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DERIVATIVES WITH RESPECT TO HORIZONTAL AND
VERTICAL LIFTS OF THE CHEEGER-GROMOLL METRIC €Gg
ON THE (1,1)-TENSOR BUNDLE T} (M).

HASIM CAYIR AND MOHAMMAD NAZRUL ISLAM KHAN

ABSTRACT. In this paper, we define the Cheeger-Gromoll metric in the (1,1)
—tensor bundle Tl1 (M), which is completely determined by its action on vector
fields of type X and wV. Later, we obtain the covarient and Lie derivatives
applied to the Cheeger-Gromoll metric with respect to the horizontal and
vertical lifts of vector and kovector fields, respectively.

1. INTRODUCTION

Let M be a differentiable manifold of class C*° and finite dimension n. Then
the set T} (M) = Upen T} (P) is, by definition, the tensor bundle of type (1, 1) over
M, where U denotes the disjoint union of the tensor spaces T} (P) for all P € M.
For any point P of TE(M) such that P e T}(M), the surjective correspondence
P — P determines the natural projection 7 : T} (M) — M. The projection 7
defines the natural differentiable manifold structure of T (M), that is, 71 (M) is a
C* — manifold of dimension n + n2. If 27 are local coordinates in a neighborhood
U of P € M, then a tensor t at P which is an element of T} (M) is expressible in the
form (z7, t;-), where t;- are components of ¢ with respect to the natural base. We may
consider (¢7,t%) = (27,27) = (),i=1,..,n,j=n+1,...n+n%J=1,..,n+n?
as local coordinates in a neighborhood 7= 1(U).

Let X = X! a(zi and A = Aj» 8?& ®@dz? be the local expressions in U of a vector field
X and a (1,1) tensor field A on M, respectively. Then the vertical lift AV of A and
the horizontal lift X of X are given, with respect to the induced coordinates,by

a=(7)-(3)
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and
H xj X
H f— = — . .
42 x= (i )= (e o )

where Flhj are the coeflicient of the connection V on M [9].
Let ¢ € $1(M). The global vector fields v¢ and ¢ € I3(S1H(M)) are respec-

tively defined by
0o ) o]

with respect to the coordinates (mi, z ) in T} (M), where goé are the components
of ¢ [9].

The Lie bracket operation of vertical and horizontal vector fields on T (M) is
given by

(1.3) X"yl = "[X,Y]+(F-7RX,Y)
XV Al = Y(VxA)
VAYB] = 0

for any X,Y € S{(M) and A, B € $1(M), where R is the curvature tensor
field of the connection V on M defined by R(X,Y) = [Vx,Vy] — V(xy] and

F -7 R(X,Y)= (t;;"R%Xky,_OtTRilkay,)(for details, see [7, 17] and for sufraces
3, 4]).

1.1. Cheeger-Gromoll type metric on the (1, 1)-tensor bundle. An n-
dimensional manifold M in which a (1,1) tensor field ¢ satisfying ©? = id, ¢ # +id
is given is called an almost product manifold. A Riemannian almost product mani-
fold (M, ¢, g) is a manifold M with an almost product structure ¢ and a Riemannian
metric g such that [1, 2, 10, 11]

(1.4) 9(pX,Y) = g(X, ¢Y)

for all X,Y € 3§(M). Also, the condition (3.1) is referred to as purity condition
for g with respect to ¢ [9]. The almost product structure ¢ is integrable, i.e. the
Nijenhuis tensor N, determined by

Ny(X,Y) = [0X,0Y] = o [pX,Y] — ¢ [X, Y] + [X,Y]

for all X,Y € $}(M) is zero then the Riemannian almost product manifold.
(M, p,g) is called a Riemannian product manifold. A locally decomposable Rie-
mannian manifold can be defined as a triple (M, ¢, g) which consists of a smooth
manifold M endowed with an almost product structure ¢ and a pure metric g such
that Vi = 0,where V is the Levi-Civita connectian of g [9].

Definition 1.1. Let T} (M) be the (1,1)—tensor bundle over a Riemannian man-
ifold (M, g). For each P € M, the extension of scalar product g (marked by G)
is defined on the tensor space 7~ !(P) = T} (P) by G(A, B) = g;;¢"' AL B} for all
A, B € S}(P). The Cheeger-Gromoll type metric ““g is defined on T} (M) by the
following three equations:

(1.5) CCg(xt Y1) = (9(X,Y))"
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(L6) CGg(AY,Y'T) =0

(1.7) CGg(AY, BY) = L(G(A, B) + G(ANG(B,1)”

for any X,V € S§(M) and A, B € S}(M), where r* = G(t,t) = girg’'tit] and
a=1+7r%]9].

