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Abstract - An interval neutrosophic set is an instance of a neutrosophic set, which can be used in real
scientific and engineering. In this paper, three new operations on interval neutrosophic sets based on the
arithmetic mean, geometrical mean, and respectively harmonic mean are defined on interval neutrosophic
set.
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1. Introduction

In recent decades, several types of sets, such as fuzzy sets [1], interval-valued fuzzy sets
[2], intuitionistic fuzzy sets [3, 4], interval-valued intuitionistic fuzzy sets [5], type 2 fuzzy
sets [6, 7], type n fuzzy sets [6], and hesitant fuzzy sets [8], neutrosophic set theory [9],
interval valued neutrosophic set [10] have been introduced and investigated widely. The
concept of neutrosophic sets introduced by Smarandache [6, 9] is interesting and useful in
modeling several real life problems.

The neutrosophic set theory (NS for short) which is a generalization of intuitionistic fuzzy
set has three associated defining functions, namely the membership function, the non-
membership function and the indeterminacy function which are completely independent.
After the pioneering work of Smarandache [9], Wang et al.[10] introduced the notion of
interval neutrosophic sets theory (INS for short) which is a special set of neutrosophic sets.
This concept is characterized by a membership function, a non-membership function and
indeterminacy function whose values are intervals rather than real number, INS is more
powerful in dealing with vagueness and uncertainty than NS, also INS is regarded as a
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useful and practical tool for dealing with indeterminate and inconsistent information in real
world .

The theories of both neutrosophic set (NS) and interval neutrosophic set (INS) have
achieved great success in various areas such as medical diagnosis [11], database [12,13],
topology [14], image processing [15,16,17], and decision making problem [18].

Recently, Ye [19] defined the similarity measures between INSs on the basis of the
hamming and Euclidean distances, and a multicriteria decision—making method based on
the similarity degree is proposed. Some set theoretic operations such as union, intersection
and complement on interval neutrosophic sets have also been proposed by Wang et al.
[10]. Later on, Broumi and Smarandache [20] also defined correlation coefficient of
interval neutrosophic set. In 2013, Peide Liu [21] have presented some new operational
laws for interval neutrosophic sets (INSs) and studied their properties and proposed some
aggregation operators, include interval neutrosophic power generalized weighted
aggregation (INPGWA) operator and interval neutrosophic power generalized ordered
weighted aggregation (INPGOWA) operator and gave a decision making method based on
these operators.

In this paper, our aim is to propose three new operations on interval neutrosophic sets
(INSs) and study their properties.

Therefore, the rest of the paper is set out as follows: In Section 2, some basic definitions
related to neutrosophic sets, and interval valued neutrosophic set are briefly discussed. In
Section 3, three new operations on interval neutrosophic sets have been proposed and some
properties of the proposed operations on interval neutrosophic sets are proved. In section 4
we concludes the paper.

2. Preliminaries

In this section, we mainly recall some notions related to neutrosophic sets, and interval
neutrosophic sets relevant to the present work. See especially [9, 10, 21] for further details
and background.

Definition 2.1 ([9]). Let U be an universe of discourse; then the neutrosophic set A is an
object having the form A = {< x: T4 (x), [A(X), FAo(X)>, X € U}, where the functions T, I, F
: U—]0,1" define respectively the degree of membership, the degree of indeterminacy,
and the degree of non-membership of the element x € U to the set A with the condition:

0 TA()+ L (0+ Fa(x)<3". 1)

From philosophical point of view, the neutrosophic set takes the value from real standard
or non-standard subsets of ] 0,1°[.So instead of ] 0,17 we need to take the interval [0,1] for
technical applications, because 1°0,1" [ will be difficult to apply in the real applications
such as in scientific and engineering problems.

