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SOME FIXED POINT THEOREMS FOR CONTRACTIVE

MAPPINGS ON ORDERED ORTHOGONAL CONE METRIC

SPACES

NURCAN BILGILI GUNGOR AND MEHMET SURMELIOGLU

Abstract. Very recently, orthogonal cone metric spaces, orthogonal com-

pleteness and orthogonal continuity are described in [4]. Also some fixed point

theorems and their conclusions are proved on orthogonal cone metric spaces
in there. In this paper, some fixed point theorems for contractive mappings

are presented on ordered orthogonal cone metric spaces. Also an illustrative

example is given.

1. Introduction and Preliminaries

In 2007, Huang and Zhang [7] introduced cone metric spaces and proved some
fixed point theorems of contractive mappings on cone metric spaces. Then, in 2008,
Rezapour and Hamlbarani [13] obtained generalizations of some results in [7] by
omitting the assumption of normality. Then many researchers are obtained fixed
point theorems on cone metric spaces.(see [1],[2],[8],[9],[14],[15])
On the other hand, in 2017, Gordji et al [5] described the notion of orthogonal set
and orthogonal metric spaces. Generalizations of theorems in this field have been
considered in some research articles.(see [6],[10],[3],[11])

Very recently, a new concept of orthogonal cone metric spaces, orthogonal com-
pleteness and orthogonal continuity are defined in [4]. And illustrative examples are
given for this new definitions. Also, an example is given for orthogonal complete
cone metric space which is not complete cone metric space. Furthermore, fixed
point theorems and their corollaries are proved on orthogonal cone metric spaces.

In this paper, some fixed point theorems for contractive mappings on ordered
orthogonal cone metric spaces are presented inspired by [12] and [4]. Also an
illustrative example is given.

In the sequel, respectively, Q,Qc,Z,R denote rational numbers, irrational num-
bers, integers and real numbers.

Definition 1.1. ([5]) Let X 6= ∅ and ⊥⊆ X×X be a binary relation. If ⊥ satisfies
the following condition

(1.1) ∃x0 ∈ X; (∀y ∈ X, y ⊥ x0) ∨ (∀y ∈ X,x0 ⊥ y),
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it is called an orthogonal set (shortly O-set). And (X,⊥) is called O-set. And the
element x0 is called an orthogonal element.

Example 1.2. ([6]) Let X = Z. Define m ⊥ n if there exists k ∈ Z such that
m = kn. It is easy to see that 0 ⊥ n for all n ∈ Z. Hence (X,⊥) is an O-set.

By the following example, we can see that x0 is not necessarily unique.

Example 1.3. ([6]) Let X = [0,∞), we define x ⊥ y if xy ∈ {x, y}, then by setting
x0 = 0 or x0 = 1, (X,⊥) is an O-set.

Definition 1.4. ([5]) Let (X,⊥) be an orthogonal set (O-set). Any two elements
x, y ∈ X are said to be orthogonally related if x ⊥ y.

Definition 1.5. ([5]) A sequence {xn} is called orthogonal sequence (shortly O-
sequence) if

(1.2) (∀n ∈ N;xn ⊥ xn+1) ∨ (∀n ∈ N;xn+1 ⊥ xn).

Similarly, a Cauchy sequence {xn} is said to be an orthogonally Cauchy sequence
(shortly O-Cauchy sequence) if

(1.3) (∀n ∈ N;xn ⊥ xn+1) ∨ (∀n ∈ N;xn+1 ⊥ xn).

Definition 1.6. ([5]) Let (X,⊥) be an orthogonal set and d be an usual metric on
X. Then (X,⊥, d) is called an orthogonal metric space (shortly O-metric space).

Definition 1.7. ([7]) Let E be a real Banach space and P a subset of E. P is
called a cone if and only if
(i) P is closed,nonempty, P 6= {θE},
(ii) a, b ∈ R, a, b ≥ 0, x, y ∈ P ⇒ ax+ by ∈ P ,
(iii) x ∈ P and −x ∈ P ⇒ x = θE .

Given a cone P ⊆ E, we define a partial ordering � with respect to P by x � y
if and only if y − x ∈ P . We shall write x ≺ y to indicate that x � y but x 6= y,
while x ≺≺ y will stand for y − x ∈ intP , intP denotes the interior of P .

The cone P is called normal if there is a number K > 0 such that for all x, y ∈ E,
0 � x � y implies || x ||E≤ K || y ||E .

The least positive number satisfying above is called the normal constant of P .