2. MAIN RESULTS

Definition 2.1. Let M be an n—dimensional diferentiable manifold. Differantial
transformation of algebra T'(M), defined by

D=Vyx:T(M)—T(M), X € I(M)
is called as covariant derivation with respect to vector field X if

(2.1) fo+gyt fVxt+ gVyt,
Vxf = X[,

where Vf, g € S§(M), VX,Y € (M), Vt € S(M) (see [13], p.123).
On the other hand, a transformation defined by

Vi (M) x So(M) = So(M)
is called as an affin connection (see for details [13, 16]).

Definition 2.2. The horizontal lift 7V of any connection V on the tensor bundle
TL(M) is defined by

(2.2) g, ,VB = 0, Bvv, Yy =0,
A9uy VB = V(VxB), BVuy By =H (VxY)

for all vector fields X,Y € S§(M) and A, B € S1(M) (see [8, 14, 15, 17]).

Theorem 2.1. Let ““g be the Cheeger-Gromoll type metric g defined by (1.5),(1.6),(1.7)
and the horizontal lift *¥ of any connection V on the tensor bundle T{(M) is de-
fined by (2.2). From Definintion 1.1 and Definintion 2.1, we get the following
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results

L

L

L

L

L

=

<

(Vz9)(X,Y)),

V(Y)Y (A, B) + G(A, 0GB, 1)

L waemn)+ L waeunes.n)
Y (V2 4), 0GB

o

—— (G(A,)G((VzB), 1)),

(07

where the vertical lift VA € S{(T1M) of A € $1(M) and the horizontal lifts
HX e SHTEIM) of X € S§(M) defined by (1.1) and (1.2), respectively.

Proof. 1)

("Vve“Cg)("AY B)

i)

(Vv (VARY)

HVVCCGQ(VAaV B) —c6 g(HVVCVAaV B)
—CGg(VA7H VVCVB)
1 Vv

0

TV oV AT Y) =CC g1V oV AT Y)
_CGg(VA)H VVCHY)

_CGg(VAaH VVCHY)

0

TVve “Ce("X, Y B) =“C g("TVv X,V B)
~C9(" X" VvV B)

_CGQ(HVVCHX, VB)

0
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i)

(Ve (TXMY) = MV TY) 8 g(TTv X Y)
~COG(TXH ety
= VeV (X, Y)
= VOV (g(x,Y))
= 0

(Vuz9(VATY) = HVuy “Ge(VATY)=CC g("Vuz ATY)
7CGg(VA,H VHZHY)
= “9g(V(Vz4),Y) = (" AT (V2Y))
=0

vi)

(1Vu,9Cg) (XY B) = TVa, ("X B) =% g("Vu, "X,V B
—CCg(1 XMV, B
= —CCg((V2X),Y B) - g(" XY (V4B))
= 0

vit)

IV, PO X HY) = Hya,COH X HY)_CC gy, Hx Hy)
_CGyHx H Yy, Hy)
= Vi (9(X,Y)) =“¢ g("(V2X),"Y)
(X (V2Y))
= Y(Vz9(X,Y) =" (9((V2X),Y)) =" (9(X,(VzY)))
= Y((Vz9)(X,Y))
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viii)
(HVHZCGQ)(VA7V B) = HVHZCGg(VA7V B) _CG g(HVHZVA’V B)
—CGg(VA,H VHZVB)
= HvHZéV(G(A, B) + G(A,t)G(B, 1))
—“Gg(V(VzA),Y B)=““g(VAY (V2B))

_ V(Vzé)V(G(A, B) + G(A,1)G(B, 1))
+éV(VZ(G(A, B) + G(A,1)G(B,1)))
,iv(a((vZA), B) + G((V2A),H)G(B, 1))
_éV(G(A (VzB))+ G(A,t)G((VzB),1))

= V(V22) (GA, B) + G(A,NG(B,1)

1V 1V
s ((VZG)(AvB)HE (Vz(G(A,1)G(B,1)))
1V 1%

= (G((V24),0G(B,0) — = (G(ANG(V2B),1)

o
]

Definition 2.3. Let M be an n—dimensional differentiable manifold. Differential
transformation D = Lx is called as Lie derivation with respect to vector field
X € SH(M) if
(2.3) Lxf XfVf €M),

LxY = [X,Y],VX,Y € S{(M).

[X,Y] is called by Lie bracked. The Lie derivative Lx F' of a tensor field F' of type
(1,1) with respect to a vector field X is defined by [5, 6, 12, 18]

(2.4) (LxF)Y = [X,FY] - F[X,Y].

