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Abstract 
 
With the development of nanotechnology, interest in nanomaterials has increased significantly in recent years. 
This study examines the bending analysis of a nanobeam with modified couple stress theory and weighted residual 
methods. The formulas derived for calculating bending analysis results in the article has been found by using 
Weighted Residual Method. The results have compared to show effects on nanobeam and the calculated values 
are shown in the graphs and tables. The results which is obtained in the article are compared with the results 
already found in the literature and it was observed that they are consistent. 

Keywords: Nanotechnology, Bending, Nanobeam, Modified Couple Stress Theory, Weighted Residual 
Methods. 

 

1. Introduction 

 
Recently, the use of nanomaterials has been very wide with a high interest. For instance; 
nanorods are used in electronics, material and manufacturing industry, medical and healthcare, 
aviation and space research, environment and energy, defense sector, biomedical industries and 
various engineering structures. Nanotechnology is an evolving technology, and we can see more 
applications in nanotechnology. Nowadays, it is clear that it will spread much wider in future. 
Nanotechnology can be said to be a golden key for technology, as technology developments 
continue and the for human needs is now being ensured by smaller materials and tools.  
 
It is anticipated that nanotechnology will benefit humanity in all areas as a result of its correct 
and logical use, and will allow a different size of technology to be considered. Knowing the 
factors that influence nanomaterials will make using nanotechnology easier to implement, this 
is the main focus of this study. 
 