Definition 2.2 [10]. Let X be a space of points (objects) with generic elements in X
denoted by x. An interval neutrosophic set (for short INS) A in X is characterized by truth-
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membership function T, (x) , indeteminacy-membership function I,(x) and falsity-
membership function F,(x). For each point x in X, we have that

TA(X)v IA(X)’ FA(X) € [O ’1]

For convenience, we can use x =( [ TY, TY], [I¥,1Y], [ FY, FY]) to represent an element
in INS.

Remark 1. An INS is clearly a NS.
Definition 2.3 [10]. Let A={([Tf,TY1, [1%,1J1, [FF,FEF1)}

i. AnINSAisemptyif T} =T¢=0,1; =1Y=1, Ft = F/=1, forall xin A.
ii. Let0=<0,1,1> and1=<1,0,0>

In the following, we introduce some basic concepts related to INSs.

Deﬁnition 2.4 [21] Let ﬁ'l ={( [TlL ’ T1U] ’ [If ’ Ilu] ’ [FlL ’ FIU] )} and ﬁZ = {([ TZL ’ TZU] ’
L, 171, [FE, F7])} be two INSs.

i. 7, U Ay =[max(TE, TF), max(TY ,TY) 1, [min (15, I15),min( 1Y, 1) ],
[min (Ff, Fy),min( F,F7') 1}

ii. i, N A, =[min(TE, TE), min( TY ,TY) 1, [max (IF, IH)max( 17, 1)) 1,
[maX (FlLl FZL)ImaX( FIU' FZU) ] }

Definition 2.5. Let 7, ={([Tf,T/1, [UE, 1Y, [FE,FP)Yyand 7, ={([ T}, T/],
[1Z,1Y1, [FE,FY])} be two INSs, then the operational laws are defined as follows.

i. Ac=[FL FY], [1—1"1—-1Y], [T, TY]
i. 1, fi,=
(rf+ 717 = 117, T + 17 = TYT)L [ Ir 13,1 1], [FEFy  FYF])
ii. 1, ® hy=[TETE T TN + 15— 1515 1Y + 1) — 171, [FE + FF -
FyFy FY +F) — FUF] ]
iv. Aa={([1- A-THY1— QA =TH [}, U, [(FDH*,(FY)) }.

3. Three New Operations on INSs

Definition 3.1 Let 7; and i, two interval neutrosophic set, we propose the following
operations on INSs as follows:

- - et V4TV, E+1k V4V FLl+Ft FU+EV
nl@nzz{([lzz 122]’[122 122],[122 122]'

where

<Ty, I, F; >€fl; <T,, I, F, >€fi, }
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fiy $ 7, ={([\/T1LT2L’4/T1UT2U]1 [\/IILIZL' 1/I1lllzl]]a[\/1:1LF2Lv F1UF2U]}
where
<Ti, I1,F; >€fy <T,, I, F, >Efi, }

2Tk TF 2T1UT2U] [211L12L 21}’15’] [2F1LF2L 2F1UF2U]}
R P e N A L ) U N O T

iy # 7, ={([
where

<Ty, I,F, >€f, <T,,I,,F, >€f,}

With

T=[T1, T L= ], Fi=[Ff Flland To= [Ty, TY], =13 , I7], Fo= [F7FY]
Obviously, for every two fi; and i,,( fi, @fi,), (fi;$0,) and (fi, #fi,) are also INSs.
Example 3.2 Let i, (x)= {([0.2, 0.3], [0.5, 0.6] , [ 0.2, 0.4 ]),([0.5, 0.8], [0.1, 0.2], [ 0.6 ,0.1 )}
and 7, (x)= {([0.4, 0.6],[0.3,0.4], [ 0.3, 0.5]), ([0.3, 0.5], [0.1, 0.2], [ 0.5 ,0.1 ) be two interval
neutrosophic sets. Then we have

(fi, @ #y)={([0.3, 0.45], [0.4, 0.5],[ 0.25,0.45]),(b, [0.4, 0.65], [0.1,0.2], [ 0.55, 0.1 ])}

(i, $ 7i,) ={(a, [0.28, 0.42], [0.38, 0.48], [ 0.24 ,0.441),(b, [0.38, 0.63], [0.1, 0.2], [0.55 ,0.1])}
(7, #7i,) = {(a, [0.26, 0.4], [0.37, 0.48] , [ 0.24 , 0.44]), (b, [0.37, 0.61], [0.1, 0.2], [ 0.54 , 0.1 1)}

With these operations, several results follow.