Definition 2.4. The bracket operation of vertical and horizontal vector fields is
given by the formulas

{ [VA,VB] =0,

(2.5) HX,V Al = V(VxA),

[HX7HY] = H[va] + (’?—W)R(X,Y),

where R denotes the curvature tensor field of the connection V, and ¥ — v : ¢ —
SY(TE(M)) is the operator defined by

(3 —7)p = 0
1= o — i,

for any ¢ € (M) [17].
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Theorem 2.2. Let ““g be the Cheeger-Gromoll type metric g defined by (1.5),(1.6),(1.7)
and Lx the operator Lie derivation with respect to X. From Definintion 2.3 and

Definintion 2.4, we get the following results

i) (Lvo““9)(VAY B)

0

0

7CG9(VA7 (:Y - ’Y)R(Za Y))

7CG9((:Y - V)R(Zv X)vv B)
§

= (G(A,(Ty0)) + GA,NG((Ty0), 1)

L (@70 B) + G(VXC).0G(B.1)

V((Lzg)(X,Y)) =C g((5 = ") R(Z,X),"Y)

7CG9(HX7 (:)’ - V)R(Za Y))
viii) (Luy “Cg)(VAY B) = V(Vzé)V(G(A,B) + G(A,H)G(B, 1))

1V 1V
+a ((VZG)(AaB)) + - (VZ(G(A, t)G(B,t)))
_év(G(A,t)G((VZB)at))
_év(g((vZA),t)G(B,t))

where the vertical lift VA € S§(TLM) of A € SH(M) and the horizontal lifts
HX e SH(TEM) of X € S§(M) defined by (1.1) and (1.2), respectively.

Proof. i)

(Lve““9)(VAY B) = Lve ““g9(VAY B)=““ g(LvcVAY B) =9 g(Y A, LvcV B)
= 0

i)

(Lvc“Cg)("XY) = Lvc““g("X,Y) =C g(Lvc "X, Y) =9 g(" X, Lv oMY
= Lvc(g(X, V) +99 g(V(VxC),"Y) +9“ g(" X,V (Vv C))
= YCV(9(X,Y))

- 0
)

(LuzCg)(VATY) = Lug “Cg(VAMY)=CC g(Lug " ATY) = g(V A Lug"Y)
= (" (vzA)Y)-CgVATZ,Y]+ (7 —1)R(ZY))
= =9V AT(LzY)) -“g(VA, (7 —7)R(Z,Y))
= —“Y9(YA, (7 -7)R(Z.Y))

i)
(LuzCg)(" X,V B) = Lug ““g(" XY B) =% g(Luz" X,V B) =% g(" X, Lu 5" B)

= *CGQ(H[Zv X} + (’N)’ - V)R(ZvX)aV B) —ce g(Hva (VZB))
= —““9((% —7)R(Z,X)," B)
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vit)

(Lug “Co)("XTY)

Lvo“Cg(VARY) -9C g(Lv VAR Y) =99 g(VA, Lv oY)

= “g(VAY (Vy0))

év(g(A (VyC)) + G(A,DG((VyC),1)))

Lve “C9(" X,V B) =°¢ g(Lvo" XY B) —“C g(" X, Lv" B)

— +CGQ(V(V)(C),V B)

L (@((xC). B) + G(Tx ). 0GB, 1)

Ly “CgXAY) - g(Lu" X Y) -CC g X, Lu " Y)

= 1Z2V(g(X,Y)) = g("[Z,X] + (5 - n)R(Z,X),"Y)

~“Cg("X 2, Y]+ (7 - 1R(Z,Y))

Y(Lz9(X,Y)) =" (9((L2X),Y)) =" (9(X, (LzY)))
~“C9((7 = MR(Z,X),Y) =“C g(" X, (3 = 7)R(Z,Y))
"((Lzg)(X,Y)) =“C g((F =7)R(Z, X),"Y)

~“C9("X, (3 = 1)R(Z.Y))

Liy €Gg(VAY B) —CC g(Lu,V AV B) €€ (Y A, Lu," B)

14
Hz(é (G(A, B) + G(A,)G(B, 1)) ““4(V (V2 A4),” B)
*CGQ(VAvv (VZB)

V(V2 ) (G4, B) + G(A,0G(B,1))

+$V(VZ(G(A, B) + G(A,t)G(B,t)))
L GV 4), B) + GV A).0G(B.1)

(67

—— (G(A,(VzB)) + G(A,t)G((VzDB),t))
V@bV B+ anemn + L (wsaa )

1V 1V
+= (V2(G(ANG(B.1) ~ — (G((V24),1)G(B1))

—— (G(A,)G(VzB), 1))
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