The cone P is called regular if every increasing sequence which is bounded from
above is convergent. That is, if {xn} is sequence such that

(1.4) x1 � x2 � x3 � ... � xn � ... � y

for some y ∈ E, then there exists x ∈ E such that || xn − x ||E→ 0(n→∞).

Equivalently the cone P is regular if and only if every decreasing sequence which
is bounded from below is convergent.

It is well known that a regular cone is a normal cone.

In the following we always suppose E is a Banach space, P is a cone in E with
intP 6= ∅ and � is partial ordering with respect to P .
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Definition 1.8. ([7]) Let X be a nonempty set. Suppose the mapping d : X×X →
E satisfies
(d1) θE � d(x, y) for all x, y ∈ X and d(x, y) = θE if and only if x = y.
(d2) d(x, y) = d(y, x) for all x, y ∈ X,
(d3) d(x, y) � d/x, z) + d(z, y) for all x, y, z ∈ X.
Then d is called a cone metric on X and (X, d) is called a cone metric space.

Lemma 1.9. ([14]) Let (X, d) be a cone metric space. Then for each θ ≺≺ c,
c ∈ E, there exists δ > 0 such that c− x ∈ intP whenever || x ||< δ, x ∈ E.

Definition 1.10. ([4]) Let (X,⊥) be an orthogonal set and d be a cone metric on
X. Then (X,⊥, d) is called orthogonal cone metric space (briefly O-cone metric
space).

Example 1.11. ([4]) Let E = R2, P = {(x, y) ∈ E : x, y ≥ 0} ⊆ R2 and X = Z.
And d : X ×X → E, d(x, y) = (| x − y |, α | x − y |) is defined where α ≥ 0, α ∈
R. Assume that binary relation ⊥ on X = Z as Example 1.2 , then (X, d,⊥) is
orthogonal cone metric space.

Example 1.12. ([4]) Let q, b ∈ R where q ≥ 1, b > 1, E = {{xn} | xn ∈
R and

∑∞
n=1(| xn |)q < ∞} and P = {{xn} ∈ E | xn ≥ 0,∀n ∈ N}. Assume

that (X,⊥, ρ) is an orthogonal metric space, then the mapping

(1.5) d : X ×X → E, d(x, y) = (
ρ

bn
)

1
q

can be defined on X and this mapping is an orthogonal cone metric. So (X,⊥, d)
is an orthogonal cone metric space.

Example 1.13. ([4]) Let E = (CR[0,∞), || . ||∞) and P = {f ∈ E | f(t) ≥ 0}.
Assume that (X,⊥, ρ) is an orthogonal metric space, then the mapping

(1.6) d : X ×X → E, d(x, y) = fx,y where fx,y(t) = ρ(x, y)t

can be defined on X and this mapping is an orthogonal cone metric. So (X,⊥, d)
is an orthogonal cone metric space.

Definition 1.14. ([4]) Let (X,⊥, d) be an O-cone metric space. Let {xn} be an
O-sequence in X and x ∈ X. If for any c ∈ E with θ ≺≺ c there is N ∈ N such that
for all n ≥ N(n ∈ N), d(xn, x) ≺≺ c, then O-sequence xn is said to be convergent
and {xn} converges to x( or x is the limit of {xn}). We denote this by

(1.7) lim
n→∞

xn = x or xn → x(n→∞).

Definition 1.15. ([4]) Let (X,⊥, d) be an O-cone metric space. Let {xn} be an
O-sequence in X. If for any c ∈ E with θ ≺≺ c there is N ∈ N such that for all
n,m ≥ N(n,m ∈ N), d(xn, xm) ≺≺ c, then O-sequence xn is called an O-Cauchy
sequence in X.

Definition 1.16. ([4]) Let (X,⊥, d) be an O-cone metric space, if every O-Cauchy
sequence in X is convergent in X, then (X,⊥, d) is called an O-complete cone
metric space.

Lemma 1.17. ([4]) Let (X,⊥, d) be an O-cone metric space, {xn} be an O-sequence
in X. {xn} converges to x ∈ X, then {xn} is O-Cauchy sequence.
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Definition 1.18. ([4]) Let (X,⊥, d) be an O-cone metric space. If for any O-
sequence {xn} in X, there is an O-subsequence {xni} of {xn} such that {xni} is
convergent in X. Then (X,⊥, d) is called a sequently compact O-cone metric space.

Definition 1.19. ([4]) Let (X,⊥, d) be an O-cone metric space and λ ∈ R, 0 <
λ < 1. A mapping f : X → X is said to be orthogonal contraction ( shortly
⊥-contraction ) with Lipschitz constant λ when

(1.8) d(fx, fy) � λd(x, y) if x ⊥ y.

