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Abstract

In this paper, we introduce a new class of meromorphic harmonic
starlike functions with missing coefficients in the punctured unit disk
U* ={z:0 < |z] < 1}. We obtain coefficient inequalities, a distor-
tion theorem and a closure theorem. In addition, we investigate some
properties of this class.
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1. Introduction

A continuous function f = w4+ iv is a complex valued harmonic function in a complex
domain D if both u and v are real harmonic in D. In any simply connected domain
D C C we can write f = h+g, where h and g are analytic in D. A necessary and sufficient
condition for f to be locally univalent and sense preserving in D is that |h'(2)| > |¢'(2)]
in D (see [3]). In [5], Hengartner and Schober investigated functions harmonic in the
exterior of the unit disc U = {z : |z| > 1}. They showed that complex valued, harmonic,
sense preserving, univalent mapping f must admit the representation

f(2) = h(z) + g(2) + Alog 2|

where
h(z) :az+zakz and g(z):ﬁz—i—Zbszh
k=1 k=1
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0<|B] < lal, A€ C. Also, Jahangiri and Silverman [11], Jahangiri [7] and Murugusun-
daramoorthy [9, 10] have studied classes of meromorphic harmonic functions.

Let M H, denote the class of functions harmonic, univalent, sense-preserving and
meromorphic in U* = {z: 0 < |z| < 1} and which have the representation

oo oo
— a—1 .
(11 fz) =hz) +9(z) = — ) a2 4D by g 2P R,
k=1 k=1
where a_1 20, pe N={1,2,...}.
Notice that, if we take p = 0, then we are not missing any coefficients. Also, if we
substitute p = 0 and a—1 = 1 in the above representation (1.1), then we have

(1) f(2) =h(z)+ 303 = 1 + Y a2+ 3 bish,

therefore f € M H. The class M H is defined and some subclasses are studied by Bostanci
et. al. in [2]. Otherwise, if we define the composite function w(z) = f(1/z), then w(z)
is a harmonic, sense preserving, univalent mapping in U and w € ¥”. This class & is
investigated by Hengartner and Schober in [5].

A function f(z) € MH, is said to be in the subclass MHS;(a) of meromorphic
harmonic a-starlike functions in U™ if it satisfies the condition

h(z) + g(2)

where 0 < a < 1. If @ = 0 then this class is called the class of meromorphic harmonic
starlike functions. We denote the meromorphic harmonic starlike functions by M HS™.
This classification (1.3) for harmonic univalent functions was first used by Jahangiri [6].

The class of meromorphic functions has been studied by various authors, includ-
ing Joshi and Sangle [7], Darwish [5], Uraleggaddi and Somanatha [12], and Aouf and
Hossen[4]. In this paper, we define a new operator H for meromorphic harmonic func-
tions. Also, we define the classes M HJ(«) and MH, (). Then, we investigate some
properties of these classes, such as coefficient estimates and a distortion theorem.

We define the new operator H for harmonic functions as follows:
2 / /
Hf(2) = f(2). H'f(2) = Hf(2) = M - (M) ’
and forn =2,...,
H"f(z) = H(H" " f(2)).

Hence, we obtain for n =0,1,.. .,

)

H'f(2) = —+ Y (p+k+2) apsz""" + (-1)"

k=1

N

(p+k —2)"bpyrzPtk.

™
Il

1
Using the operator H, we now make the following definition:

For 0 < a < 1,n € Ng = NU {0}, MH,(a) denotes the class consisting of those
functions in M H), satisfying

H" W f(z) } _
(1.4) §R{ ) 2 < —a
for z € U™.
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Also, let MH, () be the subclass of M H}' () which consisting of meromorphic har-
monic functions of the form

(15)  fal2) = h(2) + (190 = 2+ D apas? o+ (<)Y by 2t
k=1 k=1

where a_1 > 0,ap4x > 0, bppr >0, p € N.

2. Some results for the class M H,
2.1. Theorem. If f € M H,, then the diameter Dy of C\ f(U") satisfies
Df 2 2|a,1|.

This estimate is sharp for f(z) = a—12"".