Theorem 3.4 For 71, i, € INSs(X),

(i) 1@ M,=T, @7y,

(ii) f1$ T,=T, $1iy;

(iii) L # T, =N, %N,

Proof. These also follow from definitions.

Theorem 3.5 For 7, fi, € INSs(X), (7i,°@ #,°) ¢ =i, @1i,.

FE+FF P+ FY
! 2

T+ Tk T1U+T2U] [1£+12L 1{’+12U] [
2 ! 2 ! 2 72 ! 2

Proof. 7, @ 7, ={([ ]

where
<Ti, I, F, >€n, <T,, I,, F, >Efl, }

i ={(LFf, F{], -1p,1=1I{1, [T{, T}
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it ={([Fy , F1, [1-13,1—13], (T3, T}

a-1hH+ a-1f) a-1H+a-1)

7’

Fi+FF FUV+FY

i+l TV+TY
iy 1l

~ C ~ C
Tll@n2={[ 2 2 7 2

L[

2 2

1}

Cc

)

FE+ FL F1U+F2U] [(1—11L)+(1—12L) (1—1{’)+(1—1§’)] [T1L+T2L T1U+T2U])
2 2 ’ 2 ’ 2 ’ 2 )

(@ )¢ = ([

_ [T1L+T2L T1U+T2U] [1_(1—If)+(1—12L) 1— (1—1{’)+(1—12U)] [F1L+F2L F1U+F2U]
2 2 ’ 2 ! 2 ’ 2 2

_ ([Tll‘+T2L v+ Y 2—(F+ 5y 2-2-0V+ 1Y) FF+Ff FV+FY

2’2]’[2_[2 ’ 2 ]‘[2’2])

L L U U L L U U L L U U
:([T1+T2 T + T} ] [(11+12) g+ 13 )] [F1+F2 FP + F; ] )
2 o2 ! 2 ! 2 ! 2 T2

Then (#,°@ 7,°)°¢ = A,@ 7,
This proves the theorem.
Note 1: One can easily verify that

(i) (71,°$ 7,°) € # 71, $ 7,

(i) (7, # 71,5 ) # f,#7,

Theorem 3.6 For 1;, 7, andfi; € INSs(X), we have the following identities:
(') (7, Ufiy) @ 7iz = (R, @ 7ig) U (7, @ 713);
(i) (i, N 71,) @ 713 =(7; @ 7iz) N (7, @ 7i3)
(i) (A, Utp) $ 7ig= (1, $ 7i5) U(7,$ 713);

(iv)  (fi; N 7ip) $ig= (;$713) N (7,$ hy);

(V? (i U 71p)) # Aig= (R #713) U( T, #73);
(Vi) (fy N7iy) # fig= (i # 7ig) N (7 # 73);
(vii) (R @T7,) ® 7iz= (fi; ®N3) @( 7, B7s3);
(vii)) (7, @7;) ® 713=(7l; Q 7i3)@ (7, Q i3)

Proof . We prove (i), (iii), (v), (vii) and (ix), results (ii), (iv), (vi), (viii) and (x) can be
proved analogously

