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ABSTRACT. Let 7 be a discrete group. We shall introduce the more general
concept of an integral of a weak Doi-Hopf n-datum (H, A, C), where H is a
weak Hopf m-coalgebra coacting on an algebra A and acting on a 7-coalgebra
C = {Ca}aecr. We prove that there exists a total integral § = {0o : Co —
Hom(C, -1, A)}aen, then any representation of (H, A, C) is injective in a func-
torial way, as a corepresentation of C' and vice versa. As the application of
the existence of a total integral, we prove the Maschke-type Theorem for weak

Doi-Hopf m-modules.
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1. Introduction

The category “U(H) 4 of Doi-Hopf modules over the bialgebra H was intro-
duced in [9]. Tt is the category of the modules over the algebra A which are also
comodules over the coalgebra C' and satisfy certain compatibility condition involv-
ing H. The study of “U(H) 4 turned out to be very useful: it was shown in [3, 9]
that many categories such as the module and comodule categories over bialgebras,
the Hopf modules category [13], and the Yetter-Drinfeld category [11, 25] are spe-
cial cases of “U(H) 4. Many results known for module categories over bialgebras
or Hopf algebras were generalized to Hopf group-coalgebra [21].

Hopf group-algebras appeared in the work of Turaev [14] on homotopy quantum
field theories as a generalization of ordinary Hopf algebras. Let us note that there
exists a symmetric monoidal category, the so-called Turaev category, constructed
by Caenepeel and De Lombaerde [4] the Hopf algebras which are the same as Hopf
group-coalgebras. A purely algebraic study of Hopf group-coalgebras can be found
in the references Virelizier ([19, 20]), Wang ([21-24]) and Zunino ([26-27]).

The work was partially supported by the NNSF of China (No.10871042) and the NNSF of Jiangsu
Province (No.BK2009258).
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As a generalization of ordinary Hopf group-coalgebras and weak Hopf algebras
[1], weak Hopf group-coalgebras were studied in the work of Van Daele and Wang
[18]. Weak Hopf group-coalgebras not only provide examples of weak multiplier
Hopf algebras ([17, 18]) , but also provide an approach to construct a class of
new braided crossed categories in the sense of Turaev. A purely algebraic study
of weak Hopf group-coalgebras can be found in [17]. Many results in Hopf group-
coalgebra had been generalized to weak Hopf group-coalgebra. For example, the
Fundamental Theorem of weak Hopf group-comodules was given in [17]. In the
sequel, the fundamental theorem had been generalized to weak relative Hopf group-
comodules in [12].

In this paper, we generalize the definition of Doi-Hopf m-modules to the case
when H is a weak Hopf group-coalgebra and develop the theory of weak Doi-Hopf
- modules.

This article is organized as follows:

In Section 2, we recall defintions and basic results related to separable func-
tors and (weak) Hopf group-coalgebras and in Section 3, we recall some important
adjoint functors and introduce some weak Doi-Hopf m-modules.

In Section 4, inspired by the idea adopted by Menini and Militaru ([10]) or
Caenepeel et al.([5]), we introduce the notion of integral for weak Doi-Hopf -
datums and prove that if there exists § = {0, : Co, = Hom(Cy-1,A)}oer a total
integral, then the natural transformation p : Fia 0 ln—cyy gy, — FaoGo F¢ splits.
Conversely, if the natural transformation p : Fa o lr—cyygy, — FaoGo F¢ splits,
then there exists 0 = {0, : Co, & Hom(Cy-1, A)}ner a total integral(see Theorem
4.4). The application of the integral is also considered (see Theorem 4.7).

In Section 5, we prove the Maschke-type theorem for weak Doi-Hopf m-modules
(see Theorem 5.2).

2. Preliminaries

Throughout this paper, we always let m be a discrete group with a neutral
element e and k a field. If U and V are k-spaces, Tyv : U®V — V ®U will denote
the flip map defined by Ty v (u ® v) > vQu, for allu € U and v € V.

2.1. Separable Functors. Separable functors were introduced in [8]: futher ap-
plications and properties have been discussed in [28]and [6]. Separable functors of
the second kind were introduced in [7]. Let F': C — D and H : C — £ be covariant

functors. We then have functors

Home (e, e), Homp(F(e), F'(e)), Homg (H(e), H(e)) : CP x C — Sets
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and natural transformations
F : Homc (e, 8) — Homp(F(e), F(e)),$ : Homc(e,e) — Homg(H (o), H(e))

given by
Foor(f) =F(f):Hccr (f) = H(S)
for f:C — C" in C. The functor F is called ‘H-separable if there exsits a natural

transformation
P : Homp(F(e), F(e)) — Homg(H (o), H(e))
such that Po F = §).

We recall two properties: The first is Maschke's Theorem for H-separable func-
tors(see [7, Prop. 2.4]): Let F be an H-separable functor. If f : C — C in C
is such that F(f) has a left , right, or two-sided inverse in D, then H(f) has a
left, right, or two-sided inverse in £. The second one is called Rafael 's Theorem
for H-separability(see [7, Theorem 2.7]). If F has a right adjoint G, then F is
‘H-separable if and only if there exists a natural transformation £ : HGF — H such
that {c o H(nc) = Iy c) for any C € C.

2.2. The m-Coalgebras. Recall from Turaev ([14]) and Virelizier ([19]) that a -
coalgebra is a family of k-spaces C' = {Cy}acr together with a family of k-linear
maps A = {Ay5: Apg = Aa®Ag}a ger (called a comultiplication) and a k-linear

map ¢ : C, — k (called a counit) such that A is coassociative in the sense that
(Bap @ide,) 0 Aapy = (idc, @ Dgy) 0 Da,py, 2. 1)

(ido, ®€) oAy =ide, = (e ®idc,) 0 A¢,a, (2. 2)

for any «, 8,y € .

Remark 2.1. (C.,A.,¢) is an ordinary coalgebra in the sense of Sweedler. Fol-
lowing the Sweedler’s notation for m-coalgebras, for any o, 8 € m and ¢ € Cyg, one

write
A p(c) = c1,0) @ c2,)- (2. 3)

The coassociativity axiom (2.1) gives that, for any «, 8,7 € 7 and ¢ € Co,

C(1,a8)(1,a) @ €(1,a8)(2,8) ® C(2,y) = C(1,0) @ €(2,67)(1,8) @ C(1,67)(27)> (2. 4)

which is written as c(1,q) ®¢(2,58) ®¢(3,4)- Inductively, we can define c(; ,)®¢(2,0,) @
“Clnyan), for any ¢ € Caay--a,- The axiom (2.2) gives that, for any o € 7 and

c € C,,
e(ca,e))C2,a) = € = c(1,0)E(C(2,e))- (2. 5)



88 CHEN QUAN-GUO AND WANG SHUAN-HONG

2.3. The m-C-Comodules. Let C be a m-coalgebra. A left m-C-comodule is a k-
vector space V endowed with a family of k-linear maps p¥ = {p¥ : V = C,®@V }penr
such that for all o, € m and v € V|

V<—1,a> ® V<0,0><—1,8> @ V<0,0><0,0> = V<—1,a8>(1,a) @ V<—1,08>(2,8) @ V<0,0>;
(2. 6)
5(”<—1,e>)“<0,0> =, (2- 7)

where we use the the standard notation pY (v) = v<_1 4> ® V<005

2.4. Weak Hopf m-Coalgebras. We recall from Van Daele and Wang ([18]) that
a weak semi-Hopf m-coalgebra H = {Hy,mq, 1o, A, €}aen is a family of algebras
{Hqa, Ma, 1o} acr and at the same time a m-coalgebra {H,, A = {Aq g}, €ta,gen
such that

(i) The comultiplication A, g : Hog — H, ® Hp is a homomorphism of algebras

(not necessary unit-preserving) such that
(Aap @ida,)Aapy(lapy) = (Bap @ 15)(1a @ Apy(15,)), (2. 8)

(Aa,p ®idn,)Aapy(lapy) = (1a ® Ay (164))(Aa,s(la,8) © 1), (2.9
for all o, 8,7 € 7.
(ii) The counit € : H, — k is a k-linear map satisfying the identity
e(grh) = (g (2,e))e(®(1,0)h) = (g2 (1,e))e(T(2,0)N), (2. 10)

for all g, h,x € H,.