Proof. Let Dy(r) be the diameter of f(|z| =), 0 <r < 1,andlet D}(r) = max;—, | f(z)—
f(=2)|. Then Ds(r) \ Dy as r — 1 and Dy(r) > D}(r). Since

* L[ i0 —if
(D} (r)]? > o |f(re’) — f(re™")[*do
T Jo
la_1]® | < 2 2\ . 2(p+2k—1) .
415+ Y (laproar—1]* + |bpran—1?) 7 , pisodd
_ k=1
- a 2 e o .
4 P ;21‘ + 3 (laptak® + [bprak]?) 7’2(7’”]‘)} , p is even
k=1
> dla_q)?r 2,
we conclude that Dy > 2|a—1]. O

2.2. Corollary. If we substitute p =0, a—1 =1 andw(z) = f(1/z) in the above theorem,
then we have w € ¥ and

Dy > 2|1+ by O
2.3. Theorem. If f € MH, has expansion (1.1) then

> @+ k) (lapril* = bpral?) < la-1f’.

k=1

Equality occurs if and only if C\ f(U*) has zero area.

Proof. The area of the omitted set is
Jim — / fdf = lim 1 / hh'dz + 1 g'dz
DT Sl B 2 ).

=7 {—Iall2 + 3 (k) (laprel” — Ibp+k|2)}
k=1
<0.

O

2.4. Corollary. If we substitute p =0, a—1 =1 andw(z) = f(1/z) in the above theorem,
then we have w € X" and

> klasl® = bel’) < 1+ 201, 5
k=1
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3. Coefficient inequalities

3.1. Theorem. If f(z) = h(z) + g(z) is of the form (1.1) and the condition

5.1) Sllp+k+2)"(p+k+a)lapikl+@+k—2)"(p+k—a)|bysxll|
: k=1

< (1 -a)la-]

is satisfied then f(z) € MHp ().

Proof. Set
H"" f(2)
pe)={ I T AT
1—q, z=0.

We must show that if the conditation (3.1) is satisfied then f(z) € M H, (a). Therefore,
it is sufficient to show that p(z) is in the class PH which is the class of harmonic functions
with positive real part, or equivalently prove that

(3.2) p(z) + 1| > |p(z) = 1], z € U.

From (7) we obtain, for z € U™,

LTI Qoo DEE) [ ) + 0 —a— D)
| Epe)] o]
Since,
[~ () + @2t DHSG)|
= % +kzzl(p+k+2)"(p+k+a — Dapyp 2PF
HED"Y k=2 " (p+k+1— )by 2
k=1
3.4 — s
o > Bl = S kot 20+ b = Dlagal |l
k=1

> (p+k=2)"(p+k+1—a)lbpsrl 2"
=1

>laa]l+ > (p+k+2)"apis] — > (0+k —2)"[bprxl,

k=1 k=1
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and
|-H" " f(z)+ (2—a—1)H" f(2)|
= |+ 0+ k2 ok adt Dager 2t
k=1
+ (D" (p+k—2)"(p+k—1—a)bpx 2"
k=1
(3.5) _ > .
<l S k2 @+ kot Dlapl o
k=1
3 o+ k=2 (= 1 — @)yl |27
k=1
<laal+ > (0 +k+2)"apis]l — > (0 + k= 2)"[bprxl,
k=1 k=1

we see that inequality (3.1) holds in U* by (3.4) and (3.5). The case z = 0 is trivial.
Hence p(z) € PH. So the proof of Theorem 3.1 is complete. ]

3.2. Corollary. If we substitute p =0, n =0, a« =0 and a—1 = 1 in the above theorem,
then we have Y 72, k(|lak| + |bk|) < 1 and f € MHS*, therefore f harmonic starlike in
U™ [2, page 373, Theorem 2.1].

3.3. Theorem. Let the function fn(z) to be defined by (1.5). A necessary and sufficient
condition for f,(2) € MH, () is that

oo

(3.6) (p+E+2)"(p+k+a)apir+ (p+k—2)"(p+k—a)bpx] < (1-a)a-r.
k=1

The estimate (3.6) is sharp and the equality is attained for the function

_ 01 (I-aa ptk (I-a)a Sp+k
&)=+ o rs it a)” ptk—2"(ptk—a)

Proof. In view of Theorem 3.1, it is sufficient to prove the ”only if” part, since MH:(a) -

MH? (). Assume that f,(z) € MH,(a). Let z be a complex number. If () > 0 then
R(1/z) > 0. Thus from (1.4) we obtain

%{—w+(2—a)}>0

H"f(z)
and
H"f(z)
0< 3‘3{ “HF(z) + (2 — a)H"f(Z)}
H"f(z)

= ‘ “HT() 2 - ) H (2

s oo
a1+ Y. (p4+k+2)"apir 22T+ 22 X (0 b — 2)"bpqp 22T
k=1 k=1

D I
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where
D=(1-a)a Zp+k+2 (p+k—+ a)apy 22 TF!
k=1
+ |2 Z(p+ k—2)"(p+k—a)bppz" 0
k=1
Hence
0<
a1+ 3 (P+Ek+2)"apre+ 2 (P+k—2)"bprk
(3.7) =4 =

