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new concepts. Moreover, statistical convergence and o8 —statistical convergence of double
sequences are compared under some certain assumptions. Finally, as an application, we
prove Korovkin type approximation theorem for a function of two variables by using the
notion of o —statistical convergence.

1. Introduction

The idea of statistical convergence for sequences of real and complex numbers was introduced by Fast [1] and Steinhaus [2] independently in
the same year 1951 as follows. Let K C N, the set of natural numbers and K, = {k < n: k € K}. Then the natural density of K is defined by
8 (K) = lim,n~" |K,| if the limit exists, where |K,| denotes the cardinality of K. A sequence x = (x) is said to be statistically convergent to
L if for every € > 0, the set K¢ := {k € N : |x; — L| > €} has natural density zero, i.e., for each € > 0,

1
lim;\{kgn: |y —L| > €} =0,
n

which is denoted by st — limx = L. Over the years, generalizations and applications of this notion have been investigated by various
researchers [3]-[14].
Aktuglu [14] introduced o8 —statistical convergence as follows. Let o (n) and 3 (n) be two sequences of positive numbers satisfying the
following conditions:

Py : a and B are both non — decreasing,

Py:Bn) > a(n),

Py:B(n)—o(n) = c0asn— oo,
Let A denote the set of pairs (, 3) satisfying Pj, P> and Ps.
For each pair (o, ) € A, 0 < y<1and K C N, we define

; ‘Knp,f"ﬁ‘
5% = lim
Kn) = o By e 1177

where Py’ P is the closed interval [c(n),B (n)] and |S| represents the cardinality of S.
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Definition 1.1. [/4] A sequence x = (x},) is said to be o —statistically convergent of order 7y to L, if for every € >0

ab .
6“=B<{k:|xk—L|>e},y>:nmH"“’” he-tize}|
> n—yo0 (ﬁ(”)*a(n)Jrl)y

which is denoted by slgﬁ —limx = L. For y =1, we say that x is oy —statistically convergent to L, and this is denoted by stop —limx = L.

Definition 1.2. [15] A sequence x = (x;) is said to be [NY, o], —summable to a number L, 0 < g < oo, if

1
lim e — L[ =0,
B a1, &,

which is denoted by x; — LINY, ] . Similarly, for y =1 the sequence x = (xi) is said to be [N, ap],—summable to L.

By the convergence of a double sequence we mean the convergence in the Pringsheim sense, that is, a double sequence x = (x jk) is said to
be convergent to L in the Pringsheim sense, if for every € > 0 there exists N € N such that |x jk— L| < € whenever j,k > N. In this case we
write P —limx = L [16].

A double sequence x = (x jk) is bounded if there exists positive number M such that ’x jk! < M for all j,k € N. We denote the set of all
bounded double sequence by [2.

Let K C Nx Nand K (m,n) = {(j,k) : j <m,k <n}. The double natural density of K is defined by

62([() :P_]rjﬂll‘]((mvn)'v

if the limit exists.
A double sequence x = (x ;) is said to be statistically convergent to a number L, if for every € > O the set { (j,k), j<mandk <n:|xj —L| > €}
has double natural density zero, i.e. for every € > 0,

1 , ,
PfI’}llyllgm—nH(],k), j<mandk<n:|xy—L|>¢e}|=0,

which is denoted by st; — lirlr€1x ik = L [17]. We denote the set of all statistically convergent double sequences by s,. Note that if x = (x jk) is
J»

P—convergent then it is statisically convergent, but not conversely. Also a statistically convergent double sequence need not be bounded. For
this, consider a sequence x = (xj) defined by

- Jjk, if jand k are square,
k= 1, otherwise.

Then, st —limx = 1. But x is neither P—convergent nor bounded.

Our purpose is to extend the concepts of aff —statistical convergence and strong o —summability from ordinary (i.e. single) sequences
to double sequences. This paper organized as follows: In section 2, we introduce the concepts of off —statistical convergence and strong
o3 —summability of double sequences, and also establish the some relations these new concepts. Moreover, statistical convergence and
o3 —statistical convergence of double sequences are compared under some certain assumptions. In section 3, we prove Korovkin type
approximation theorem through af8 —statistical convergence for functions of two variables.

2. Main results

We now begin defining the our new concepts of a3 —statistical convergence and strong ¢ —summability for double sequences. Throughout
the paper, let (o1, 1) € A and (o, B2) € A.
Definition 2.1. A double sequence x = (x jk) is said to be o3 —statistically convergent to a number L, if for every € > 0

1

. , , oy,B By _
P
m n

which is denoted by st; (o) —limx jx = L, where Py’ P and PP are the closed intervals [ot) (m), By (m)] and [0 (n) , By (n)], respectively.