A weak Hopf m-coalgebra is a weak semi-Hopf m-coalgebra H = {Hy, ma, 10, €} aen
endowed with a family of k-linear maps S = {S, : H, — H,-1} (called antipode)
such that the following data hold:

ma(Safl ® idHoJAa*l,a(h) = 1(1,a)€(h1(2,6))7 (2 11)

ma(idHa ® Sa—l)Aa’a—l (h) = 8(1(17€)h)1(27a), (2 12)

Sa(g(l,a))g(2,a—1)5a(g(S,a)) = Sa(g)v (2 13)

forall h € H., g € Hy and o € 7.

Remark 2.2. H = {H,,mqu,la, A, e}aer is an ordinary weak Hopf algebra. The
set of axioms of the above definition is not self-dual. A weak Hopf m-coalgebra H is
said to be of finite type if, for all « € 7, H, is finite-dimensional as a k-vector space.

Note that it does not mean that € . H, is finite-dimensional (unless H, = 0 for

acTm
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all but a finite number of a € 7). The antipode S = {S,}acr of the weak Hopf

m-coalgebra H is said to be bijective if each S, is bijective.

Let H be a weak hopf m-coalgebra. Define the family of linear maps & = {&f,
H, = Hy}oer and e° = {&f : H. = Hy taer by the formulars

€i(h) = ma(Sofl ®'L‘dHa)Aof1,a(h) = 1(1,@)5(h1(2,e))7 (2 14)
6;(’1) = ma(idHa (24 Sa—l)Aa,a—l(h) = 5(1(1,e)h)1(2,a)a (2. 15)
for any h € H, and a € 7, where €, e® are called the 7-target and 7-source counital

maps. Introduce the notations H' = ¢'(H) = {e!,(H.)}aer and H® = &5(H) =

{e%(H.)}aer for their images.

Let H be a weak hopf w-coalgebra. Then we have the following properties, we
refer to [18] for full detail.

(W ap(lag) € HS @ HY, for all o, 8 € m;

(gh) = eq(gee(h), ea(ee(9)h) = e (9)eq (h), for all g, h € He;
Anp(Hlg) C Ho ® Hp, Mg p(HS ) € H, © Hg;
T(1,0) ® 65(1‘(2 o) = l1,0)T® 12,5), for all a, B € ™ and x € H;
3(T(1,e)) ®T(2,0) = L(1,8) ® T1(2,a), for all a, B € m and = € H;
L (R)es () = €5 (9)2h (h), for all g,h € H;
7) Sa(zy) = Sa(y)Sa(x), for all @ € m and z,y € H,;
(1 )—la—l for all a € m;
0 (Sa ®Sp) oAy p, for all o, f € 7;

71751

t OS =cloef=8,106°_i;

[e3

)s

11) 2(1,0) ®gﬁ( 2,e)) = T1(1,0) ®Sg-1(1(2 3-1y), forall @, f € m and = € Hy;
) e ( ) ®T2,0) = Sg-1(1(1,5-1)) ®L(g,0)7, for all a, f € m and x € Hy;
)

If H is of finite type, then the antipode S is bijective.

Definition 2.3. Let H be a weak Hopf m-coalgebra over the field k. A k-algebra
A is called a weak left w-H-comodule algebra if there exists a family of maps p? =
{pA: A — H, ® A} such that

(idu., © pj) 0 p = (Das ©ida) o pag, (2. 16)
(eoidy) o pd =ida, (2. 17)

Pa(La) = (€5 0ida) 0 pf(La), (2. 18)

Pt (ab) = pli(a)piy (b), (2. 19)

for all @, 3 € 7 and a,b € A. We use the standard notation pZ(a) = a<_1,4> ®

4<0,0>-
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Lemma 2.4. Let A be a weak left w-H-comodule algebra. Then, for all o € 7 and
a€A,

1<—1,o¢> ® 1<0,0><—1,e> 0 1<0,0><0,0> = 104(1,&) 0 10((2,6)1<—17e> 0 1<070>7 (2 20)

E3(a<—1,e>) ®a<0,0> = lc1,a> ®alcg>, (2. 21)
eh(ac_1,es) ®aco0> = Sa-1(1c_10-15) ® legosa. (2. 22)
Proof. The proof is straightforward. O

Definition 2.5. A 7w-coalgebra C' is called a weak right w-H-module coalgebra if
there exists a family of maps - : C, ® H, — C, such that

(c-h)-h =c-hh, (2. 23)

c-ly =c, (2. 24)

c-eh(9) =ec(cae) - 9)c@,a), (2. 25)
Aap(€ - 9) =€) Gi1a) @ o) - Ii20), (2. 26)

for all ¢ € C,, ¢ € Cags, h,hl € H,, g/ € Hu.3,9€ H. and o, B € 7.
Lemma 2.6. E.q (2. 25) is equivalent to

ec(c-h) =eclc-€(h)), (2. 27)
forallce C. and h € H,.

Proof. Assume E.q (2.27) holds. For all c € C, and g € H., we have

2.27
ec(C(ie) " 9)C2,a) = ec(c(,e) '52(9))6(2704)
(2.26)
= EC(C(l,e) : 1(1,6)52(9))0(210) L2,
(W3)
= EC(C(I,e) : 52(9)(1,6))0(2,04) : 53(9)(2@)
(2.26,2.5)

c-e4(9)-

Thus E.q (2. 25) holds.
Conversely, assume E.q (2. 25) holds. Taking a = e, ¢ € C, and g € H,, we
have
c-eb(g) =cc(cae) - 9)C@.e)
So
(2.25) (2.5)

60(0'52(9)) = 80(0(1,5)'9)50(0(2,6)) ="¢ec(c-g).

The proof of the Lemma is completed. ([l
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3. Weak Doi-Hopf m-Module: Functors And Structure

Let H be a weak Hopf m-coalgebra. A weak Doi-Hopf w-datum is a triple
(H, A, C), where A is a weak left m-H-comodule algebra and C' a weak right - H-

module coalgebra.

A weak Doi-Hopf m-module M is a right A-module which is also a left n-C-
comodule with the coaction structure pM = {p§4 : M — C\ ® M}er such that

the following compatible condition holds:

pM(m-a) = me_1a>Gc1,0> @ Mco> - <005, (3. 1)

forall « € m and m € M,a € A.

The set of weak Doi-Hopf m-modules together with both an A-module maps and
a m-C-comodule maps will form a category of weak Doi-Hopf m-modules and will
be denoted by ""CU(H) 4 (called a weak Doi-Hopf w-modules category).

Let F¢ :™=C U(H)4 — Ua be the forgetful functor which forgets the 7-C-

coaction and

G:Usr—""CUH) 2, M—GM)=CawM
Qe
its right adjoint, where Co @ M = {¢- 1c_1 0> @ m - 1lcgos|m € M, c € Co} and
the weak Doi-Hopf m-module structures on C, ® M are given by
(c- le10>@m- 1<070>) “a4=C-0<c—-1,a> QM- 0<0,0>, (3- 2)

aM
lﬂg( )(C'1<71,a> ®@m-100>) = ¢(1,8)@C2,8-1a) l<_1,8-1a> @Mm-1c0,0>, (3. 3)

forallc € Cy,a € A, m € M and o, 3 € 7. The unit of the adjoint pair (F,G) is
p:IW*CM(H)A —>GOFC

defined by prs : M — G(M), py(m) = @ er M<—1,0> @ M<oo>, for all m € M.