Definition 1.20. ([4]) Let (X,⊥, d) be an O-cone metric space. A mapping f :
X → X is called orthogonal preserving ( shortly ⊥-preserving ) when

(1.9) fx ⊥ fy if x ⊥ y.

Definition 1.21. ([4]) Let (X,⊥, d) be an O-cone metric space. A mapping f :
X → X is called orthogonal continuous ( shortly ⊥-continuous ) at x ∈ X if for
each O-sequence {xn} in X such that xn → x then f(xn) → f(x). Also f is
⊥-continuous on X if f is ⊥-continuous in each x ∈ X.

Theorem 1.22. ([4]) Let (X,⊥, d) is an O-complete cone metric space ( it is not
necessarily complete cone metric space ) and λ ∈ R, 0 < λ < 1. Let f : (X,⊥
, d) → (X,⊥, d) is ⊥-contraction with Lipschitz constant λ and ⊥-preserving. In
this case, there exists a point x∗ ∈ X such that for any orthogonal element x0 ∈ X,
the iteration sequence {fn(x0)} converges to this point. Also, if f is ⊥-continuous
at x∗ ∈ X, then x∗ ∈ X is a unique fixed point of f .

Corollary 1.23. ([4]) Let (X,⊥, d) is an O-complete cone metric space, P be a
normal cone with normal constant K and λ ∈ R, 0 < λ < 1. For c ∈ E with
0 ≺≺ c and any x0 ∈ X, define B(x0, c) = {x ∈ X : d(x0, x) ≤ c}. Let f : (X,⊥
, d) → (X,⊥, d) is ⊥-contraction with Lipschitz constant λ for all x, y ∈ B(x0, c),
⊥-preserving on B(x0, c) and d(fx0, x0) � (1 − k)c. In this case, there exists a
point x∗ ∈ B(x0, c) such that for any orthogonal element x0 ∈ X, the iteration
sequence {fn(x0)} converges to this point. Also, if f is ⊥-continuous on B(x0, c),
then x∗ ∈ B(x0, c) is a unique fixed point of f .

2. Main Results

Now, we are ready to give and prove our main results.

Theorem 2.1. Let (X,v) be a partially ordered set, (X,⊥, d) is an O-complete
cone metric space, f : (X,⊥, d)→ (X,⊥, d) is nondecreasing mapping with respect
to v and ⊥-preserving. And suppose that there exists λ ∈ R, 0 < λ < 1 such that
d(fx, fy) � λd(x, y) for each orthogonally related x, y ∈ X with y v x. Assume that
there exists an orthogonal element x0 ∈ X such that x0 v fx0 then the iteration
sequence {fn(x0)} converges to a point x∗ ∈ X. Also, if f is ⊥-continuous at
x∗ ∈ X, then x∗ ∈ X is a fixed point of f .

Proof. Because of (X,⊥) is an O-set there exists an orthogonal element in x0 ∈ X.
From the assumption choosing such that x0 v fx0 does not disrupt generality.
Thus from f is a self mapping on X, for this orthogonal element x0 ∈ X, x1 ∈ X
can be chosen as x1 = f(x0). Thus,

(2.1)
x0 ⊥ f(x0) ∨ f(x0) ⊥ x0

⇒ x0 ⊥ x1 ∨ x1 ⊥ x0.
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Then, if we continue in the same way

(2.2) x1 = f(x0), x2 = f(x1) = f2(x0), ..., xn = f(xn−1) = fn(x0)

so {fn(x0)} is an iteration sequence. Since f is ⊥-preserving, {fn(x0)} is an O-
sequence. Using x0 v fx0 and f is nondecreasing mapping with respect to v, we
get

(2.3) x0 v f(x0) v f2(x0) v ... v fn(x0) v ...
In this case, for all n ∈ N,

(2.4)

d(xn+1, xn) = d(f(xn), f(xn−1))
� λd(xn, xn−1)
� ...
� λnd(x1, x0).

If any n ∈ N, xn = xn+1 then we get xn = f(xn) and so f has a fixed point. Assume
that ∀n, n+ 1 ∈ N, xn 6= xn+1. In this case, ∀n,m ∈ N, n > m,

(2.5)

θ � d(xn, xm) � d(xn, xn−1) + d(xn−1, xn−2) + ...+ d(xm+1, xm)
� λn−1d(x1, x0) + λn−2d(x1, x0) + ...+ λmd(x1, x0)

� λm

1−λd(x1, x0).