Several studies have been conducted in the literature about vibration and bending of nanorods 
and the factors which are affecting on nanorods. Ecsedi and Baksa [1] published studies about 
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axial vibration of nanorods based on non-local elasticity.  Şimşek [2] examined axial vibration 
of nanorod using non-local strain gradient theory. Yayli [3] investigated axial vibration analysis 
of a Rayleigh nanorod with deformable boundaries. Aydoğdu [4] published study about axial 
vibration analysis of carbon nanotubes embedded in an elastic medium. Axial vibration analysis 
of a tapered nanorod with a differential quadrature method was examined by Danesh et al. [5]. 
Guo and Yang [6] conducted axial vibration analysis of nanocones based on non-local elasticity 
theory. Murmu and Pradhan [7] published studies about vibration analysis of nanoplates under 
uniaxial pre stressed conditions via non-local elasticity.  Comparison of various refined non-
local beam theories for bending, vibration and buckling analysis of beams investigated by 
Berrabah et al. [8]. Fakher et al [9] published study about bending and free vibration analysis 
of nanobeams by differential and integral forms of non-local strain gradient with Rayleigh-Ritz 
method. Akgöz and Civalek [10] indicated buckling analysis of functionally graded 
microbeams based on the strain gradient theory. Attia and Mahmoud [11] published studies 
modeling and analysis of nanobeams based on non-local couple-stress elasticity and surface 
energy theories. Static analysis of nanobeams including surface effects by non-local finite 
element published by Mahmoud et al. [12]. Norouzzadeh et al. [13] indicated non-linear 
bending analysis of nanobeams based on non-local strain gradient model using an isogeometric 
finite element approach. Alshorbagy et al. [14] published study about static analysis of 
nanobeams using non-local FEM. Coupling effects of non-local and surface energy on vibration 
analysis of nanobeams investigated by Eltaher et al. [15]. Studies so far show how diverse the 
vibration and bending analysis is, and then there are many different theories to be revealed. 
Arefi et al. [16] examined the non-local bending analysis of curved nanobeams reinforced by 
grapheme nanoplatelets. Lu et al. [17] indicated size-dependent vibration analysis of 
nanobeams based on the non-local strain gradient theory. A unified non-local formulation for 
bending, buckling and free vibration analysis of nanobeams published by Nikam and Sayyad 
[18]. Determination of the appropriate gradient elasticity theory for bending analysis of 
nanobeams by considering boundary conditions effect investigated by Shokrieh and Zibaei 
[19]. Beni [20] published study about size-dependent electromechanical bending, buckling and 
free vibration analysis of functionally graded piezoelectric nanobeams. While this is similar in 
terms of the subject, it shows us how much factors are effecting on nanomaterials. Ghadiri et 
al. [21] indicated non-linear forced vibration analysis of nanobeams subjected to moving 
concentrated load resting on a viscoelastic foundation considering thermal and surface effects. 
Behera and Chakravery [22] published study about application of differential quadrature 
method in free vibration analysis of nanobeams based on various non-local theories. In this type 
of works we frequently use non-local theory and that can be used in many aspects in terms of 
usage width. Nejad and Hadi [23] investigated non-local analysis of free vibration of 
bidirectional functionally graded Euler-Bernoulli nanobeams. Ebrahimi and Salari [24] 
indicated thermal buckling and free vibration analysis of size dependent Timoshenko FG 
nanobeams in thermal enviroments. In studies like this, main purpose is observing the outside 
effects on nanomaterials. Lin et al. [25] investigated assessment of first and third order shear 
deformation beam theories for the buckling and vibration analysis of nanobeams incorporating 
surface stress effects. Vibration analysis of smart piezoelectrically actuated nanobeams 
subjected to magneto-electrical field in thermal environment studied by Ebrahimi and Barati 
[26]. Ansari et al. [27] conducted non-linear vibration analysis of Timoshenko nanobeams 
based on surface stress elasticity theory. Free vibration analysis of Euler-Bernoulli nanobeam 
using differential transform method published by Jena and Chakraverty [28]. Forced vibration 
analysis of functionally graded nanobeams studied by Akbas [29]. Shafiei et al. [30] 
investigated nonlinear vibration of axially functionally graded non-uniform nanobeams. One 
reason for the diversification of literature studies is that multiple factors can be addressed in 
nanorods. Complex modal analysis of transverse free vibrations for axially moving nanobeams 
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based on the non-local strain gradient theory published by Wang et al. [31]. Vibration analysis 
of Euler-Bernoulli nanobeams by using finite element method examined by Eltaher et al. [32]. 
One other analysis done by Oskouie and Ansari [33] about linear and nonlinear vibrations of 
fractional viscoelastic Timoshenko nanobeams considering surface energy effects. Zhang et al. 
[34] investigated analyses of transverse vibrations of axially pre tensioned viscoelastic 
nanobeams with small size and surface effects. Yang et al. [35] studied nonlinear bending, 
buckling and vibration of bidirectional functionally graded nanobeams. Another study 
published by Lv and Liu [36] about nonlinear bending response of functionally graded 
nanobeams with material uncertainties. As we can see, many researchers have often included 
factors that affect nanomaterials in their studies. Exact solutions of bending deflections for 
nanobeams and nanoplates based on non-local elasticity theory published by Yan et al. [37]. 
Sciarra and Baretta [38] indicated a new non-local bending model for Euler-Bernoulli 
nanobeams. Finite Element analysis of plates and shells investigated by Civalek [39]. One of 
the studies about Timoshenko beams was done by Civalek and Kiracioglu in their work called 
free vibration analysis of Timoshenko beams by DSC method [40]. Mercan et al. examined 
vibration analysis of FG cylindrical shells with power-law index using discrete singular 
convolution technique [41].  
 
In this study, it has been examined how nanostructures influence the bending analysis of their 
changing characteristics with the change in their properties of the particular type. Because 
boundary conditions can be deformed, it is possible to have a closed solution of this differential 
equation separately, but it is intended to create general self-value problem using by Modified 
Couple Stress Theory, and bending analysis of a free-end nanobeam can be found, giving very 
small values to these elastic boundary conditions. At the same time, the bending analysis of 
nanobeam and which key parameters effects on nanobeam’s bending has been studied in this 
article. The parameters that have an effect on the bending of the nanobeams has been compared 
with the calculated values and evaluations has been made on these results.  
 