Since A is a right A—module, one has that P, Ca ® A is a weak Doi-Hopf -

module via
(c-lccta>®alcgos) -b=c be_1,0> ®abooo>, (3. 4)

G(A
lpg( e 1105 ®algos) = c1,p) ®C@pta) lao1p-1a> ®alcoo> (3. 5)

foralla € A, c€ C, and B € 7.
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Lemma 3.1. The vector space €@ o ® A is a right w- C'-comodule via

a€7r

r G(A
Pﬁ( (e 1et105 ®algos)

= C,ap-1) 11,0815 ®a<0,0>1<0,0> @ c2,8)98-1(a<_1,3-15),

forany B,aem, ce Cy, and a € A.

G(A)

Proof. First, we can prove that (idga) ® ec) 0" pe = idg(a). In fact, for all

ce Cy, and a € A, we have

(idga) @ ec) o p& ™ (e 110> ®alcgos)
e(c2,e)Se(a<—1.))C(1,0) " 1<—1,a> ® a<0,0>1<0,0>

e(Cc2,e)0(Se(ae—1,65)))C(1,0) - Le—1,a> ® a<0,051<0,0>

o

C(2, e)€e€e<a< 1 e>))c(1,a) “le1,a> ® a<0,0>1<0,0>

C0ft(1e 102))0(10) * Lemtas ® alggslc00>

()

e(
(
(
(2.21)
= (
5(6(2 e)f’: ( <—1 e>))c(1 a) ’ ]-< 1,a> & a]-<0 0>]-<O 0>
e((c-es(1_y )@ (11 o))ty - Lemtas ® al_goslco0>

(2.5) s ’ ,
= C'Ea(1<71,e>)1<*1’0¢> ®algp>1<0,0>

(2.18) / /
= c- 1<71,a>1<*1,06> ®al<0,0>1<0,0>

(2.19)
= c-le_10>®alcoos.

For all c € C, and a € A, we have

. G(A
(7S @idc,) o p§ M (- 1< 105 ® algos)
= C(Laf)1ap-171) lam1,ap-19-1> ® G<0,0><0,0>1<0,0>

®C(1,0-1)(2,7)9-1(0<0,05><—1,4-1>) ® c(2,8)Sp-1(A<—1,5-15)

(2.4)
=" C,a8-17-1) " le—1,a8-17-1> ® 0<0,0><0,0> 1 <0,0>
®C(2,48)(1,7) 71 (<005 <—1,4-1>) @ C2.48)(2,8) -1 (A< —1,-15)
(2.16)
=" Clap-1y-1) e 1081415 ®ac0,0>1<0,0>
BC(248)(17) 971 (Ac1,8-15-15(27-1)) @ C2,98)(2.8)98-1 (A< —1,8-17-15(1,5-1))
(W9)

C(1,ap—1y—1) " 1<71,a6*1'y*1> & a<0,0>1<0,0> &

C@8)(1,7) 98171 (A< —1,8-19-15) (1,7) ® C(2,48)(2,8)95-14-1 (A< —1,6-14-15) (2,8)
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and also

. r G(A
(idg(a) ® Ay g) 0 ng )<C' le_1a> ®alcoos)

= (idg(a) ® Ay p)(cap-17-1) " l<—1,ap-14-1>

®<0,0>1<0,0> © C(248)S(38)-1 (A< -1,8-15-15))
= C(L,ap-1y-1) " lc1ap-14-1> @ G<0,0>1<0,0>

28 1.7)9(18) 1 (A< —1,8-19-15) (1.9) ® €(218)(2,8)5(v8) -1 (A< —1,8-15-15) 2,8)-
G(A)

B
The proof is completed. U

Thus we prove that (’“,og(A) ®idg,) o" pg(A) = (idga) ® Ay ) 0" p

The vector space

PPCsaCied=GoFY(EPT, @A) =GFOG(A) = G*(A)

BeET yET YyET

is also an object in ""CU(H) 4, i.e.,

GoFC(EP T, @A)
YET
= {@(CB o155 ® (@ dy leo1y> ®alcoos)  1ogos)|Va € A}
gen yeET
= {EB @(Cﬁ dec1p> @dy - 1c0,05<—1,9> ® alco,05<0,0>)|Va € A}
pBeETYET

and also have

(c-leia>®d-1cg0s<—1,4> ®alcoo><0,0>) b

=c-be1,a>®d beoo><c—1,7> ®abc0,0><0,0>,
1,G*(4)
pg (e lectas ®@d-1co05<—1,4> ® alco0><0,0>)

=c(1,8) ®C2,8-1a) * lec1p-1a> @d-100><—1,4> ® al<0,0><0,0>;
G2 (A
"pg ( )(C' le 10> ®d-1c005<—1,7> ® alc0,05<0,0>)

=c¢ lera> @dayp-1) - lcoos<—1,98-1>

®<0,0>1<0,0><0,0> ® d2,8)55-1(a<_1,8-15),

forallce Cy,de€ Cy, a,b € Aand B,a,7 €.

Now, let Fy :™=¢ U(H), —""C U be the other forgetful functor, which forgets
the A-action and

G OUS""CUH) A, GIN) = {nda =cc(ne_1es 1c1,ex)c00>@1co0sa}
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its left adjoint, where for N €™ ¢, G(N) €€ U(H) 4 via the structures: for
allpem, ne N and a,b € A,

(n®a) - b = n®ab, (3. 6)
pg(N)(né?a) =N<—1,8> * A<—1,6> ®N<0,0> @ A<0,0>- (3.7
Since C = @, Ca is a left m-C-comodule via 'p§(c) = ¢(1,5) @ c2,5-14), for all
ceC, and B € . We have G(C) = Docr G(C,), where
G(Co) = {ec(cae) - 1<—1,e>)C(2,0) @ 1<0,0>0}
(2.25)

{e et (lcies) @ 1o}
{C : Sa’1(82*1(1<71,e>)) ® 1<0,0>a}

{e- Sa_1(1<—1,a_1>) ® 1<0,0>a}'

(2.18,W10)

(2.18)

We can view G(C) as a weak Doi-Hopf 7- module via

(C ' Sa*1(1<71,a*1>) ® 1<O,o>a) b=c- Sa*1(1<71,a*1>) 0y 1<O,0>aba (3- 8)

G(c
lpﬁ( )(c'Sa—1(1<71,a—1>) ® lco0>a)
= ) a<-1,8> ®Cep-1a) Sp-tallam1-1a>) @ 1<0,0>0<0,0>, (3. 9)

for all c € Cy, a,b € A and o, 8 € 7.

From the discussion above, we have two types of weak Doi-Hopf m-modules, i.e.,
weak Doi-Hopf m-module @ _._C, ® A via (3.4) and (3.5) and weak Doi-Hopf 7-
module G(C) via (3.8) and (3.9). The following proposition will reveal the relation

aeTm

between them.

Proposition 3.2. two types of weak Doi-Hopf m-modules @, Co ® A and G‘(C)

are isomorphic in the category "~CU(H) 4.