In the sequel there are two cases:
Case I: If P is normal cone with normal constant K, from the inequality 2.33,

(2.6)
|| d(xn, xm) || ≤ K || λ

m

1−λd(x1, x0) ||
≤ λm

1−λK || d(x1, x0) ||

Using the above equation, since 0 < λ < 1, d(xn, xm) → θ(n,m → ∞) and so
{xn} = {fn(x0)} is an O-Cauchy sequence.
Case II: If P is not normal cone, let c ∈ E such that θ ≺≺ c. Then c ∈ intP . Also
δ > 0 can be chosen such that c+Nδ(θ) ⊂ P where Nδ(θ) = {y ∈ E :|| y−θ ||< δ}.
Since 0 < λ < 1,

(2.7) || λm

1− λ
d(x1, x0) ||= λm

1− λ
|| d(x1, x0) ||→ 0(m→∞).

From the choosing of δ, || λ
m

1−λd(x1, x0) ||< δ and using the Lemma 1.9 we get

(2.8) c− λm

1− λ
d(x1, x0) ∈ intP that is

λm

1− λ
d(x1, x0) ≺≺ c(m→∞).

Thus, for all n,m ∈ N such that n ≥ m, we obtain that d(xn, xm) ≤ λm

1−λd(x1, x0) ≺≺
c so {xn} = {fn(x0)} is an O-Cauchy sequence.

In both cases, since (X,⊥, d) is an O-complete cone metric space, there exists
x∗ ∈ X such that {xn} = {fn(x0)} converges to this point. Now, assume that f
is ⊥-continuous at x∗ ∈ X and let c ∈ E such that θ ≺≺ c. Because of {xn} =
{fn(x0)} converges to x∗ ∈ X and f is ⊥-continuous at x∗ ∈ X, there exists n0 ∈ N
and for all n ∈ N such that n ≥ n0,

(2.9) d(xn+1, x
∗) ≺≺ c

2
and d(fxn, fx

∗) ≺≺ c

2
.

And so for all n ∈ N such that n ≥ n0, d(fx∗, x∗) � d(fx∗, fxn)+d(fxn, x
∗) ≺≺ c.

On the other hand, for m ∈ N,m ≥ 1 we obtain 0 < 1
m ≤ 1. Using c ∈ intP and

λintP ⊆ intP (λ ∈ R, λ > 0) we get c
m ∈ intP . Thus, for all n ∈ N such that n ≥ n0

and form ∈ N,m ≥ 1 we hold d(fx∗, x∗) ≺≺ c
m , then c

m−d(fx∗, x∗) ∈ P . Using the
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cone P is closed set, where taking limit m→∞ we get limm→∞( cm − d(fx∗, x∗) =
−d(fx∗, x∗) ∈ P . Besides θ � d(fx∗, x∗) that is d(fx∗, x∗) ∈ P . So, because of P
is cone d(fx∗, x∗) = θ that is fx∗ = x∗, so x∗ ∈ X is a fixed point of f .

�

Remark 2.2. In the above theorem, because of (X,⊥) is an O-set,

(2.10) ∃x0 ∈ X; (∀y ∈ X, y ⊥ x0) ∨ (∀y ∈ X,x0 ⊥ y).

But, x0 v fx0 may not be provided for any orthogonal element of X and in this
case, we can alternatively give the following theorem.

Theorem 2.3. Let (X,v) be a partially ordered set, (X,⊥, d) is an O-complete
cone metric space, f : (X,⊥, d)→ (X,⊥, d) is nondecreasing mapping with respect
to v and ⊥-preserving. Also suppose that there exists λ ∈ R, 0 < λ < 1 such that
d(fx, fy) � λd(x, y) for each orthogonally related x, y ∈ X with y v x. Assume
that there exists a y0 ∈ X such that y0 v fy0 and y0, fy0 are orthogonally related
elements. In this case, the iteration sequence {fn(y0)} converges to a point x∗ ∈ X.
Also, if f is ⊥-continuous at x∗ ∈ X, then x∗ ∈ X is a fixed point of f .