Q) Using definitions in 2.4, 2.5 and 3.1, we have

iy SH{((TE, T, U, 1Y, TFE, FUT)

i, ={([ Ty, 771, Uz, 151, [Fy,F])}

(fiy UTy) @ fig = {( [max(T{, T5) ,max(TY, TS)1, [min (If, 1Z) ,min(1{, 1)1,

Imin( FE, ER)min(FZ,FDI)Y @ (1 TE, 1YY, Uk, 1¥1, [FE, F2))
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min( 1Y 1) +1Y 1
1

max(TETH+TE max(Td, ) + Y min (1515 +1k
=l 2 ! 2 1.1 2 ! 2
[min(FlL FE)+FE, min(FY FY)+FY I
2 ! 2
T +T3 Ti+1Y v+ry T +T3 11+13 E+1k
=([max( S5 EEE ) max( R )1, [min (L2 245
U, U
min (11 +13 ’12 +1¥ 31, [min (F1 +FL ,Fz +FF ) . min (F1 +FY ’FZ +F3 13

2
= (, @ 7i3) U (i, @ 713)

This proves (i)

(iii) From definitions in 2.4, 2.5 and 3.1, we have

(ﬁl U ﬁZ) $ ﬁ3 = {( [max( TlLJ TZL) ,max( Tlur TZU)] ’ [mm (If, I%) 'min( Ilqug)] ’
[min( F{, Fz),min( F, ED1YS UL TS, 11, (15,151, [F3, F3)}

= { Wmax(TE, THTE , Jymax(TY, THTY 1, [Jmin(IE, D) IE,
Jmin( 1Y, 1Y) 1¥], [ymin( FF, FF) FE , Jmin( FY, FY) FY 1.

= max(JTFTF  VTFTE ), max(JTP T TP TP )], [IminG/IF 15 IF 1),
min(G/ 1 1§ V17 1)L IminG/FEFS L (Fy Fy ) minGyFY F VFY FY )T}

=(f,$713) U (71, $73)
This proves (iii).
(v) Using definitions in 2.4, 2.5 and 3.1, we have

((ﬁl UﬁZ)) # ﬁ3 = {( [max( TlLl TZL) ,max( T1U' TZU)] ’ [mm (IlL' IZL) rmin( Ilullg)] ’
[min( F{", Fz),min( F, EDDY# {0 TS, T, (15,151, [F3, F3)}

{1 2max(TETH TF  2max(tV ) 1Y ] [2 min (1515 15 2min(1Y,1Y) 1Y
max( Tf TZL)+ T ' max( T1 TZU) +TYY “min 1515+ 15’ min(1V 1Y) + 1Y
2min (FL,FS)FF 2 mln(F1 F2 ) F3

[min (FFFF)+ F¥  min( FU,FY) +F3U] }
_ 2Tk 1k 27T1LTE 217 Y 271V
_{[maX(TL+T3L 1 TL+TL) maX(TU+TU 1 TU+TU )]
21F1F 211k 21113 21213 2 FLFE 2F2F3
Lmin G i) min G ey ) i Gery i)
.2 F1UF3U 2 FY FY
min Gt | 2o b

=(fi, #713) U (A #7i3)

This proves (v)
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(vii) Using definitions in 2.4, 2.5 and 3.1, we have

(L @T,) © 7iz= (7, @T3) @(7, D 7z);

iy ={([T{, TP, UL, 171, TFE FPT)

i, ={((T¢, 171, Uz, 15), [F,F{])}

fia={([Ts, T3], 5,151, [F5,Fi])}

i+l TU+ TZU]' [11L+12L 1{’+1§’] 1 Fi+FL FU+ FY

={(I 2 7 2 2 72 2 7 2
@[Ty, 11, Uz, 11, [F3,F1)}

1)}

T1L+T2L +TL T1L+T2L TL T1U+T2U +TU T1U+T2U TU I%"'I% IL I{J"'Iéj IU

{[ 2 3~ 3 3 ° 3 ] ’ [ 2 3 2 3 ] ’

Ff+ F¥ FL FU+FY
2 37

[ F5'1}

_{ [(T1L+T3f'_ T1LT3L)+(T2L+T3{‘_T2LT3{') (T1U+T3U_ T1UT3U)+(T2U+T3U_T2UT3U) ] [1%"' I% L I{J"' Iéj IU]