2. Bending Analysis of A Nanobeam 
 

 
Fig. 1. A cantilever nanobeam which is uniformly loaded 

 
In this section, bending analysis of the uniformly loaded cantilever nanobeam shown in Fig 1 
has been made. While performing these analyzes, weighted residual function methods are used. 
We can define the components for the displacement of Euler-Bernoulli beam as follows: 
 

𝑢 = −𝑧𝜓 𝑥 , 𝑣 = 0, 𝑤 = 𝑤 𝑥 																																													(1) 
 
u, v, w are u components of the displacement vectors of x, y, z respectively and ψ is the angle 
of rotation of the center axis. 
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𝜓 ≈ -. /
-/

																																																																				(2) 
 
Using Eqs. (1,2): 
 

𝜀// =
-1
-/
= −𝑧 -

2. /
-/2

, 𝜀33 = 𝜀44 = 𝜀/3 = 𝜀34 = 𝜀4/ = 0																(3) 
 
equaliton is obtained [47]. From the Eqs. (1,2) given above: 
 

𝜃3 =
-.(/)
-/

, 𝜃/ = 𝜃4 = 0																																																												(4) 
 
calculation is acquired [47]. From the Eq. (4) given above, the following relation is received: 
 

𝜒/3 = − 9
:
-2. /
-/2

, 𝜒// = 𝜒33 = 𝜒44 = 𝜒34 = 𝜒4/ = 0																													(5) 
 
Using the equations obtained above: 
 

𝜎// =
𝐸 1 − 𝓋

1 + 𝓋 1 − 2𝓋
−𝑧

𝑑:𝑤 𝑥
𝑑𝑥:

, 𝜎33 = 𝜎44 =
𝐸𝓋

1 + 𝓋 1 − 2𝓋
−𝑧

𝑑:𝑤 𝑥
𝑑𝑥:

 

 
									𝜎/3 = 𝜎34 = 𝜎4/ = 0																																																								(6) 

 
this equation is acquired. 
 
In the equation obtained above, E represents Young's modulus and 𝓋 represents the Poisson 
ratio. E and 𝓋 are related to the Lame constants λ and µ. 
 

𝜆 = C𝓋
9D𝓋 9E:𝓋

																																																								(7) 

 
𝜇 = C

: 9D𝓋
																																																													(8) 

 
As defined in Eq. (8), µ is known as the material constant. This expression is also known as 
shear modulus (G). For a beam with a high aspect ratio, the Poisson effect can be neglected to 
more easily express the simple beam theory formulation. And the equation created in this way 
is as follows: 
 

𝜎// = −𝐸𝑧 -
2. /
-/2

, 𝜎GH = 0																																																									(9) 
 
If the equation is replaced in the relevant relations: 
 

𝑚/3 = 𝜇𝔩::
-2.(/)
-/2

,𝑚// = 𝑚33 = 𝑚44 = 𝑚34 = 𝑚4/ = 0																														(10) 
 
When this calculation is acquired [47]. Using Eqs. (3, 6, 9, 10) the following equation is 
obtained. 
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𝑈 = −9
:

𝑀/
-2. /
-/2

𝑑𝑥
M

/NO
− 9

:
𝑌/3

-2. /
-/2

𝑑𝑥
M

/NO
																																	(11) 

 
 
The closed equation created after the calculations is as follows [47]: 
 

𝑤 𝑥 = 9
CQDRS𝔩22

− T/U

V:
+ 𝑐9𝑥 + 𝑐: 																																														(12) 

 
3. Weighted Residual Methods 
 
3.1. Sub-domain method 
 
The application of this method is achieved by taking the residual function of the integral over 
the selected areas as zero. The residual function in modified couple stress theory is given below: 

 
𝑅 = 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩:: ∗ \

2]
\/2

+ T∗/2

:
= 0																																													(13) 

 
Following approximation function is used in this study [14]: 
 

𝑊 = 𝑎9 ∗ 𝑥 − 𝐿 : + 𝑎: ∗ 𝑥 − 𝐿 a + 𝑎a ∗ 𝑥 − 𝐿 b																																		(14) 
 

R = EI + µ ∗ A ∗ 𝔩:: ∗ 2 ∗ a9 + 6 ∗ a: ∗ x − L + 12 ∗ aa ∗ x − L : + l∗m2

:
										(15) 