This definition also includes the following special cases:

i) If we take o (m) =1, By (m) =m forallm € Nand o (n) = 1, B (n) = n for all n € N, then o8 —statistical convergence of double
sequence is reduced to statistical convergence of double sequences introduced in [17].

ii) Let A = (A) and u = u (n) be two non-decreasing sequences of positive numbers tending to oo such that

lerlS)vm‘i’la Ar=1,
and

MHpt1 S Ha+1, pp=1.
Then in the case of o (m) =m— Ay, + 1, By (m) =m for all m € N and 0 (n) =n— W, + 1, B (n) = n for all n € N, off —statistical
convergence of double sequence is reduced to (A, i) —statistical convergence of double sequence introduced in [18].

iii) Recall that a double lacunary sequence 6, = {(kr,/s)}, which means there exist two increasing of integers such that

ko =0, hy =kr—ky_| —> 00 as r—>oo,
and
lo=0, hs=1I;—1,_] — o0 as s§—oo.

If we take o (m) = kyy—1 + 1, By (m) = ki, forall m € N and o (n) = I,_1 + 1, B2 (n) = I, for all n € N, then o —statistical convergence
of double sequence is reduced to lacunary statistical convergence of double sequence introduced in [19].
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Definition 2.2. A double sequence x = (x jk) is said to be strongly aff —summable or briefly [N, o] —summable to a number L, if

Z Z ik — L] =

mn~>oo ap,Bi Oﬂz,ﬁz
" ], E K

and we denote it by xj; — L[Ny, aB).

We shall denote the set of all o —statistically convergent double sequences by st (a3), and the set of all [N,, aff] —summable double
sequences by [Ny, of3].

Then, we get the following results.

Theorem 2.3. If a double sequence x = (x ;i) is [N>, o8] —summable to L, then it is o —statistically convergent to L, that is, [N, f] C
st (af) and also the inclusion is strict.

Proof. Letxjx — L[N, ] and given € > 0. Then, we have

1 _ 1 _
Pal-ﬁl 21}2) a B a 5 ‘x]k L| al.ﬁl) Pa2,132| Za P a P |x]k L| + 0‘1 /51| azﬁz‘ ~ 5 a 5 |x/k L|
m BT jepnh gep " " jerat P kep 22 JEPL P ke R
|xjx—L|>¢€ [xjp—L|<e

SW ‘{(],k), jGP,gl’ﬁl andkEsz’ﬁz : ‘xjk7L| 2 8}‘7

which means that s (of8) —limx = L.
To show that the inclusion is strict, we consider the following example: Let o (m) <1 < fB; (m) and & (n) <1 < B, (n) for all m,n € N,
and the sequence x = (x;¢) be defined by

N _{ j 1< < [VBim —ar(m+1] and1 <5< [ VB - () +1),
Jk

0, otherwise.

Then, we have

{(j,k), jePI P andke PP |xy -1 > s}’

1
pob By ’ P ﬁz‘
_ [vrmam [emae) |
= T B al(m)+1)(ﬁz(n) a2< >+1> —U as mn—ee.
That is, st (@) —limxj = 0. But
1

S E— 0
le'ﬁl HP»:IQ'ﬁZ) Jeigl By kGP,IZBZ {xjk |

[\/ﬂl(m —ay (m) +1}([\/Bl(m +l}+l)[\/ﬁz n)—op(n +l}([\/ﬁ2 —a(n) +l}+l)
- 4(Bi(m ) o (m)+1)(Ba(n)—aa(n)+1)

which means xj; 7 0[Ny, af]. O

—

Bl

Theorem 2.4. If a double sequence x = (xji.) bounded and oy —statistically convergent to L, then x j. — L[Ny, otf].

Proof. Assume that x = (xj) is bounded and ot —statistically convergent to L. Since x = (x;¢) is bounded, there exists M > 0 such that
!x]k fL{ < M for j,k € N. Then we can see that

l —L|= —L|+ o5 L
pPi ‘ sz»ﬁz) ,e%l 5 kep"‘zﬁz ‘xjk { PP ) sz~ﬁ2| jelgl B kgp"" 5 |xjk | P H %ﬁz‘ ]QFE‘ 5 keP"‘Z 5 |xjk |
|xjx—L|>¢e [xjp—L|<e
S BI‘ az,jz‘ {(j,k)7 jeP,f,‘"ﬁ‘ alndkeP,?cz’B2 e —L] > EH +e.

Taking limit as m,n — oo on the both sides of last inequality and also using the hypothesis, we obtain that

‘,}MW Y Y b=

Jeﬁﬁ‘l By keP® B2

which completes the proof.