(I-aJar— Y (p+k+2)"(p+k+)aprr— > (P+Ek—=2)"(p+k — )bpsx
k=1 k=1

From (3.7), we must have

oo

Z (P+k+2)"(P+k+@)aprn+@+k—2)"(p+k—a)byri] < (1-a)ai.
Hence, the proof is completed. (]
3.4. Theorem. Let 0 < a1 < az <1, pe Nandn € Ng. Then MH;(az) C MH;(al).

Proof. Let the function f,(z) defined by (1.5) be in the class MH, (a2) and let a; =
ag — . Then, by Theorem 3.3, we have

D (p+k+2)" (p+k+az)apie+(—1)"(p+k—2)" (p+k—a2)bpir < (1—az)a—
k=1
and
S p+k+2)" (pt+k+as)apix+ ()" (p+k—2)"(p+k— 2)bpik
k=1
(1 — ag)a,1
T p+l—o
S a—1.
Consequently,
dlp+k+2)" (p+k+ar)apr+ ()" (p+k—2)"(p+k— a1)byix
k=1

(P+k+2)"(p+k+az)apin +(=1)"(p+k—2)"(p+k— az)bpir

M

ES
Il

1

+4 (Z(—l)”(p +k—=2)"bpsx + (p+k+ 2)”a,,+k>
k=1
< (1 - ocg)a,l.
O
3.5. Theorem. Let 0 < a <1, p€e N and n € Ng. Then W,'j“(a) c MH,(a).

Proof. The proof of Theorem 3.5 also follows from Theorem 3.3. d
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4. Distortion theorem

4.1. Theorem. Let the function f.(z) be in the class MH,(«). Then, for 0 < |z| =
r <1, we have

a—1 (1—-awa-1 14 a—1 (1-awa-1 1t
4.1 - - P < fa(2)] £ — + r TP
e S s K T ey
where equalities hold for the functions

f(z):Ei (1= jay z, z=7r

z - (p-Drp+l-a)”
Proof. In view of Theorem 3.3, for 0 < |z| =7 < 1,

a_ o0 ) " oo
(@) = =2+ apin 2275+ (1) bpyr2rth
k=1

# k=1
a—1 >
st i kzzl(awk + bptk )
1+p ad
a—1 r n
< —+ -1 +1—a)(aptr +b
=, p—1Dr(p+1-aq) kzzl(p )" (p )(ap+k + bptr)
1+p
< a-1 + r
ro (p-Drpt+1-a)
x> lp+k+2)"(p+k+)apik+ (0+k—2)"(p+k— a)byi]
k=1
a1 (I1-a)a 1+p
<—+ r
ro (p-Drpt+1-a)
and
a_ o0 " oo
|fn(2)] = 71 + Z apri 27T 4 (-1) Z bptk 2PHE
k=1 k=1
a_ oo
2 Tl —ritr Z(ap+k + bp+)
k=1
1+p °
a—1 T n
S —1)"(p+1- +b
2 T e e T e et b)
> E B 7.1+P
ro (p-Drpt+1-a)
XY ((p+E+2)"(p+k+a)aprr+ (p+k—2)"(p+k—a)bpix]
k=1
o (-aas .,
ro (p-Drpt+1-a)
Thus, inequality (4.1) is obtained. |

5. Closure theorem

Let the function f, ;(z) be defined by

oo oo
a—1,5 n g
(5.1) fnj(2) = — + E aP+k,jzp+k +(-1) E bP+k,ij+k7 Jj=12,...,m,
k=1

z
k=1
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for z € U”.

Now we shall prove the following result for the closure of such a function in the class
MH, ().

5.1. Theorem. Let the function defined by (5.1) be in the class MH,(a). Then the
function Fy,(z) defined by

oo oo

C— 7 n .

F(z) = 71 Y R T (1) sy papth
k=1 =

is a member of the class MH, (a), where

m m m
1 1 d 1 b
C-1 = — a—1,5, Tp+k = — Ap+k,j ANA Sp4+k = — k,j-
m ‘El i 'p+ m E p+k,j p+ m ‘El p+k,j
J= J=

=1

Proof. Since fn,;(2) € MH,(«), it follows from Theorem 3.3 that

[(p+k+2)"(p+ k + Q)apins + (p+k—2)"(p+ k = )byiny] < (1—a)acs.