Proof. We construct the maps as follows: for all c € Cy, a € A and « € 7,

w: DT oA PEC).

aET aEem
u(c-lc 10> ®alcoos) =c Sa-1(ac_1,0-15) @ 00,05, (3. 10)
v: P G(Ca) » @ Ca @A,
aET aeT

v(c-Sa-1(1c_q,0-15) ®1c0,050) = C- 10> @ A<0,0>- (3. 11)
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Forallce C,, a € A and a € 7, since

vou(c-le_1a> ®alcgpos)
= U(C “Sq-1 (a<—1,or1>) X a<0,0>)

= ¢ Sa-1(c1,0-15)0<0,05><—1,0> ® 0<0,0><0,0>
(2.16)

¢Sy (a<—1,e>(1,a*1))a<—1,e>(2,a) & a<0,0>

(2.21)

(2.14) R
= Cfa(a<71,e>) ®a<0,0> = C-lc1a>®alcoo>-

So we have v o u = idg(4). On the other hand, for all c € Cy, a € A and « € m,

since

uov(c: So-1(lc—1,0-15) ® 1<o,0>a)

= C 0c_1,055-1(0c0,05<—1,0-1>) ® 0<0,0><0,0>

(2.16)
= ¢ Oc1e>(1,a)5 1 (0c_1e5(2,0-1)) ® G<0,0>

(2.22)

(2.15) t
= C- Ea(a/<_1)e>) X G;<0)0> = C- Safl (1<—1,O¢71>) ® 1<0}0>a.

Thus we have uov = idé(c). The proof that u is both an A-module map and a

m-C-comoodule map is straightforward. O

4. Integral of a weak Doi-Hopf m-Datum

Definition 4.1. Let (H, A, C) be a weak Doi-Hopf 7 -datum. A family of k-linear
maps 0 = {0, : C, » Hom(Cfy-1, A)}aer are called an integral of (H, A, C) if

c1,a)®05(ci2,8))(d) = d(2,0)(0ap(€)(d(1,(ap)-1))) <—1,0> D (Oaps () (d(1,(ap)-1))) <0,0>>
(4. 1)

foralla, B € mand ¢ € Cop,d € Cg-1. Anintegral @ = {0, : Co, — Hom(C\y-1,A)}aen
is called total if

Z ea(c(l,a))(c@,oﬁl)) = EC(C . 1<71,e>)1<0,0>7 (4 2)
aem

for all a € m,c € C..

We shall now prove that the existence of an integral = {0, : C, — Hom(Cpy-1,A)}
permits the deformation of a k-linear map between two weak Doi-Hopf m-modules

until it becomes a 7w-C-colinear map.
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Proposition 4.2. Let (H, A, C) be a weak Doi-Hopfn-datum, N €™~ U, M €™=¢
UH)a and u: N — M a k-linear map. Suppose that there exists 0 = {0, : Co —
Hom(Cyu-1,A)}aen an integral. Then

(1) The map

i: N = M, @(n) =Y u(ncos)<0050a(nc1.05)((n<0,05)<—1,0-15),
aem

for all n € N, is left m-C-colinear,
(2) If 0 is a total integral and f : M — N is a morphism in "~ CU(H)a which is
a k-split injection (resp. a k-split surjection ), then f has a w-C-colinear retraction

(resp. a section ).
Proof. (1) For n € N, € w, we have
ps’ o a(n)

= Z u(n<0,0>)<0,0><—1,ﬁ>0a(n<—1,a>)(u(n<0,0>)<71,a*1>)<71,[3>’
(1S3
®“(”<0,0>)<0,0><0,0>9a (n<71,a>)(u(n<0,0>)<—1,a—1>)<0,0>'

= Z u(N<0,05>)<—1,a-18>2,8)0a(N<1,0a>)

aem

(U(”<0,0>)<—1,a71/3>(1,a*1))<—1,3>’

®U(n<0,0>)<0,0>9a(”<—1,a>)(u(n<0,0>)<—1,a—16><—1,a—1>)<o,o>'
Z u<n<0,0>)<—1,u>(2,ﬁ)95w1 (”<—1,[3u71>)
vem

(u(n<0,0>)<71,u>(1,u[‘3*1))<—17ﬂ>'
@uU(N<0,0>)<0,0>0p,-1 (N —1,8,-15)(U(N<0,0>) <~ 1,05<—1,80-1>) 0,05

Z Ne_1,80-15(1,8) @ U(1N<0,0>)<0,0>

vem

0,1 (n<—1,ﬁu*1>(2,u*1))(U(n<0,0>)<—1,u>)

= Z Ne—1,8a>(1,8) @ U(N<0,0>)<0,0>
aeT
Ha(n<,1,5a>(2,a))(u(n<0,0>)<_1,a71>)

= Z N<-1,8> ® U(N<0,0><0,0>)<0,0>

aem

0o (n<0,0><—1,(x>)(u(n<0,0><0,0>)<71,o¢*1 )

= (td®1u) o pg(n)

Hence @ is a left m-C-colinear.
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(2) Let u: N — M be a k-linear retraction (resp. section ) of f. Then @ : N —
M, is a left m-C-colinear retraction (resp.section) of f. Assume first that u is a
retraction of f. Then, for m € M, one has

(@o f)(m) = > u(f(m)<00>)<00>0a(f(M)< 1,05) (u(f(m)<0,05)<—1,0-1>)

aEeT

= Z U(f(m<o,o>))<0,0>9a(m<71,a>)(“(f(m<o,o>))<—1,a*1>)

aEeT

= Zm<0,0><0,0>9a(m<71,a>)(m<070><—1,a*1>)

aem

(2.6)

= Zm<0,0>00¢(m<—1,e>(1,a))(m<71,e>(2,a*1))
Qe

(4.2)

M<0,0> - 1<0,0>(Mec_1,e> - La_1es) =m.

Hence @ : N — M is a left m-C-colinear retraction of f.

On the other hand, if u is a section of f , then, for n € N, we have

(fow)(n) = Zf w(N<0,0>)<0,0>0a (n<71,a>)(u(n<0,0>)<—1,o¢_1>))
aem
= Zf w(n<o,0> <O0>)0a(n<71,a>)(u(n<070>)<—17a_1>)
aem
= Zf w(n<o,0>) <0,0>9a(n<—1,a>)(f(“(”<0,0>))<—17a—1>)
aem

= Z 120,05 <0,0>0a (n<71,o¢>)(n<0,0><—1,a_1>)

e

(2.6)

=" Y nc0.050a(ne_1es(1.0) (Net,e5@2.0-1))
aem

(4.2)

=" N<0,0> lcoosE(Net,e> - lamtes) =1,
ie, u: N — M is a left m-C-colinear section of f. Thus the proof is completed. [

For weak Doi-Hopf m-modules @, Ca ® A and @ s, D,e, Cs © Cy ® A, we
define a map as follows:
) PCa® A PP, a4
aEm BET YET

paay(c 110> ®alcoos)

@C(l,w) lei1>® C2r—1la) " legos<—iy-1a>® CL1<0,0><0,0>7(4- 3)
yeET

forallce Cy,a € Aand a € 7.