Theorem 2.5. [fliminf B'(( ; > 1 and liminf B, EZ)) > 1, then sty —limx, = L implies sty (aff) —limxj; = L.
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Proof. Suppose that limmf ﬁ'(( ; > 1and hmlnf ﬁz(( ; > 1. Then, there exists 6 > 0 such that ﬁ‘< ) >1+8and 2 > 145, hence we

0 (m) a(n)
obtain that W > li 5 and % B 5 Now let st — limx j; = L. Then, for a given € > 0, we may write that

WH(L@JS&( m) andk < By (n) : |xj—L| > e}|

> g |{UoK) g€ PP and ke PPy - 1] 2 €|

_ (Bim)—ann) ) ) —antny 1) | {0 P and ke L e
= B () IO ADEADEY

(s ZH(J',k),jeP,‘:"B‘ andkeef”l'ﬁzz\x/ﬂ\ze}‘
<m) (Bi(m)—au (m)+1)(B2(n) — 0 (n)+1)

Since st —limxjx = L, the left hand side of the last inequality tends to zero as n1,n — oo, which yields that

. H(j,k),jeﬂ,‘f“ﬁl andkEP,?z’Bz:‘xjquZe}’
ne " (Br (m) — a1 (m) 1) (B (n) — @ () + 1)

This completes the proof of the theorem. O

=0.

i Gilmoa(n) i = L impli i =
Theorem 2.6. IJ‘m}rllrEm ﬁl (m)BZ(Z) =0, o (m) > 1 and 0 (n) > 1 for all m,n € N, then sty (af8) —limxj, = L implies sty —limx = L.

% <m>“2(")> =0, a; (m) > 1and o (n) > 1 for all m,n € N. Then, for a given € > 0, we can write

Proof. Suppose that mlrllrgw Bim)Ba(n)

7;31(,”)1;32(,,) [{(j.k), j<Bi(m)andk < B> (n): |xp—L| > e}

= 731(’”)‘[32(") H(j,k), j< Oll( ) and k < 062 !x]k—L| > e}’

+ g [{ G0, € PP and ke PEP (1] )|
= g:EZ;gjéz)) + P,‘:]'ﬁl ‘11,’:12‘132’ ‘{(]J()» jGPg“B' andkeP,?‘z’ﬁz : |xjk_L| > 8}‘ .

Taking limit as #1,n — oo on the both sides of last inequality, since st> (o¢8) —limx j; = L, we obtain that

WH(L@JS&( m) andk < By (n) : [xj—L| > e}| =

which completes the proof. O

3. Application to Korovkin type approximation theorem

Let C[a, b] be the linear space of all real valued continuous functions f on [a,b]. It is well known that C [a, b] is a Banach space with the norm

[fllo=sup [f(x)],  feCla,b].

x€la,b]

Suppose that T be a linear operator from Ca, ] into C[a, b]. We write T;, (f,x) for T,, (f (¢) ,x) and we say that T is a positive linear operator
if T (f,x) > 0forall f(x)> 0. The classical Korovkin theorem states as follows [20]:
Suppose that (7,,) be a sequence of positive linear operators from C[a, b] into C|[a,b]. Then

tim| 7, (£,%) = f (1), =0,  forall f&Clab],

if and only if
11;11”7;,(]““ ) fl( )Hoof for i:071727

where f (x) =1, fi (x) =x and f5 (x) = x2.

Recently, Korovkin type approximation theorem have been studied for functions of one or two variables by using different summability
methods, see for instance [21]-[33] and etc.

By C(K), we denote the space of all continuous real valued functions on any compact subset of the real two-dimensional space. This space
is equipped with the supremum norm

Iflew = swp [fe)l,  FeC(K).

(xy)eK

Before proceeding further, we recall here the classical Korovkin type approximation theorem for a function of two variables in Pringsheim
sense given in [21].
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Theorem 3.1. [21] Let (Tjk) be a double sequence of positive linear operators from C (K) into C (K). Then for all f € C (K),
P—tim | Tjef = fll ok,
if and only if
P—1lim|| Ty f; —ﬁHC(K) =0, (i=0,1,2,3)
where fo (x,y) =1, fi (x,y) =% f2(x,y) =y and f3 (x,y) = x> +y*.
Now, we give the main result of this section.