- ’ ’ 37 31
2 2 2 2

F1L+F2L FL F1U+F2U FU

[ 2 37 2 3 ] }

= (f, ®7i3) @ (71, Bi3)
This proves (vi)
Theorem 3.7. For 7i;and 71, € INSs(X), we have the following identities:

(i) (L®T;) N (7, @ 71y) =7y Q Tiy;
(i) (@ 7y) U (7 @ 7ip) =73 D 7y
(i)  (@T,) N (A @7;) = 7@ Tiy;
(iv) (M@ 7,) U (1@ Tiy)= 1, D Tiy;
V) (1 ® i) N (@ T,)=1; @ 7iy;
i) (7 @ fiy) U (7, @7,)= 1@ 7iy;
(vii) (i @7z) N (71 $7,)= 7y $Ty;
(viii) (i, ®i;) U (71 $75)= i, D Tiy;
(iX) (A ® i) N (7 $7L)=1 @ fiy;
(x) (A @ 7iy) U (7, $7p)= 7y $ 7ly;
(xi) (@ Ty) N (AigH fiy)= Ay # Tiy;
(xi) (@ NL) U (A #)=T, @ iy
(xiii) (A @ )N (A #fL)= Ty @ Ty,
(xiv) (g @ 7ip)U( iy #1i,)= iy #Hil,

Proof .We prove (i), (iii), (v), (vii), (ix), (xi) and (xii), other results can be proved
analogously.

Q) From definitions in 2.4, 2.5 and 3.1, we have
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(i, ®11) N (7 @ 71p)
Ay ={(1TE, TV, Uk, 171, [FE,F)
i, ={TE, TY1, Uy, 111, [F¥,F2)}

=([T¢ +T¢ — T4, TV + T — TPTY) L1 15 18 190, (FEFE  FYEY) 0 {1 T8, TV 1Y),
[ +1k— 1k, 1V + 1Y — 10100, [ ¥+ Ff — FFE P+ FY — FPFY 1}

={[min (T +T1F - TET) , TETE ), min(@! + TV — TVTY TV TY)],
[max (If 15 1F+ 15— 1515 ) max (i 1Y, 1Y + 1Y — 171))],
[ max (FEFE | FE + FE — FEFE) , max (FYFY, FY + FY — FYFD}
=TTy TP TN + 15— 151y 1Y + 1 — W) [FE + Ff — FpFy FY +F/ — FF/ ]
=fi; ® 7,
This proves (i)
(iii) Using definitions in 2.4, 2.5 and 3.1, we have
(i, ®7;) N (7, @A) = ;@ 7y,

TE+ T2 T1 +T7

:{ ([TlL + TZL - TlLTZL 'TIU + TZU - T1UT2U]I[If I% II'_{] IZU] ) [F FZ 'FluFZ ]) n( [ 2

[

1,
e+ 1k 1}’+12U] [FlL+F2L

FV+ FY
2 ’ 2 ’ 2 7’ ])

T1L+ TS U T1 +Tz

={[ min (T} + T} — TLTE,

), min (TY +T{ — TV T

D1

[ max (I- 1% | ’1“2) max (1Y 12,’1“2 )], [ max (FEFE F1+F2) max(FUFU Fl”z 5% .
{[T1+T2 v+ 1Y 1, [11+12 +12] [F1+F2 FV+ FY ]

2 o2
=7, @71,

This proves (iii).
(v) From definitions in 2.4, 2.5 and 3.1, we have
(A, ® 7ip) N (7, @) =7y Q iy,

L U U
[Ff + Ff — FfFE  FY +F/ — F/F} ]}n{[T1+T2 1y +2Tz 1, [11+Iz i
[ F1L+2F2L 1F1U+F2U 1.
={[ min (¢ Tt ,T1+T2) min (t¢ 17 , Tl”z ) 1.[ max (i + 1 — IL1% 11+12)'

max (I +1¥ — 1V1Y, ’1“2 2% 1, [max (F- +F2 ~ FyFy ,—FHZFZ ).
max (FY + FY — FYFY , o +F2 —)1}
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={[TETE TYTY L+ - B, P+ 1Y - 1),
[FL+Ff - FEF}, BV +FY - FYFY 1}

= 7i; Q iy

This proves (v).

