Theorem. Let the function defined by (5.1) be in the class MH
n

p (α). Then the
function Fn(z) defined by

Fn(z) =
c−1

z
+

∞
∑

k=1

rp+kzp+k + (−1)n

∞
∑

k=1

sp+kzp+k

is a member of the class MH
n

p (α), where

c−1 =
1

m

m
∑

j=1

a−1,j , rp+k =
1

m

m
∑

j=1

ap+k,j and sp+k =
1

m

m
∑

j=1

bp+k,j .

Proof. Since fn,j(z) ∈ MH
n

p (α), it follows from Theorem 3.3 that

∞
∑

k=1

[(p + k + 2)n(p + k + α)ap+k,j + (p + k − 2)n(p + k − α)bp+k,j ] ≤ (1−α)a−1,j .

Hence,

∞
∑

k=1

[(p + k + 2)n(p + k + α)rP+k + (p + k − 2)n(p + k − α)sp+k]

=
1

m

m
∑

j=1

[

∞
∑

k=1

[(p + k + 2)n(p + k + α)ap+k,j + (p + k − 2)n(p + k − α)bp+k,j ]

]

≤ (1 − α)
1

m

m
∑

j=1

a−1,j

= (1 − α)c−1,

which implies that Fn(z) ∈ MH
n

p (α). �

5.2. Theorem. The class MH
n

p (α) is a convex set.

Proof. Let the function fn,j(z) (j = 1, 2) defined by (5.1) be in the class MH
n

p (α). It is
sufficient to prove that the function

H(z) = λfn,1(z) + (1 − λ)fn,2(z), 0 ≤ λ ≤ 1,

is also in the class MH
n

p (α). Since, for 0 ≤ λ ≤ 1,

H(z) =
λa−1,1 + (1 − λ)a−1,2

z
+

∞
∑

k=1

[λap+k,1 + (1 − λ)ap+k,2] z
p+k

+ (−1)n

∞
∑

k=1

[λbp+k,1 + (1 − λ)bp+k,2]zp+k,
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with the aid of Theorem 3.3, we have

∞
∑

k=1

{(p + k + 2)n(p + k + α)[λap+k,1 + (1 − λ)ap+k,2]

+(p + k − 2)n(p + k − α)[λbp+k,1 + (1 − λ)bp+k,2]}

= λ
∞
∑

k=1

[(p + k + 2)n(p + k + α)ap+k,1 + (p + k − 2)n(p + k − α)bp+k,1]

+ (1 − λ)

∞
∑

k=1

[(p + k + 2)n(p + k + α)ap+k,2 + (p + k − 2)n(p + k − α)bp+k,2]

≤ (1 − α) {λa−1,1 + (1 − λ)a−1,2} .

Hence H(z) ∈ MH
n

p (α). This completes the proof of Theorem 5.2. �

5.3. Theorem. Let, for p ≥ 2 and z ∈ U∗,

hp(z) = gp(z) =
a−1

z
,

hp+k(z) =
a−1

z
+

(1 − α)a−1

(p + k + 2)n(p + k + α)
zp+k, and,

gp+k(z) =
a−1

z
+

(−1)n(1 − α)a−1

(p + k − 2)n(p + k − α)
z̄p+k.

Then fn(z) ∈ MH
n

p (α) if and only if it can be expressed in the form

fn(z) =
∞
∑

k=0

[xp+khp+k(z) + yp+kgp+k(z)] ,

where

xp+k ≥ 0, yp+k ≥ 0, and

∞
∑

k=0

(xp+k + yp+k) = 1.

Proof. Let fn(z) =
∑∞

k=0 [xp+khp+k(z) + yp+kgp+k(z)], with

xp+k ≥ 0, yp+k ≥ 0 and
∞
∑

k=0

(xp+k + yp+k) = 1.

Then, we have

fn(z) =
∞
∑

k=0

[xp+khp+k(z) + yp+kgp+k(z)]

= xphp(z) + ypgp(z) +

∞
∑

k=1

(xp+k + yp+k)
a−1

z

+

∞
∑

k=1

(1 − α)a−1xp+k

(p + k + 2)n(p + k + α)
zp+k +

∞
∑

k=1

(−1)n(1 − α)a−1yp+k

(p + k − 2)n(p + k − α)
z̄p+k

=
∞
∑

k=0

(xp+k + yp+k)
a−1

z
+

∞
∑

k=1

(1 − α)a−1xp+k

(p + k + 2)n(p + k + α)
zp+k

+
∞
∑

k=1

(−1)n(1 − α)a−1yp+k

(p + k − 2)n(p + k − α)
z̄p+k.
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Since
∞
∑

k=1

[

(p + k + 2)n(p + k + α)
(1 − α)a−1xp+k

(p + k + 2)n(p + k + α)

+(p + k − 2)n(p + k − α)
(1 − α)a−1yp+k

(p + k − 2)n(p + k − α)

]

= (1 − α)a−1

∞
∑

k=1

(xp+k + yp+k) ≤ (1 − α)a−1,

by Theorem 3.3, fn(z) ∈ MH
n

p (α).

Conversely, we suppose that fn(z) ∈ MH
n

p (α) and

ap+k =
(1 − α)a−1xp+k

(p + k + 2)n(p + k + α)
, bp+k =

(1 − α)a−1yp+k

(p + k − 2)n(p + k − α)

for k = 1, 2, . . .. Hence, we obtain

fn(z) = h(z) + (−1)ng(z) =
a−1

z
+

∞
∑

k=1

ap+kzp+k + (−1)n

∞
∑

k=1

bp+kzp+k

=
a−1

z
+

∞
∑

k=1

(1 − α)a−1xp+k

(p + k + 2)n(p + k + α)
zp+k

+

∞
∑

k=1

(1 − α)a−1yp+k

(p + k − 2)n(p + k − α)
z̄p+k

=
∞
∑

k=0

(xp+k + yp+k)
a−1

z
+

∞
∑

k=1

(1 − α)a−1xp+k

(p + k + 2)n(p + k + α)
zp+k

+
∞
∑

k=1

(−1)n(1 − α)a−1yp+k

(p + k − 2)n(p + k − α)
z̄p+k

=
a−1

z
xp +

a−1

z
yp +

∞
∑

k=1

(

a−1

z
+

(1 − α)a−1

(p + k + 2)n(p + k + α)

)

xp+kzp+k

+

∞
∑

k=1

(

a−1

z
+

(−1)n(1 − α)a−1

(p + k − 2)n(p + k − α)

)

yp+kz̄p+k

=
∞
∑

k=0

[xp+khp+k(z) + yp+kgp+k(z)] .

This completes the proof of Theorem 5.3. �
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