Proof. From the assumption there exists a y0 ∈ X such that y0 v fy0 and y0, fy0
are orthogonally related elements. Thus from f is a self mapping on X, for this
element y0 ∈ X, y1 ∈ X can be chosen as y1 = f(y0). Thus,

(2.11)
y0 ⊥ f(y0) ∨ f(y0) ⊥ y0

⇒ y0 ⊥ y1 ∨ y1 ⊥ y0.
Then, if we continue in the same way

(2.12) y1 = f(y0), y2 = f(y1) = f2(y0), ..., yn = f(yn−1) = fn(y0)

so {fn(y0)} is an iteration sequence. Since f is ⊥-preserving, {fn(y0)} is an O-
sequence. Using y0 v fy0 and f is nondecreasing mapping with respect to v, we
get

(2.13) y0 v f(y0) v f2(y0) v ... v fn(y0) v ...
In this case, for all n ∈ N,

(2.14)

d(yn+1, yn) = d(f(yn), f(yn−1))
� λd(yn, yn−1)
� ...
� λnd(y1, y0).

If any n ∈ N, yn = yn+1 then we get yn = f(yn) and so f has a fixed point. Assume
that ∀n, n+ 1 ∈ N, yn 6= yn+1. In this case, ∀n,m ∈ N, n > m,

(2.15)

θ � d(yn, ym) � d(yn, yn−1) + d(yn−1, yn−2) + ...+ d(ym+1, ym)
� λn−1d(y1, y0) + λn−2d(y1, y0) + ...+ λmd(y1, y0)

� λm

1−λd(y1, y0).

In the sequel there are two cases:
Case I: If P is normal cone with normal constant K, from the inequality 2.15,

(2.16)
|| d(yn, ym) || ≤ K || λ

m

1−λd(y1, y0) ||
≤ λm

1−λK || d(y1, y0) ||

Using the above equation, since 0 < λ < 1, d(yn, ym) → θ(n,m → ∞) and so
{yn} = {fn(y0)} is an O-Cauchy sequence.
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Case II: If P is not normal cone, let c ∈ E such that θ ≺≺ c. Then c ∈ intP . Also
δ > 0 can be chosen such that c+Nδ(θ) ⊂ P where Nδ(θ) = {y ∈ E :|| y−θ ||< δ}.
Since 0 < λ < 1,

(2.17) || λm

1− λ
d(y1, y0) ||= λm

1− λ
|| d(y1, y0) ||→ 0(m→∞).

From the choosing of δ, || λ
m

1−λd(y1, y0) ||< δ and using the Lemma 1.9 we get

(2.18) c− λm

1− λ
d(y1, y0) ∈ intP that is

λm

1− λ
d(y1, y0) ≺≺ c(m→∞).

Thus, for all n,m ∈ N such that n ≥ m, we obtain that d(yn, ym) ≤ λm

1−λd(y1, y0) ≺≺
c so {yn} = {fn(y0)} is an O-Cauchy sequence.

In both cases, since (X,⊥, d) is an O-complete cone metric space, there exists
x∗ ∈ X such that {yn} = {fn(y0)} converges to this point. Now, assume that f
is ⊥-continuous at x∗ ∈ X and let c ∈ E such that θ ≺≺ c. Because of {yn} =
{fn(y0)} converges to x∗ ∈ X and f is ⊥-continuous at x∗ ∈ X, there exists n0 ∈ N
and for all n ∈ N such that n ≥ n0,

(2.19) d(yn+1, x
∗) ≺≺ c

2
and d(fyn, fx

∗) ≺≺ c

2
.

And so for all n ∈ N such that n ≥ n0, d(fx∗, x∗) � d(fx∗, fyn) +d(fyn, x
∗) ≺≺ c.

On the other hand, for m ∈ N,m ≥ 1 we obtain 0 < 1
m ≤ 1. Using c ∈ intP and

λintP ⊆ intP (λ ∈ R, λ > 0) we get c
m ∈ intP . Thus, for all n ∈ N such that n ≥ n0

and form ∈ N,m ≥ 1 we hold d(fx∗, x∗) ≺≺ c
m , then c

m−d(fx∗, x∗) ∈ P . Using the
cone P is closed set, where taking limit m→∞ we get limm→∞( cm − d(fx∗, x∗) =
−d(fx∗, x∗) ∈ P . Besides θ � d(fx∗, x∗) that is d(fx∗, x∗) ∈ P . So, because of P
is cone d(fx∗, x∗) = θ that is fx∗ = x∗, so x∗ ∈ X is a fixed point of f .

�

Example 2.4. Let E = R2 be the Euclidean plane, P = {(x, y) ∈ E : x, y ≥ 0} be
a cone in E, X = {(x, 0) ∈ E : 0 ≤ x, y ≤ 1} and consider the following relation on
X, (X,v) be a partially ordered set.

(2.20) (x, 0) v (y, 0) ⇐⇒ (x = y) ∨ (x ≤ y,∀x, y ∈ [0, 1].