(vii) Using definitions in 2.4, 2.5 and 3.1, we have
(i, ®7;) N (7, $ 7A,)=11, $ 1,

= (Mf+ 13— TT TP + 1Y — TYTYL U0 05 1 ) (FEFS FUFYD)
NN T VT T, W Iz, VI ), WFEFE VFE DY

={[min(Tf +TF - TETE, JTETE), min(TY + T = TVTY , TP TV ),
[max (IF 1%, JIF 1LY, max (1Y 1Y, IV 1Y) ], [max ( FE FF, \JFE FE),
max (FY FY ,\JFY FY )1}

={[\/T1LT2L '\/T1UT2U ]'[\/Iflg'\/hulzu ]r[\/F1LF2L r\/F1UF2U 1}

=i, $1,

This proves (vii)

(ix) From definitions in 2.4, 2.5 and 3.1, we have
(fiy ® 7ip) N (711 $ ix)= 1y Q Ty,

Hritry TN+ - G W+ - P IFE+F - FeFy U+ F — FUF 1}

n{[\/TlLTZL '\/TluTZU ]l[ \/IlLIZL l\/Iluléj ]'[VF1LF2L ’ VF1UF2U ]}
={[min (Tt 1t JTETE), min (¥ 1Y, JTZ TP )], [max (1 + 1k — 1L1% , JJIFIE)

max (17 + 1y — 171y, 1V 1)), [max (Ff + F — FrF} |, \JFEFE),

max (FY + FY — FYFY, JEY FV)]}

=TTy T TY ) s - pk 1Y+ 1 - 1P,
[ Ft+Fr— FAFE FY+FY — FYRY 1y

=y Q 7y

This proves (ix)

(xiii) From definitions in 2.3, 2.5 and 3.1, we have
(fi; @ 7i,) N (Ag#7,) =7y @ iy

Hri Ty T+ 1 — Il I+ 17 = 1],

32
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27kt 21V TV
th+ 1k T+ TY

[FL+FL— FLFL FU+FU— FUFU]} n{([ 21{‘15 21%1151
1 2 242 11 2 112 Ly L’ Uy U
1 2 1 2
[2F1LF2L 2F1UF2U]}

FE+FF 7 FP+ FY

A 1,

{[min (TETE 2ETY min (MU TV, 25 0] [max (1 + 1 — 1Lk 2
- T2 gLyl o2 gyt T2 f2tz gyt
U U L oL
U U ugu 217 I L L LpL 2FF
max(ly +1; — I71; U U , [max (Fy + F; — F'F, IFL+FL):
1 2 1 2
U pU
U U upu 2F 5
max(FY + F{ — FVFY 272}
1 2

=ML T3, T TP L + 15 — 1307 1) + 1 = 1],
[ Ff+F — FRF;  FY +F — F'FT}

=f; @ 7,
This proves (xiii). This proves the theorem.
Theorem 3.8 . For 7i; and 1, € INSs(X), then following relations are valid:

(i) (i #fiy) $ (A #iy) = Ty # 7y,

(i) (@) $ (M@ 7p) =7 Oy,
(i) (7, @ 71p) $ (71 Q@ hy) =7y & Tiy;
(iv) (@) $(7@7y) =@ fiy;
V) (L#T,) @ (7iy #7p) =iy #71;
(i) (MO7N,) @ (7, ® f1y) =, @7,;
(vii) (7, U 7p) @ (7iy N 71p) = 74 @y,
(viil) (Ay U 7yp) $ (i; N7y) = 7,8 Ay,
(ix) (L U i) # (7l N 7Lp) = g # 7y,