Mg

x>
Il

1

Hence,

[(p+E+2)"(p+k+a)rprr+(p+k—2)"(p+k—a)spi]

M8

x>
Il
-

oo

1 - L n
:EZ Z p+k+2)"(p+k+a)apin; +@+k—2)"(p+k—)bpir,]

<(1-aw Z a—1,;
= (1 - O‘)C*h
which implies that Fy,(z) € MH,, (). O

5.2. Theorem. The class MH,(a) is a conver set.

Proof. Let the function f, ;(2) (j = 1,2) defined by (5.1) be in the class MH, (a). It is
sufficient to prove that the function

H(z) = Mna(2) + (1 = A fa2(2),  0<A<T,
is also in the class MH,, (). Since, for 0 < X < 1,

Aa—11+ (1 —Aa—
z

H(z) = =+ > Paprka + (1= Napir,] 22
k=1

+ (_1)RZ[)‘bP+k,1 + (1= Abpyr2]zrtF,
k=1
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with the aid of Theorem 3.3, we have

DA +E+2)"(p+k+ ) Aapirs + (1= Napir2]
k=1

T +k=2)"(p+k—)Abpir,1 + (1= Nbpik 2]}
)‘Z P+E+2)"(p+E+)aprua+P+k=2)"(p+k — @)bpik]
k=1

oo

A=) [p+k+2"(p+k+a)aprra+ (p+k—2)"(p+k— )byl
k=1

<(A-a){ra-11+ (1 —=Na-1,2}.
Hence H(z) € MH, (). This completes the proof of Theorem 5.2. a

5.3. Theorem. Let, forp > 2 and z € U™,

a_
hp(2) = gp(2) = 71:
a—1 (1-aa-1 Tk
h = — p d
_ —-1)"(1 — _
Gpin(z) = u+ (=1)"( a)a—1 g

z p+k-—2)"(p+k—a)
Then fn(z) € MH”(O() if and only if it can be expressed in the form

fn(z Z [@p+khp+i(2) + Yptrgpr(2)] 5
k=0

where

Ttk 20, Yprk >0, and Y (Tpik + Ypir) = L.
k=0

Proof. Let fn(2) =Y reo [@ptrhpri(2) + Yptrgp+r(2)], with

Tpik >0, Yprk > 0and Y (@prk + Yprr) = 1.
k=0

Then, we have

fn(z) = Z [@p+ehp+x(2) + Yptrgptr(2)]

oo
= xphp(2) + Ypgp(2) + Z (Tptk + Yptr) —
k=1

S (I—a)a1zpik - "1 - )a1Ypik _pik
+ bt z
Zl p+k+2 (p+k—|—a Zl p+k—2 "(p+k—a)
St (1-a)a—1z
— o1 - 1Lp+k pt+k
= Z(%}H@ + yp+k) > -+ Z z

P+k+2)"(p+k+a)

™
i

0

S ‘(I —a)a1ypik ars
+ z
Z:l (p+ k -2)"(p+k—a)
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Since

(I—a)arzpik
(p+k+2)"(p+k+a)

Z{ +Ek+2)"(p+k+a)
k=1
(I—a)a1ypsr

+(p+k—2)n(p+k—a)(p+k_2)n(p+k_a)

oo

=(1—a)a1 Y (Tprr + Ypir) < (1 - @)a-r,
k=1

by Theorem 3.3, f,(2) € MH, ().
Conversely, we suppose that f,(z) € MH, («) and

Qpoy = (I-a)a1zpik - (I-a)a1ypik
T k2t k) T (k=2 (p+ k- )
for k =1,2,.... Hence, we obtain

n_ 7N a— - n S
fn(2) = h(z) + (-1)"g(z) = 71 + ;ap+kzp+k +(=1) ;1 bptrzPtk

oo
_ Z (1-a)a—1Zptk ot
Pt p+k+2 "(p+k+a)
- (1—-a)a—1ypir Pan

P P Ty gy gy

S (I —a)a1zpik p+k
+ z
Z p+k+2 "(p+k+a)

M

(Tptr + yp+k

k=0 =1
1 — Q)A—1Yptk _ptk
+ z
Z p+k p+k—a)
_ A +_ +§: a1 (1 —aja o Pt
T T AT T kot kta))

oo a—1 (_1)n(1 — a)a71 otk
+kz—1<7+ (p+k’—2)"(p+k_a))yp+kz +

= Z [@p+rbptr(2) + Yp+rgpri(2)] -
k=0

This completes the proof of Theorem 5.3. d
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