( 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩:: ∗ (2 ∗ 𝑎9 + 6 ∗ 𝑎: ∗ (𝑥 − 𝐿) + 12 ∗ 𝑎a ∗ (𝑥 − 𝐿):) +
T∗/2

:
) 𝑑𝑥

n
o

O
= 0	 (16)	

( 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩:: ∗ (2 ∗ 𝑎9 + 6 ∗ 𝑎: ∗ (𝑥 − 𝐿) + 12 ∗ 𝑎a ∗ (𝑥 − 𝐿):) +
T∗/2

:
) 𝑑𝑥

2n
o

n
o

= 0	(17)	

( 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩:: ∗ (2 ∗ 𝑎9 + 6 ∗ 𝑎: ∗ (𝑥 − 𝐿) + 12 ∗ 𝑎a ∗ (𝑥 − 𝐿):) +
T∗/2

:
) 𝑑𝑥

M

2n
o

= 0		(18) 

 
After the integrals are taken, following equations are obtained: 

 
9
9p:

𝐿(𝐿:𝑞 + 6(EI + 𝜇 ∗ 𝐴 ∗ 𝐼::)(18𝑎9 + 𝐿(−45𝑎: + 76Laa))) = 0																				(19) 
 

9
9p:

𝐿 7𝐿:𝑞 + 6 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩:: 18𝑎9 + 𝐿 −27𝑎: + 28𝐿𝑎a = 0																(20) 
 

9
9p:

𝐿 19𝐿:𝑞 + 6 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩:: 18𝑎9 + 𝐿 −9𝑎: + 4𝐿𝑎a = 0																		(21) 
 

Once this equation system is solved, the unknown coefficients are found:  
 

𝑎9 = − M2T
b CQDR∗S∗𝔩22

																																																						(22) 

 
𝑎: = − MT

p CQDR∗S∗𝔩22
																																																							(23) 
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𝑎a = − T

:b CQDR∗S∗𝔩22
																																																					(24) 

 

These coefficients are written in the calculation and the W function becomes as in Eq. (25): 
 

𝑊 = −
𝐿:𝑞

4 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩::
∗ 𝑥 − 𝐿 : −

𝐿𝑞
6 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩::

∗ 𝑥 − 𝐿 a −
𝑞

24 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩::
∗ 𝑥 − 𝐿 b																																																																																																																				 

(25) 
 
3.2. Galerkin method 
 
When solving with the Galerkin method, three boundary condition relations are chosen for three 
unknown coefficients: 
 

𝑅 ∗𝑊G 𝑑𝑥
M
O = 0𝑖 = 0,1,2. . . . 𝑁																																																					(26) 

 
𝑊9 = 𝑥 − 𝐿 																																																																					(27) 

 
𝑊: = 𝑥 − 𝐿 :																																																																			(28) 

 
𝑊a = 𝑥 − 𝐿 a																																																																			(29) 

 
Using the approximation functions given above, the following equations are obtained when 
substituted sequentially in Eq. (26): 
 

𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩:: ∗ 2 ∗ 𝑎9 + 6 ∗ 𝑎: ∗ 𝑥 − 𝐿 + 12 ∗ 𝑎a ∗ 𝑥 − 𝐿 : + T∗/2

:
				 ∗

M

O
(𝑥 − 𝐿): 𝑑𝑥 = 0																						(30) 

 

( 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩:: ∗ (2 ∗ 𝑎9 + 6 ∗ 𝑎: ∗ (𝑥 − 𝐿) + 12 ∗ 𝑎a ∗ (𝑥 − 𝐿):) +
T∗/2

:
) ∗

M

O
(𝑥 − 𝐿): 𝑑𝑥 = 0																						(31) 

 

( EI + 𝜇 ∗ A ∗ 𝔩:: ∗ (2 ∗ 𝑎9 + 6 ∗ 𝑎: ∗ (𝑥 − 𝐿) + 12 ∗ 𝑎a ∗ (𝑥 − 𝐿):) +
T∗/2

:
) ∗

M

O
	(𝑥 − 𝐿)a 𝑑𝑥 = 0																						 (32) 