Proof. The proofs of these results are the same as in the above proof

Theorem 3.9 For every two 71, and 71, € INSs(X), we have:

() (i, U TLL) © (g N7LR)) @ ((7i U 7iy) ® (71 N 7Ap)) = 7y @y,
(i) (A VU AiH#( 7R NTL)) $ (R, U 7ip) @ (Fiy N 71R)) =7y $71,

(i) (M, 07;) U (fi; @ 71y)) @ (7, D7) N (7 & 7iy))= i, @;;
(iv) (7 ©7,) U (7i,@7,)) @ (7 ® 7ip) N (7, @)= 1, @Tiy;
(V) (R ©1i) U (7 #113)) @ ((7i; @ 7ip) N (A #7y)) = 7y @iy,
(vi) (7, ®7,) U (71,$77,)) @ (7 & 7ip) N (7, $7,)) = 7, @iy,
(vii)  ((i,@®7,) U (7,@73)) @ (( 7 D7) N (A #11y)) = 7, $71,.

Proof . In the following, we prove (i) and (iii), other results can be proved analogously.
Q) From definitions in 2.4, 2.5 and 3.1, we have
(L V) ® (fiy N7R)) @ ((7i, UTL) @ (7 NTLR))

iy ={([TF, T71, Uf, 171, [FE,F)
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fl, ={(Ty, T, U, 1, [FF,FJ)}
fia={([Ts, T, 5,151, [F3, F{1)}
((fiy U Tiy) @ (7ig N 7))

={ [max( TE, TE), max( TY ,TY) 1, Imin (I, I15),min( 1V, 1) 1,
[min (F1L'F2L), min( F1U;F2U) ] } @ { [min( T1L, TZL)I min( T1U :TZU) 1,
[maX (If, I%), maX( I{], IZU) ] ’ [maX (FlL’ FZL)I maX( F1UI FZU) ] }

={[ maX( TlLl T2L)+ mln( TlLl TZL) - maX( TlLI TZL) mln( Tf! TZL)I maX( Tlu ITZU) +
mln( T1U ITZU) - maX( T1U ITZU mln( T1U ITZU)] I[ mln([f, I%) max (Ifrlél)r
min( IV, 1Y) max( 1Y, ID)], [ min(FE, FF) max (FE, FE), min( FY, FY) max( FY, F2)1L.

(7, UTy) @ (7, N7y)

:{ [maX( TlLi TZL)I maX( T1U ITZU) ]I [mln (If,[é‘),mm( I{],Ig) ] ’ [mln (Ff’le,)' mln( F1U!F2U)
13 ® {[min(T{, Ty), min( T, TY) 1, [max (11, 17), max(I{, I}) 1,
[maX (FlLl FZL)I max( FIUJ FZU) ] }

={[ max(TE, TE) min( TE, TE), max(TY ,TY) min(TY ,TY) 1,

[ min (I£, 1) + max (I, I2) - min (I£, I%) max (I, 12), min (17, 1Y) +

max (17, 1Y) - min (I, 1Y) max (1Y, 1¥)] , [ min (FE, FZL) +max (Ff, F¥) - min (FE, FF)
max (FL, FF), min (FC, FY) + max (FY, FY) - min (FY, FIY) max (F/, F)]1}.