Lemma 4.3. pg(a) is a morphism in the category T—oyr=¢
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Proof. It is sufficient to prove that for all A € 7, the following identities

1,G*(A)

. G(A
P Y e paiay = (idey, ® paay) o' pFY

and

r G*(A . r G(A
oM o paray = (paray ®idey ) o pg ™

hold. Now we shall check the first. In fact, for all A\, € 7 and ¢ € C,, we have

G?(A
P 6 paiay (e 1o 105 @ alogos)

= @ AN @ CamEaty) lamia1y>
YyET
®C2,y-1a) " 1<0,0><—1,y-1a> ® al<0,0><0,0>
- @ can) @ C@ata)aa1y) T lami 19>
yemw
QC(2,2-1a)(2,y~1a) * 1co,05<—1,7-1a> ® al<0,0><0,0>
= @ 1) @ Cea—ta)(lw) * l<—1,w>
weTT
®CA~1a)(2,w-A1a) " 1<0,05<—1,w-1A-1a> @ al<0,0><0,0>

(A)(

. G
= (idc, @ PG(A)) of P ¢l 1a>® al<o,o>)~

Similarly, we can check the other. Thus the proof of the Lemma is completed. [J

Theorem 4.4. Let (H, A,C) be a weak Doi-Hopf w-datum. The following condi-

tions are equivalent:
(1) There exists 0 = {04 : Co, = Hom(Cy-1,A)}aer a total integral,

(2) the natural transformation
piFaolecym, —~ Fqa0GoF¢

splits,
(8) The maps
pG(A) : @CQ®A_> @@Cﬁ(gca@Av
aEm BET aET

paay(c - lc—1,a> ®alcgo>)

= @0(1,5) Aeo18> ®c2p-10) Lco,05<—1,8-1a> @ al<o,0><0,0>,(4. 4)
Bem™

forallce Cy, a € A and a € 7, splits in "~ CU™C.

Proof. (1) = (2). Let 0 = {0, : Co, > Hom(C\y-1, A) }oer be a total integral. We
have to construct a natural transformation ¢ that splits p. Let M €™~ ¢ U(H) 4
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and ups : G(M) — M be the k- linear retraction of pps : M — G(M) given by

“M(® Ca leias ®Ma - leoos) =cc(Ce laries)Me - 1co0>-
acTm

In fact, for all m € M, we have
uar o pp(m) = UM(@ Me_1,0> ®M<co0>)

aEeT

= €c(m<—1,e>)m<0,o> =m.

We define
§M :ﬂM : G(M) %M,

fM(@ Cale_ta> ®@mg-1g0>)

aEeT

= Z Ma<0,0> 1<0,0><0,0>904(Co¢ : 1<71,a>)(mo¢<—1,a*1> : 1<O,0><—1,(r1>)-
aEm
It follows from Proposition 4.2 that the map &,y is a left m-C-colinear retraction of
PM-
It remains to prove that & = {&3/|M €™~ ¢ U(H)} is a natural transformation.
Let f: M — N be a morphism in "~“U/(H) 4. We have to prove that the diagram

Ear

G(M) - M

l G(f) f
Ex

G(N) ~N

is commutative. Using that f is right A-linear, we have

(fola) (@ ca1c 105> @ma - 1o05)

acT

= f( § Ma<0,0> * 1<0,0><0,0>
acT

ea(ca : 1<—1,04>)(mo¢<—1,of1> : 1<0,0><—1,oﬁ1>))

= O Mac0.0>) - 1<00><0.0>

acm

F)a(ca : 1<—1,O¢>)(ma<71,a*1> ! 1<0,O><71,a*1>)

and using that f is left 7- C-colinear

(fN o (G<f)))(@ Ca - 1<71,o¢> QMg - 1<0,0>>

aET

= fN(@ Calart,a> ® f(ma - 1c0,0>))

aeT
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= Z f(ma)<0,0> : 1<070><070>9a(6a : 1<—1,a>)
aem

(f(ma)<—1,a*1> : 1<0,0><71,a*1>)

= ) f(Mac00>) - 1<0,05<0.0>

acT

o (Ca - 1<71,a>>(ma<—1,a*1> : 1<0,0><—1,orl>>-

Le., € is a natural transformation that splits p.
(2) = (3).Assume that for any M €™~ U(H) 4. par : M — G(M) splits in the
category "~ CU of left m-C-comodules and the character of the splitting is functorial.

In particular,

po  EPCaw A ®A%@@Cg®c ® A,

acm BeET aE™

paay(c -l 10> ®alcoos)

= @ c1,p) * l<—1,8> @ C2,8-1a) - 1<0,05<—1,8-1a> ® al<0,0><0,0> (4. 5)
Bem

splits in "~ ¢ and let

§G(A)i@@C@®CQ®A—>@Ca®A

BeT aEem aEem

be the left m-C-colinear retraction of pg(4). Using the naturality of £, we will prove
that £ is a right 7-C-colinear, where @ ., Co ® A and Dser Dacr CsRC,®A
are right m- C-comodules in section 3.

First, let V be a vector space and M €™~C U(H)a. Then M @V €™ C U(H) 4

via the structures arising from the ones of M, i.e.,
(m®v)-a=ma®v, p = pM @ idy,

foraloaer,me M,ac A,andveV. LetveVand g, : M > MV, g,(m) =
m ®v. Then g, is a morphism in "~CU(H) 4 . From the naturality of £, we obtain

that g, 0 (i = Emev 0 G(gy). Hence

Emev(c-lc1a>®@m-1og0>®v) = go(lmlc-lc1a>®@m-1c0,0>))
= &ulc-leta>®@m-1legos) @,
for all @ € m,c € Cy, and m € M,v € V. Thus we prove that {ygy = & ® idy .

In particular, let us take M = G(A) and V = @Bew Cp viewed only as a vector
space. Then G(A) @ @se, Cs = B oer Pper Ca @ AR Cp €7 CU(H) 4 via the
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structures:

(C' 1<—1,a> & a1<0,0> X d) “b=c- b<—1,a> & ab<0,0> ®d, (4- 6)

G(A) Pz, C
‘oy P (e 1et0s ®@alcg s ®d)

= C(l,'y) (24 0(2,7_1a) : 1<*177_10‘> Y a1<0,0> X da (4 7)

for all a, B8,y € m,c € Cy,a € A and d € Cg. With these structures, the map

J="p"GA) = GA) e P Cs
Bem

TpG(A) (C . 1<71’a> ® a1<0,0>)

= @Petas) lerap1> ©aco0s1<005 @ c2,8)5p-1(ac1,5-15),
pem
foralla € A, o € 7 and ¢ € C,, is a morphism in "~C“U(H) . In fact, for all
a,be A, a € mand ¢ € C,, we have

TPG(A)((C e qa>®alcgos) - b) =c-be1a> ®abeoo>

= @C(mﬂfl) “be_1a>1,08 1) 1cm1,08-1> @ 0<0,0>0<0,0><0,0>1<0,0>
pem

®c2,8) *b<1,a>(2,8)98-1(a<c_1,8-15b20,05<-1,8-1>)

(2.16)

= @0(1@&1) “be_1ap-1>(1,0)(1Lap~1) Lc—1,08-1> @ 0<0,0>0<0,0>1<0,0>
BeT™
®c2,8) - bat,08-1>(1,0)(2,8) 551 (A< —1,5-15bc1,05-15(2,8-1))
= @0(1,04,3*1) : b<—1,aﬁ*1>(1,aﬁfl)1<—1,a5*1> ® a<0,0>b<o,0>1<0,0>
Bem
®C(2,8) " be1,a8-1>(2,e)(1,8)98-1 (A< —1,8-15bc 10815 (2,)(2,8-1))
@C(mﬁfl) be_ 108151081 Lc—1,08-1> ® a<0,0>0<0,0>1<0,0>

BET

@c(2,8) - €3(be—1,08-15(2,e))S5-1 (a<_1,5-15)

A
=
£

@ C(1,aB—1) " b<—1,aﬁ*1> ® a<0,0>b<0,0> 0 C(2,ﬁ)513*1 (a'<—1,ﬁ*1>)
Bem

(4.6)
=" (B ctos ) Tertias1> ©a<0051<00> © 28551 (ac_1,515)) - b.