Also, define the binary relation ⊥ on X such that

(2.21) (x, 0) ⊥ (y, 0) ⇐⇒ xy ≤ min{x, y}.
In this case, (X,⊥) is an O-set. The mapping d : X ×X → E is defined by

(2.22) d((x, 0), (y, 0)) = ( 4
5 | x− y |, | x− y |).

Then, (X,⊥, d) is an O-complete cone metric space. Let mapping f : (X,⊥, d) →
(X,⊥, d) with

(2.23) f((x, 0)) = (x+1
2 , 0)

Then, f is⊥-preserving, nondecreasing mapping with respect tov and⊥-continuous
on X. Also, there exists λ0 = 3

4 ∈ R, 0 < λ0 < 1 such that d(f((x, 0)), f((y, 0))) �
λ0d(((x, 0)), ((y, 0))) for each orthogonally related (x, 0), (y, 0) ∈ X with (y, 0) v
(x, 0). And there exists an orthogonal element ( 1

3 , 0) ∈ X such that ( 1
3 , 0) v

f(( 1
3 , 0)). Thus, all hypothesis of Theorem 2.1 satisfy and so, it is obvious that

{fn(( 1
3 , 0))} converges to a point (1, 0) ∈ X. Due to the ⊥-continuity of f on X ,

(1, 0) is a fixed point of f .
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Now, we can give the following theorem which is obtained by adding a new
condition instead of continuity of f in Theorem 2.1.

Theorem 2.5. Let (X,v) be a partially ordered set, (X,⊥, d) is an O-complete
cone metric space, f : (X,⊥, d)→ (X,⊥, d) is nondecreasing mapping with respect
to v and ⊥-preserving. Also suppose that the following conditions hold:
(i) there exists λ ∈ R, 0 < λ < 1 such that d(fx, fy) � λd(x, y) for each orthogo-
nally related x, y ∈ X with y v x.
(ii) there exists an orthogonal element x0 ∈ X such that x0 v fx0,
(iii) if an increasing sequence {xn} converges to x ∈ X, then xn v x and xn, x

∗

are orthogonally related elements for all n.
In this case, the iteration sequence {fn(x0)} converges to a point x∗ ∈ X and
x∗ ∈ X is a fixed point of f .

Proof. As the proof of Theorem 2.1, there exists x∗ ∈ X such that {xn} = {fn(x0)}
converges to this point. Now, from the condition (iii) fn(x0) v x∗ and fn(x0), x∗

are orthogonally related elements for all n. Thus, from the condition (i),

(2.24)
d(fx∗, x∗) � d(fx∗, fn+1x0) + d(fn+1x0, x

∗)
� λd(x∗, fnx0) + d(fn+1x0, x

∗).

Let c ∈ E such that θ ≺≺ c. Because of {xn} = {fn(x0)} converges to x∗ ∈ X,
there exists n0 ∈ N and for all n ∈ N such that n ≥ n0,

(2.25) d(xn, x
∗) ≺≺ c

2λ
and d(xn+1, x

∗) ≺≺ c

2
.

And so for all n ∈ N such that n ≥ n0, d(fx∗, x∗) ≺≺ c. On the other hand, for m ∈
N,m ≥ 1 we obtain 0 < 1

m ≤ 1. Using c ∈ intP and λintP ⊆ intP (λ ∈ R, λ > 0) we
get c

m ∈ intP . Thus, for all n ∈ N such that n ≥ n0 and for m ∈ N,m ≥ 1 we hold
d(fx∗, x∗) ≺≺ c

m , then c
m − d(fx∗, x∗) ∈ P . Using the cone P is closed set, where

taking limit m → ∞ we get limm→∞( cm − d(fx∗, x∗) = −d(fx∗, x∗) ∈ P . Besides
θ � d(fx∗, x∗) that is d(fx∗, x∗) ∈ P . So, because of P is cone d(fx∗, x∗) = θ that
is fx∗ = x∗. �

The generalization of Theorem 2.1 can be given as follows:

Theorem 2.6. Let (X,v) be a partially ordered set, (X,⊥, d) is an O-complete
cone metric space, f : (X,⊥, d)→ (X,⊥, d) is nondecreasing mapping with respect
to v and ⊥-preserving. Also suppose that the following conditions hold:
(i) there exists α, β, γ ∈ R, 0 ≤ α, β, γ and α+ 2β + 2γ < 1 such that

(2.26) d(fx, fy) � αd(x, y) + β[d(x, fx) + d(y, fy)] + γ[d(x, fy) + d(y, fx)]

for each orthogonally related x, y ∈ X with y v x,
(ii) there exists an orthogonal element x0 ∈ X such that x0 v fx0.
In this case, the iteration sequence {fn(x0)} converges to a point x∗ ∈ X and if f
is ⊥-continuous at x∗ ∈ X, then x∗ ∈ X is a fixed point of f .