(i, UTL) @ (i N7R)) @ ((7iy UML) ® (7i,N7y))

_{[max( TlL,TZL)+ min( Tll‘,TZL)— max( TlL,TzL)min( TlL,TZL)+max( TE,TF) min( TE,7F)
- ’
max(TY . 7Y) + min(TY ,7Y) — max( T1U2,T2U)min( ¥ 1Y) +max(TY ,7¥) min( T 1Y)
[ [ min(1%,15)max (14,15) +min (15,15) + maxZ(I{“,IZL) — min (I£,15) max (I5,15))
’
min( 1{’,15’) max( IF,IZU)+min (I{],IZU) i max (I{],IZU) — min (I%’,IZU) max (I{J,IZU)
2

]I

]

[ [ min(FL,FF)max (FLFE),+min (FEEE) + max (FEFE) — min (FEFE) max (FEFE))
2 7
min( F1U,F2U) max( F1U,F2U)+min (F1U,F2U) + max (F1U,F2U) — min (F1U,F2U) max (F1U,F2U)
2
_ max( L)+ min( T8 1) max(tY 1Y) + min(t? mY)
- [ 2 ’ 2 ]r
min (15,15 + max (15,1%)  min (17,1Y) + max (17,1Y) . | min (FF,FF) + max (FLFF)
[ ) 1 [ ;
2 2 2
min (1{],151) + max (I{I,IZU) ]
2

1}

_{[ T1+T2 T1 +T2] [11+12 11+12 ] [F1 +F2 F1 +F2 ]}

)

=f,@1,
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This proves (i).

(iii) From definitions in 2.4, 2.5 and 3.1, we have

(M ®7;) U (7, ® 7)) @ (7, D7) N (i Q 7))

=, @ty (7, D7) N (i Q 71y)

=H{(T{ + Ty — TiTy T + T = TP [0y 13, 11 1) [FEFy  FUFY D}

N{Iri Ty, TP T [+ 13— i3 1Y + 13 — I1],

[F{ + F; — F;Fy FU +F — F'F [}

={[min( T+ TF— TETE, TETE ), min(mf +TY — TVTY , TV TV)],
[meax (If Iy, Iy + 17 — Iz13 ), max(I{ I, I + 17 — {17 )],

[ max (FEFE , FE + FF — FEEE), max(FYFY [ FY + FY — FYFY )]}

={ri'r; T L+ L 5+ - 1],
[ Ff +Fy — F3Fy, FY +F) — FF/ 1}

(i, ®11,) U (7i; ® 1)

={ ([{f zr Ty " 7Z}LT2L ,7;1” +LT2” —LTLl”Tz‘l’]]. [ I%L] I .Illi’ {Iz”] ,[FLFy  FYF/D}
U{[Ty Ty Ty T [ Iy + 1z — Iy I +17 — 17 17],

[Ft + Fy — FFr FY +F) — F/F] ]

={[max ( Tf+ Tt - TiTE, TETE ) max (TY + TV — VTV ;7Y T,
[min ({15, 1f + 15— 151%), ming? 1 17 + 1 — 171 )],

[ min (FEFE | FE+ FF — FEFR), min(F/FY FYV + FY — FYFY )1}
={[Tt+Ty - 1iT8 T/ +1) - TV v 1y 1717 1, [FEFy, FUF]}

(@1,) U (7i; @ 713)) @ (R D7) N (7 Q 71y))

_ tF tE+rl4ri - TETE ¥+t +rV-rlry Itk —1E1k 1k 1k
= ' , ) L[ ) ,
Waly- 191941V 1Y LI FE+Fl— FEFF +FLEL, FV+rY - FUEY +FURY 13
2 ! 2 ! 2
[ TE+TS rV+rY 1 1F+1% 7+ 11 FE+FL FU+FY 1
2 ! 2 ! 2 ! 2 ! 2 ! 2
Hence ,

(1:©17,) U (7 @ 712)) @ (711 D7z) N (7l @ 7ip)) = 11, @

This proves (iii).
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4. Conclusion

In this paper we have defined three new operations on interval neutrosophic sets based on
the arithmetic mean, geometrical mean, and respectively harmonic mean, which involve
different defining functions. Some related results have been proved and bring out the
characteristics of the interval neutrosophic sets.
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