Bem

Thus f is A-linear. We are left to prove that f is w-C-colinear. It is sufficient to

check that for all v € , lps(A)@)eBBe" Ce of = (ide, ® f)o pg(A) holds. As a matter
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of fact, for all vy € m,a € A, @ € w and ¢ € C,, since

lpG(A)®®/3€7r Cs o fc- le 10> ® a1<070>)

= C(l,'y) & f(c(Q,'y*la) : 1<—1,’y*10¢> ® a'1<070>)

@C(lﬁ) ®C2y-ta)(1ytap1) T lao1 101>
Bem

®a<0,0>1<0,0>) ® C(2,4-1a)(2,8) 581 (Ac_1,5-15)

and

G(A)RP 4. C
lP'y per o f(c le10>® a1<0,0>)

G(A)®Ds., C
= lpw o€ B(@ C(1,ap-1) " l<—1,08-1>
Bem
®a<0,0>1<0,0> @ ¢(2,8)5p-1(a<—1,5-15))
- @C(LQB*)(LW) @ C(1,08-1)(27 1 af1) ° 1<—1,'y*10zﬁ*1>
Bem
®a<0,0>1<0,0> ® C(Q,B)SB* (a<—1,ﬂ*1>))
= Peam @cer s tap) leciytap1s
pem

®a<0,0>1<0,0> ® 0(277—1a)(276)sﬁ—1 (a<—1,ﬂ—1>))~

Thus f is m-C-colinear. From the naturality of £, we gain the following commutative

diagram
Eaa)
G2(A) " G(A)
G(f)=id® f f (%)
fea) Qidg,_ c.
G(G(A) ® @aEﬂ' Ca) B G(A) ® @OZETF 004

Le., £ is also a right m-C-colinear.
(3) = (1). From (2), we have that

paay  GA) -~ PP TseCa w4,

BeT aET

paay(c 1< 10> ®alcoos)

= @ c1p) " l<—1,8> ® C2,8-1a) - 1<0,05<—1,8-1a> ® al<o,0><0,0> (4. 8)
Be®™

splits in "~CU™ . Let

Se) PP CacCswA—PCarA,

aET BET aEem
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be a split of pg(a) in m=CYm=C In particular,
fc(A)(@ ca,p) - l<—1,8> ®c@p-1a)  l<o,0><—1,8-1a> ® al<0,0><0,0>)
pem
=cC- 1<_17a> ® a/1<0)0>. (4 9)

We define
0o : Co = Hom(Cy-1, A),
0a(c)(d) = (ec ®id) OpmogG(A)(C' le10>®d - 1cg05<c—1,0-1>® 1<0,0><0,0>);
(4. 10)
for all @ € m,c € Cy,d € Cy-1, where Pro7 is the natural projective map from
D.cr Ca ® Aonto C. ® A, we will prove that 6 is a total integral, i.e., E.q (4.1)and
(4.2) hold. For all ¢ € Ce, we have
> balca)(C@a)

aeT

= (ec®id)oPggzo €G(A)(@ C(1,0) * l<—1,0>

aem

®c(2,0-1) * 1lco,05<—1,a-1> ® 1<0,0><0,0>)
(4.9) .
=" (ec®id)o Pm(a leta> ®1co0s) =cc(cr la1,a>)1<0,0>-

So E.q (4.2) holds.
Now, we are left to check the other E.q(4.1). For all a, 5 € m and ¢ € Cyp,d €
Cps-1, the left hand side of E.q (4.1) is
C(1,0) ® 0s(c2,6))(d)
= C(1,0) ® (e ®@1id) Prgata(cap - l<—1,8>
®d - 1cg05<—1,8-1> @ 120,0><0,0>)

= (ide, ® (e ®id) o Pag)pS™ (S (¢ 1<_1.ap>

®d - 1c00><-1,8-1> ® 1<0,0><0,0>))

= (Pm) o &g (a) (c-lctrap>®@d- leoo><—15-1>® 1<0,0><0,0>);

where Pz—7 is the natural projective map from Docr Ca ® A onto Cy @ A, In
order to compute the right hand side of E.q (4.1) , we adopt the temporary notation

Soay(c lamta> ®d (ap)-1) - 1<0,05<—1,(ap)1> @ 1<0,0><0,0>) = @Pw ® Gry-
yemw

Now,

d(2,0)005(c)(d1,(ap)-1))<—1,a> @ Oap(c)(d(1,(ap)-1))<0,0>

= d(2,a)qe<—1,a> & €C(pe)qe<0,0>-
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Hence (4.1) is equivalent to

(Pega) oéamy(c laia>®@d - 1ogos<1,8-1> @ 1<0,0><0,0>)
= (- ®ida)(d2,0) @idu, ®ida)(ec © pl)(Pagz) - Sowm(c- 1< 1.a>
®d(17(a5)‘1) “leo05<—1,(ap)-1> @ 1<0,05><0,0> )5 (4. 11)

for all o, 8 € m and ¢ € Cyp,d € Cg-1. Denoting

Say(c-le1a>®d-1ogosc 1,515 @ 1c0,05<0,0>) = @Du ® A,

vem

and evaluating the diagram at(x) ,we obtain

@56(,4) (clcc10>® d(lm)fl) ' 1<0,0><_17(7)71> ® 120,0><0,0>) @ d(2,+)
YET - -

= @ @Dv(lyvv*l) L 1y-15 ® Avc0,0>1<0,0> @ Dy24)Sy-1(Apc14-15),

YET vET

for all a,8 € w, c € Cy and d € Cg-1. Hence, for all a € 7, we have
(d(2,0) ® ida)(ec @ ida)(Po,pa) 0 Ea(ay(c- la—1,a>
®d(1,(a)*1) : 1<0,O><71,(a,3)*1> ® 1<0,0><0,0>)

= Da(2,o¢)SoF1 (Aa<71,a*1>)5c (Da(l,e) : 1<—1,e>) & Aa<0,0>1<0,0>

(2.25)

= D, - Eg(1<—1,6>)5a’1(Aa<—l,a*1>) ® Aa<0,0>1<0,0>
(W12)

= Da ' Sarl (1<71,a*1>)5a*1 (Aa<fl,of1>) by Aa<0,0>1<0,0>

Dy - So-1(Apc—1,a-15) ® Aaco,0>-
Now we apply pZ to the second factor of both sides, we have
(idc, ® pit) o (d2,0) ®ida)(ec ®ida)(Po,ga) 0 Eay(c 110>
®d(1,(ap)-1) " 1<0,05<—1,(ap)-1> ® 1<0,0><0,0>)
= Do Sa-1(Aac—1,0-15) ® Aac0,05<—1,0> @ Aa<0,0><0,0>-
Let the second factor act on the first one, we gain
(- ®@ida) o (da.e) ®idy, @ ida) o (ide, © p) o (d.e) @ ida)
(ec ®ida)(Po,ea) 0 §aiay(c- 110>
®d(1,(ap)-1) * 1<0,05<—1,(aB)-1> @ 1<0,0><0,0>)
= Do So-1(Anc—tes(t,a-1))Aac—1,e5(2,0) ® Aaco,0>

2.14 2.21
( = ) Da . 5Z(Aa<—1,e>) & Aa<0,0> ( = ) Da oy Aa-
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Since
(' & ZdA) o (d(gﬂ) & idHa ® ’LdA) o (idCQ ® pg) o (d(z,a) & ’LdA)
=(® idA)(d(Q,a) ®idg, ® idA)p£7
we can gain E.q (4.11). To sum up, 6 is a total integral. |

From the proof of Theorem 4.4, if there exists
0 ={0,:Co = Hom(Cy-1,A) }aer

a total integral, then the natural transformation
§:Fa0GoFY = Faolacymy,

splits p, so we have

Em o Falpy) = Ipy
for any M €™ C U(H) 4, by Rafael’s theorem, FC is Fy-separable. Conversely, if
FC is Fy-separable, then there exists a natural transformation

§:Fa0GoFY = Faolacym),

such that

Em o Falpnr) = Ipy )
for any M €% U(H)4, we have that & splits p, by Theorem 4.4, there exists
0 = {6, : Co = Hom(Cy-1,A)}aer a total integral. Immediately, we have the

following conclusion.