Theorem 3.2. Let (Tj) be a double sequence of positive linear operators from C (K) into C (K). Then for all f € C (K),

sty (aB) —1im || Tjef = fll ok (3.1)
if and only if
sto (aB) —1im || Tjefi = fill ey =0, (i=0,1,2,3) (3.2

where fo (x,y) =1, fi (x,y) =x, f>(x,y) =y and f3(x,y) = x>+,

Proof. Since each f; € C(K) for (i =0, 1,2,3), condition (3.2) follows immediately from (3.1). Suppose now that the condition (3.2) holds
and f € C(K). By the continuity of f on compact set K, we can write | f (x,y)| <M where M := || f||¢(x)- Also, since f is continuous on K,
for every € > 0, there exists a number d > 0 such that |f (u,v) — f (x,y)| < € for all (u,v) € K satisfying |u —x| < 8 and |v—y| < 8. Hence,
we get

2M
) =@yl < e+ 5 { =07+ -y} (3:3)
Since T is linear and positive, from (3.3), we obtain that
|Tje (fix,y) = f (x,9)]

= ‘T]k (f(uvv) —f(x,y) ;x7Y) _f(xvy) (Tjk (fO;x»y) _fO (xvy))’

< Tjr (1 (u,v) = £ (6,2)[5%,5) +M | Tjx (fos6,5) = fo (x,¥)]|
<[ (e + 2 {w=07+ =) sx3) [+ M| T (o) = fo (x.3)
(s+M+2M (A2 +B2) )} (o)) — fo ()]
+ AT (frsx,y) — fi (x9) |+ 2B Ty (foix,3) — fo (x,)]

2\ Tie (f359) — f3 (x,y) | + €,

where A := max |x| and B := max \y| Takmg supremum over (x,y) € K, we get

1T = Fllew) < R{TSo = foll e + 1Tt = Filley + T2 = Follcg + T3 = Fll e § +
where R = max {£+M+ 25—1'21 (A2+B%), ‘g‘;’A, ‘g‘;’B, 261‘;1 }
Now, for a given r > 0, choose & > 0 such that &’ < r. Define the following sets

D={(jk), je PP andk € PEP [T f ~ flloge) =}

D= {(j,k), je P Prand ke PP T fi— fil e > ’;,5'}7

3
fori=0,1,2,3. Then, D C ‘UODi and so we also get
i=

p2h2

| {(j,k% jepPiP andke pEP: |1 Tif = lleq) = r}

pob ﬁ])

{Gik), j e PP and ke PEP 2 Tfo = foll ey 2 756

1
pA Bt HP:Q-ﬁz

+W{(Lk%i€f’g“ﬁ‘ andkEsz’ﬁzi||Tjkf1—f1HC(K>Z’ZS,}
+W{(j,k)7jeaﬁ‘“ﬁ' andk € PP | T = ol = "8 }

+ ] ﬂpﬁ_,ﬂz‘ (G0, jeriPrandke PEP | Tifs = fill e = 5 |-




Journal of Mathematical Sciences and Modelling 203

Hence, using condition (3.2), we obtain
sty (aB) —lim || Ty f = fl| ) = 0.

This completes the proof of theorem. O

Remark 3.3. We now construct an example of sequence of positive linear operators of two variables satisfying the conditions of Theorem 3.2,
but does not satisfy the conditions of the Korovkin theorem given in Theorem 3.1. For this, we consider the following Bernstein operators
given by

m n k i I _
B (f3x,y) = Z Z f (%7 i)cfnxk(l _x)m kCéy’(l —y)" /
k=0 j=0
where (x,y) € K =1[0,1] x [0,1]; f € C(K). Also, observe that
B (forx,y) =1,
an (fl;xd’) =X,
an (fz;)ﬂ)’) :y7

w2
B (f33%,) :x2+y2+;%f+u7

n

where fo (x,y) =1, fi (x,y) =x, f>(x,y) =y and f3 (x,y) = x> +y*. Then, by Theorem 3.1, we know that, for any f € C (K),
P—1im |Byuf — fllcx) = 0.

Now, we define the sequence of linear operators as Ty, : C(K) — C(K) with Ty, (f3x,) = (14 Xpmn) Bin (f3x,), where x = (Xyp) is defined
in Theorem 2.3. Note that the sequence x = (X ) is 03 —statistically convergent to zero, but not P— convergent. Then the double sequence
Tonn satisfies condition (3.2) for i = 0,1,2,3, hence, by Theorem 3.2, we get

sty ((Xﬁ) 7lim||Tmnf7fHC(K) =0.
On the other hand, we have Ty, (f30,0) = (1 +Xp) f(0,0) since By (f30,0) = f(0,0), and hence we obtain
”Tmn (fQXJ) - (f§x7y)Hc(K) > |Tmn (f;0,0) - (f§0:0)| 2 Xmn \(f;0,0)\ .

One can see that (T,,,) does not satisfy the Korovkin theorem for positive linear operators of two variables in the Pringsheim’s sense, since
P —limx,,,, does not exists. That is, Theorem 3.1 does not work for our operators Ty,,. Hence, our Theorem 3.2 is stronger than Theorem 3.1.
This proves our claim.
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