 
The integrals given above are calculated, the following system of calculations is formed: 
 

−MUT
:b
− 𝐿: 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩:: 𝑎9 + 𝐿 −2𝑎: + 3𝐿𝑎a = 0																					(33) 

 
9
pO
𝐿 𝐿b𝑞 + 6𝐿: 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩:: 20𝑎9 + 9𝐿 −5𝑎: + 8𝐿𝑎a = 0																				(34) 
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9
9:O

𝐿b −𝐿:𝑞 − 36 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩:: 5𝑎9 + 4𝐿 −3𝑎: + 5𝐿𝑎a = 0																				(35) 
The equation system is solved, the unknowns 𝑎9, 𝑎:, 𝑎a are found as follows: 
 

𝑎9 = − M2T
b CQDR∗S∗𝔩22

																																																								(36) 

 
𝑎: = − MT

p CQDR∗S∗𝔩22
																																																								(37) 

 
𝑎a = − T

:b CQDR∗S∗𝔩22
																																																							(38) 

 
When the found unknown coefficients are replaced in the W function, the equation to be 
formed is as: 
 

𝑊 = −
𝐿:𝑞

4 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩::
∗ 𝑥 − 𝐿 : −

𝐿𝑞
6 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩::

∗ 𝑥 − 𝐿 a −
𝑞

24 𝐸𝐼 + 𝜇 ∗ 𝐴 ∗ 𝔩::
 

∗ 𝑥 − 𝐿 b																																																																																																																				(39) 
 
 
2. Analysis and Numerical Results 
 
The values obtained as a result of the three-parameter solution method using the weighted 
residual methods are given in Table 1. The graphic in Fig.2 was created using Table 1. The 
values acquired by solving the two-parameter solution method by using the weighted residual 
method are given in Table 2. And by using Table 2, the results received by using the two-
parameter solution method and the weighted residual methods are compared in Fig.3. While 
drawing the graphs in Figures 2 and 3, the numerical values in Tables 1 and 2 were used. 
 

Table 1. Comparison of the calculated values with the weighted residual methods of the three-
parameter solution that we used in the study 

 x=0 x=2 x=4 x=6 x=8 x=10 
W Subdomain -1246,26 -914,59 -592,223 -303,091 -87,0721 0 

W Galerkin -1246,26 -914,59 -592,223 -303,091 -87,0721 0 

W General [47] -1246,26 -914,59 -592,223 -303,091 -87,0721 0 

 
The displacement values of an axially loaded nanobeams are given by using different weighted 
residual methods given in the table. It has been shown that the values calculated by applying 
different solution methods and also the calculated implicit solution value are the same. 
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Fig. 2. Comparison of the three-parameter solution with weighted residual methods 

 
 
Table 2. Comparison of the calculated values of the two-parameter solution with the weighted residual 

methods 
 x=0 x=2 x=4 x=6 x=8 x=10 
W Subdomain -1246,26 -914,59 -592,223 -303,091 -87,0721 0 

W Galerkin -1080,09 -776,33 -484,546 -236,623 -64,473 0 

W General [47] -1246,26 -914,59 -592,223 -303,091 -87,0721 0 

 
The displacement values of an axially loaded nanobeams are given by using different weighted 
residual methods given in Table 2. In the previous study, it has been observed that all values 
are the same in the three-parameter solution calculation, but not all values are the same in the 
two-parameter solution. 
 
 

 
 

Fig. 3. Comparison of two parameter solution with weighted residual function solution 
methods 
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3. Conclusion 
 
Within the scope of this study, the bending analysis of nanobeams has been analyzed using 
different weighted residual methods. The results of the three-parameter solution method gave 
the same result as the implicit equation to all weighted residual methods applied. In the two-
parameter method, the closed equation gave the same result with all methods except for the 
Galerkin method. In this direction, the values of the two-parameter solution method and the 
three-parameter solution method are presented in the article with tables and graphs after the 
solutions of the bending analysis are completed. 
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