Corollary 4.5. Let (H, A, C) be a weak Doi-Hopf w-datum. The following state-
ments are equivalent:

(1)FC is Fa-separable,

(2) There exists @ = {04 : Co = Hom(Cp-1,A)}oen a total integral,

Let m = {e} be a trivial group, the weak Hopf w-coalgebras is just the weak Hopf

algebras. Combining Theorem 4.4 and Corollary 4.5, we have the following result.

Corollary 4.6. Let (H, A,C) be a weak Doi-Hopf datum. The following statements
are equivalent:

(1) FC is F4-separable,

(2) There exists 6 : C' — Hom(C, A) a total integral,

(8) the natural transformation
p:Faoloymy, — Fa0GoF¢

splits,
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(4) the map

%:C@A%C@C@A,

Pegalc - l<—1> ®alcos) =) ® ) - la1s> @alcos

splits in CUC | the category of C-bicomodules. Consequently, if one of the equivalent

conditions holds, any weak Doi-Hopf module is injective as a left C'-comodule.
We shall prove now the main applications of the existence of a total integral.

Theorem 4.7. Let (H, A,C) be a weak Doi-Hopf m-datum and suppose that there
exists 0 = {0, : Co — Hom(Cy-1,A)} a total integral. Then for any M €"—¢
U(H) 4, the map

f@PCawdeM— M,

acT

f(@ o lemta> ®aq - 100> @ m)

aeTm

= Zm<070>9a(ca5a*1(a<—1,(rl>))(m<—1,a71>)a<o,o>»
aem

for allm € M is a k-split epimorphism in ™~CU(H) 5. In particular, @, . Co @ A

acm T

is a generator in the category "~CU(H) 4.

Proof. @, ., Co ® A®M is viewed as an object in "~“U(H) o with the structures

as follows,
(c-lcta>®a-1co>®@®m)-b=c-be_14>®@abego> @m,

PBocr Ca®ABM
Py < (el 1,0>®a-10,0>3M) = ¢(1,8)@C(2,8-1a) l<—1,8-1a>®a 1 <0,0>OM,

forall a, 8 € 7, c € C,, a,b € A and m € M. First, we shall prove that f is a split

surjection. Let

g:M%@CaQ@A@M,

aEm

g(m) = @m<71,a> le 10> ®1c0,0> @M<o0>,
aem
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for all m € M. Then g is left - C-colinear (but is not right A-linear) and for

m € M, we have

(fog)m) = f(@ Me—1,0> lem1a> ® lcoo> ® Mco,0>)

acT

= Z M<0,05><0,0>0a(M<—1,05) (Mo o><—1,0-1>)

e

(2.6)

= Zm<0,0>90¢(m<71,e>(1,a))(m<—1,e>(2,a*1>)
aEeT

(4.2)

mM<0,0> * 1<0,0>50(m<—1,e> : 1<—1,e>) =m.

Thus g is a left 7 C-colinear section of f. For a,b € A,c € C,,m € M, we have

(2.16,2.15)

(2.22)

f(e-1cra> ®a-1co0> ®m) - b)

fle-be_ias> ®abeg o> ®@m)
M<0,050a(C-be1,05>80-1(bco05<—1,0-15)% 1 (Ac1,0-15))
(M<_1,a-15)<0,0>0<0,0><0,0>

m<0,0>9a(0 : 5é(b<—1,e>)5'ml (a'<—1,oz*1>))(m<—1,oﬁ1>)a<0,0> b<o,0>
M<0,0>0a(cSa-1(a<1,0-15))(M<c 1 0-15)a<0,0>b

fleleqa> @a-1co0>®@m) - b,

i.e., f is right A-linear. It remains to prove that f is also left 7- C-colinear. First,

forall B e, ¢ € Cy, a € Aand m € M, we compute

(ch ® f) (e] pgaae-:r

Ca®AM
(c-lcia>®a-1cg0> ®@m)

= (c1,8) @ M<0,0>0p-10(c2,8-10)Sa-18(0<—1,0-185)) (Mc_1,0-185)<0,0>)

and

P%(f(c' leta>®a- 10> ®@m))
p%(m<070>0a(ca5a*1(a<—1,oﬁ1>))(m<—1,a*1>)a’<070>)
(m<0,0><—1,[3>(9a(casof1(a<—1,a*1>))(m<—l,oﬁ1>))<—1,5>
A<0,05><—1,8> @ M<0,0><0,0> (0o (CaSa-1(Ac_1,4-15))
(M<_1,0-15))<0,0>0<0,0><0,0>)
(Me_1,0-18>2,8)0a(CaSa-1(Ac_1,0-18>(1,a-1)))

(Me_1,0-18>(1,a-1))<—1,6>0<—1,0-18>(2,8) @ M<0,0>
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(Oa(caSa-1 (a<—1,a*15>(1,oﬁ1)))(m<—1,a*1>))<0,O>a<070>

(v=a"'p)

ol (Me_10>2,8)080-1(ca-1Sup-1(0c_1051,05-1)))
(Me10>108-1)) <185 0c—10>(2,8) ® M<0,0>
Op-1(car—1Sup-1(0c1,0>1,08-1)) (Ma—1,05(1,08-1))<0,0>0<0,0>)

= ((epp-18up-1(a<—1,0>(1,08-1)))(1,8)0<-1,0>(2,8) ®
M<0,050,-1((cgp-15,5-1(0< 10> (1,08-1))) 2,0-1)) (M< 1,05 ) <0,0>)

"L (a1 0,m) S (e 1s (w2, a1 (20 @
M<0,0>0,-1(cau-1(2,,-1)Su (A< 1,05 (1,08-1)(1,0))) (M<—1,0>)a<0,0>)

2 (cor-11,)98-1 (0105200 (1.8 1)) 010> (2,0)(2,8) ©
M<0,0>0,-1(cu-1(2,0-1)Su (A< 1,05 (1,0))) (M< 1,05 )a<0,0>)

P (en 0 et @) @ meoos
0,-1(cap-1(2,0-1)u (A< —1,0>(1,0))) (M<—1,0>)a<0,0>)

ey (cou-1(1,8)9-1(1(2,6-1)) @ M<0,0>
0,-1(cp-1(2,0-1)Sv(ac—10>1(1,0))) (M<1,0>)a<0,05)

(W9)

= ((Cﬁufl(m)) ® M<o,050,-1 (CBV*1(2,1/*1)St/(a<—1,1/>))(m<—1,v>)a<0,0>)7

i.e., f is left 7 -C-colinear. Hence, we proved that f is an epimorphism in "~CU(H) 4

and has a m-C-colinear section. O

Remark 4.8. The Theorem 4.7 can be followed in a new way as follows: From the
forgetful functors Fa ™€ U(H) a4 —""C U(H) and FC ™~ C U(H) 4 — U(H) 4, we
have the functor $ = F€ o Fy ;"¢ U(H)a — Vecty. the natural transformation
P is constructed as follows: for M, N €™~ U{(H), we define

Par,n + Home—cyg(gry (M, N) — Homyeer, (M, N), Pasn (f) = FE(f).

Notice Po Fy = 9, i.e., F 4 is $-separable functor. From the proof of Theorem 4.4,
we know that F4(f) has a right inverse in "~C2{(H), by the Maschke's theorem for
$-separable functor(see[7,Prop.2.4]), $H(f) has a right inverse in Vecty.