Proof. Because of (X,⊥) is an O-set there exists an orthogonal element in x0 ∈ X.
From the assumption choosing such that x0 v fx0 does not disrupt generality.
Thus from f is a self mapping on X, for this orthogonal element x0 ∈ X, x1 ∈ X
can be chosen as x1 = f(x0). Thus,

(2.27)
x0 ⊥ f(x0) ∨ f(x0) ⊥ x0

⇒ x0 ⊥ x1 ∨ x1 ⊥ x0.
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Then, if we continue in the same way

(2.28) x1 = f(x0), x2 = f(x1) = f2(x0), ..., xn = f(xn−1) = fn(x0)

so {fn(x0)} is an iteration sequence. Since f is ⊥-preserving, {fn(x0)} is an O-
sequence. Using x0 v fx0 and f is nondecreasing mapping with respect to v, we
get

(2.29) x0 v f(x0) v f2(x0) v ... v fn(x0) v ...
In this case, for all n ∈ N,
(2.30)
d(xn+1, xn) = d(f(xn), f(xn−1))

� αd(xn, xn−1) + β[d(xn, fxn) + d(xn−1, fxn−1)] + γ[d(xn, fxn−1) + d(xn−1, fxn)]
= αd(xn, xn−1) + β[d(xn, xn+1) + d(xn−1, xn)] + γ[d(xn, xn) + d(xn−1, xn+1)]
� αd(xn, xn−1) + β[d(xn, xn+1) + d(xn−1, xn)] + γ[d(xn−1, xn) + d(xn, xn+1)].

And so, we get

(2.31) d(xn+1, xn) � α+ β + γ

1− β − γ
d(xn, xn−1)

Since α, β, γ ∈ R, 0 ≤ α, β, γ and α + 2β + 2γ < 1, if t = α+β+γ
1−β−γ is chosen then

t ∈ (0, 1) and

(2.32)

d(xn+1, xn) � td(xn, xn−1)
� t2d(xn−1, xn−2)
� ...
� tnd(x1, x0).

If any n ∈ N, xn = xn+1 then we get xn = f(xn) and so f has a fixed point. Assume
that ∀n, n+ 1 ∈ N, xn 6= xn+1. In this case, ∀n,m ∈ N, n > m,

(2.33)

θ � d(xn, xm) � d(xn, xn−1) + d(xn−1, xn−2) + ...+ d(xm+1, xm)
� tn−1d(x1, x0) + tn−2d(x1, x0) + ...+ tmd(x1, x0)

� tm

1−td(x1, x0).

In the sequel there are two cases:
Case I: If P is normal cone with normal constant K, from the inequality 2.33,

(2.34)
|| d(xn, xm) || ≤ K || t

m

1−td(x1, x0) ||
≤ tm

1−tK || d(x1, x0) ||

Using the above equation, since 0 < t < 1, d(xn, xm) → θ(n,m → ∞) and so
{xn} = {fn(x0)} is an O-Cauchy sequence.
Case II: If P is not normal cone, let c ∈ E such that θ ≺≺ c. Then c ∈ intP . Also
δ > 0 can be chosen such that c+Nδ(θ) ⊂ P where Nδ(θ) = {y ∈ E :|| y−θ ||< δ}.
Since 0 < t < 1,

(2.35) || tm

1− t
d(x1, x0) ||= tm

1− t
|| d(x1, x0) ||→ 0(m→∞).

From the choosing of δ, || t
m

1−td(x1, x0) ||< δ and using the Lemma 1.9 we get

(2.36) c− tm

1− t
d(x1, x0) ∈ intP that is

tm

1− t
d(x1, x0) ≺≺ c(m→∞).

Thus, for all n,m ∈ N such that n ≥ m, we obtain that d(xn, xm) ≤ tm

1−td(x1, x0) ≺≺
c so {xn} = {fn(x0)} is an O-Cauchy sequence.
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In both cases, since (X,⊥, d) is an O-complete cone metric space, there exists
x∗ ∈ X such that {xn} = {fn(x0)} converges to this point. Now, assume that f
is ⊥-continuous at x∗ ∈ X and let c ∈ E such that θ ≺≺ c. Because of {xn} =
{fn(x0)} converges to x∗ ∈ X and f is ⊥-continuous at x∗ ∈ X, there exists n0 ∈ N
and for all n ∈ N such that n ≥ n0,

(2.37) d(xn+1, x
∗) ≺≺ c

2
and d(fxn, fx

∗) ≺≺ c

2
.

And so for all n ∈ N such that n ≥ n0, d(fx∗, x∗) � d(fx∗, fxn)+d(fxn, x
∗) ≺≺ c.

On the other hand, for m ∈ N,m ≥ 1 we obtain 0 < 1
m ≤ 1. Using c ∈ intP and

λintP ⊆ intP (λ ∈ R, λ > 0) we get c
m ∈ intP . Thus, for all n ∈ N such that n ≥ n0

and form ∈ N,m ≥ 1 we hold d(fx∗, x∗) ≺≺ c
m , then c

m−d(fx∗, x∗) ∈ P . Using the
cone P is closed set, where taking limit m→∞ we get limm→∞( cm − d(fx∗, x∗) =
−d(fx∗, x∗) ∈ P . Besides θ � d(fx∗, x∗) that is d(fx∗, x∗) ∈ P . So, because of P
is cone d(fx∗, x∗) = θ that is fx∗ = x∗, so x∗ ∈ X is a fixed point of f .

�

Theorem 2.7. Let (X,v) be a partially ordered set, (X,⊥, d) is an O-complete
cone metric space, f : (X,⊥, d)→ (X,⊥, d) is nondecreasing mapping with respect
to v and ⊥-preserving. Also suppose that the following conditions hold:
(i) there exists α, β, γ ∈ R, 0 ≤ α, β, γ and α+ 2β + 2γ < 1 such that

(2.38) d(fx, fy) � αd(x, y) + β[d(x, fx) + d(y, fy)] + γ[d(x, fy) + d(y, fx)]

for each orthogonally related x, y ∈ X with y v x,
(ii) there exists an orthogonal element x0 ∈ X such that x0 v fx0,
(iii) if an increasing sequence {xn} converges to x ∈ X, then xn v x and xn, x

∗

are orthogonally related elements for all n.
In this case, the iteration sequence {fn(x0)} converges to a point x∗ ∈ X and
x∗ ∈ X is a fixed point of f .

Proof. As the proof of Theorem 2.6, there exists x∗ ∈ X such that {xn} = {fn(x0)}
converges to this point. Now, from the condition (iii) fn(x0) v x∗ and fn(x0), x∗

are orthogonally related elements for all n. Thus, from the condition (i),
(2.39)
d(fxn, fx

∗) � αd(xn, x
∗) + β[d(xn, fxn) + d(x∗, fx∗)] + γ[d(xn, fx

∗) + d(x∗, fxn)]
� αd(xn, x

∗) + β[d(xn, x
∗) + d(x∗, xn+1) + d(x∗, xn+1) + d(xn+1, fx

∗)]
+γ[d(xn, x

∗) + d(x∗, xn+1) + d(xn+1, fx
∗) + d(x∗, xn+1)]

= αd(xn, x
∗) + β[d(xn, x

∗) + d(x∗, xn+1) + d(x∗, xn+1) + d(fxn, fx
∗)]

+γ[d(xn, x
∗) + d(x∗, xn+1) + d(fxn, fx

∗) + d(x∗, xn+1)]

And so, we get

(2.40) d(fxn, fx
∗) � α+ β + γ

1− β − γ
d(xn, x

∗) +
2β + 2γ

1− β − γ
d(xn+1, x

∗).

Let c ∈ E such that θ ≺≺ c. Because of {xn} = {fn(x0)} converges to x∗ ∈ X,
there exists n0 ∈ N and for all n ∈ N such that n ≥ n0,

(2.41) d(xn, x
∗) ≺≺ c

2

(1− β − γ)

(α+ β + γ)
and d(xn+1, x

∗) ≺≺ c

2

(1− β − γ)

(2β + 2γ)
.

And so for all n ∈ N such that n ≥ n0, d(fxn, fx
∗) ≺≺ c. Thus taking limit

n→∞, xn+1 → fx∗. Using the uniqueness of the limit we obtain fx∗ = x∗.
�
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3. Conclusion

In this paper, some basic fixed point theorems are obtained on ordered orthogonal
cone metric spaces by considering the continuity and non-continuity of self-mapping.
And then generalizations of these theorems are given. Also, an illustrative example
is given.
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