5. The Maschke-type Theorem For weak Doi-Hopf m-modules

In the section, we give the Maschke-type Theorem for weak Doi-Hopf -

modules. First, we need the following Lemma.
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Lemma 5.1. Let (H,A,C) be a weak Doi-Hopf m-datum, N,M €™~ U(H)4
and uw : N — M a A-linear map. Suppose that there exists 0 = {0, : Co, —
Hom(Cyu-1, A)}aen an integral such that A-centralising condition, i.e., for alla € 7,
ac€AceCyandde Cy,

a<o,0><0,o>9a(c : a<—1,a>)(d : a<0,0><71,a*1>) = 0a(c)(d)a. (5. 1)

Then the map

:N—=M, a(n) = Z w(n<0,05)<0,050a(Nc—1,05)(UW(N<c0,05)<c—1,0-15),

acTm

for all n € N, is left m-C-colinear and A-linear.

Proof. From the Proposition 4.2, 4 is a left m-C-colinear. We are left to check that
4 is right A-linear. In fact, for all n € N and a € A, Since

i(n-a) = Z U(n<0,0> * @<0,0>)<0,0>0a(N<—1,0> - a<-1,0>)
acm

(U(”<070> : a<0,0>)<—1,a*1>)

= > u(nc0.0>)<00> - 0<0,05<0,050a(Nc 1,05 A< 1.05)
aem

(u(n<0,0>)<71,a*1> : a<0,0><71,a*1>)

= Z u(n<0,0>)<0,0>0a(n<—1,0>)(u(n<0,0>)<1,a-1)a
acm

So the proof of the lemma is completed. O

Theorem 5.2. Let (H, A, C) be a weak Doi-Hopf m-datum, and N, M €™~ U(H) 4,
and v : M — N a morphism in "~CU(H) . Suppose that there exists 6 = {0, :
Co = Hom(Cy-1, A) }acr an integral such that A-centralising condition. If the map

v is a split injection in Ua, then u have a retraction in "~CU(H) 4.

Proof. Since v is a split injection in U4, there exist a morphism u : N — M in Uy

such that uv = id,s. Define @ as follows

(n) = Z U(n<0,0>)<0,0>0a(n<—1,05) (U(n<0,05) <—1,0-1>)-
aem
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From Lemma 5.1, @ is a morphism in "~“U(H) 4. Next, we shall check @v = idy;.

For m € M, one has
av(m)

= Z u(v(m)<0,0>)<0,0>0a(U(m)<*1,o¢>)(u(v(m)<070>)<717a_1>)

= Z u(v(Mm<0,0>))<0,0>0a (M<—1,0> ) (U(v(M<0,0>)) <—1,0-1>)

= Z m<0,0><0,0>9a(m<71,a>)(m<0,0><71,a*1>)
aEeT

= Zm<0,0>0a(m<—1,e>(1,a))(m<71,e>(2,a*1))
aEeT
= m.

So the theorem is proved. O

Acknowledgment. The authors would like to thank the referee for the valuable

suggestions and comments.

References

[1] G. Bohm, F. Nill and K. Szlachdnyi, Weak Hopf algebras, I. Integral theory
and C*-structure, J. Algebra, 221 (1999), 385-438.

[2] G. Béhm, Doi-Hopf modules over weak Hopf algebras, Comm. Algebra, 28
(2000), 4687-4698.

[3] S. Caenepeel, G. Militaru and Zhu Shenglin, Crossed modules and Doi-Hopf
modules, Israel J. Math., 100 (1997), 221-248.

[4] S. Caenepeel and M. De Lombaerde, A categorical approach to Turaev ‘s Hopf
group-coalgebras, Comm. Algebra, 34(7) (2006), 2631-2657.

[5] S. Caenepeel, G. Militaru and Zhu Shenglin, A Maschke-type theorem for Doi-
Hopf modules. Applications, J. Algebra, 187 (1997), 388-412.

[6] S. Caenepeel, Bogdan Ion, G. Militaru and Zhu Shenglin, Separable functors for
the Category of Doi-Hopf modules, Applications, Adv. Math., 145 (1999),239-
290.

[7] S. Caenepeel, G. Military, Maschke functors, semisimple functors and separable
functors of the second kind. Applications, J. Pure Appl. Algebra, 178 (2003),
131-157.

[8] C. Nastasescu, M. Van den Bergh and F. Van Oystaeyen, Separable functors
applied to graded rings, J. Algebra, 123 (1989), 397-413

[9] Y. Doi, Unifying Hopf modules, J. Algebra, 153(2) (1992), 373-385.



[10]

[11]

[12]

[16]

[17]

[18]

[22]

[23]

[24]

[25]

[26]

WEAK HOPF 7-COALGEBRAS 111

C. Menini and G. Militaru, Integral, Quantum galois extensions, and the
Affineness criterion for quantum Yetter-Drinfeld modules, J. Algebra, 247
(2002), 467-508.

D. E. Radford and J. Towber, Yetter-Drinfeld categories associated to an ar-
bitrary bialgebra, J. Pure Appl. Algebra, 87(3) (1993), 259-279.

Shen Bingliang and Wang Shuanhong, Blattner-Cohen-Montgomery s Duality
Theorem for (Weak) Group Smash Products, Comm. Algebra, 36(6) (2008),
2387-2409.

M. E. Sweedler, Hopf Algebras, New York: Benjamin, 1969.

V. G. Turaev, Homotopy field theory in dimension 3 and crossed group-
categories, Preprint GT/0005291,(2000).

A. Van Daele, Multiplier Hopf algebras, Trans. Amer. Math. Soc., 342(2)
(1994), 917-932.

A. Van Daele, An algebraic framework for group duality, Adv. Math., 140
(1998),323-366.

A. Van Daele and Wang Shuanhong, New braided crossed categories and Drin-
feld quantum double for weak Hopf m-coalgebras, Comm. Algebra, 36 (2008),
2341-2386.

A. Van Daele and Wang Shuanhong, Multiplier unifying Hopf algebras. Sub-
mitted for publication.

A. Virelizier, Hopf group-coalgebras, J. Pure Appl. Algebra, 171 (2002), 75-122.
A. Virelizier, Graded quantum groups and quasitriangular Hopf group-
coalgebras, Comm. Algebra, 33 (9)(2005), 3029-3050.

Wang Shuanhong, Group twisted smash products and Doi-Hopf modules for
T-coalgebras, Comm. Algebra, 32(9) (2004), 3437-3458 .

Wang Shuanhong, Group entwining structures and group coalgebra Galois ex-
tensions, Comm. Algebra, 32(9) (2004), 3417-3436.

Wang Shuanhong, A Maschke-Type Theorem for Hopf w-Comodules, Tsukuba
J. Math., 28(2) (2004), 377-388.

Wang Shuanhong, Morita Contexts, w-Galois FExtensions for Hopf m-
coalgebras, Comm. Algebra, 34(2) (2006), 521-546.

D. N. Yetter, Quantum groups and representations of monoidal categories,
Math. Proc. Cambridge Philos. Soc., 108(2) (1990), 261-290.

M. Zunino, Double construction for crossed Hopf coalgebra, J. Algebra, 278
(2004), 43-75.



112 CHEN QUAN-GUO AND WANG SHUAN-HONG

[27) M. Zunino, Yetter-Drinfeld modules for Turaev crossed structures, J. Pure
Appl. Algebra, 193(1-3) (2004), 313-343.

[28] M. D. Rafael, Separable functors revisited, Comm. Algebra ,18 (1990), 1445-
1459.

Chen Quan-guo and Wang Shuan-hong

Department of Mathematics

Southeast University

210096, Nanjing, China

e-mails: ¢qg211@163.com (C. Quan-guo)
shuanhwang2002@yahoo.com (W. Shuan-hong)



