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Abstract

Hyperbolic numbers had been developed in the 19th century. Octonions forms a noncommutative and nonassociative normed division algebra
over reals. Octonions have many applications in fields of physics such as quantum logic and string theory. Cayley-Dickson process is applied
to quaternions in order to construct octonions and in a sense, we follow a similar process. The aim of this study is to introduce the concept of
commutative octonions. We construct this algebra by using some matrix methods. After construction, we give a number of properties of
commutative octonions such as fundamental matrices and principal conjugates. We also obtain representation of a commutative octonion as
decomposed form, holomorphic and analytic functions of commutative octonions.
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1. Introduction

Four-dimensional hyper complex numbers, real quaternions, were introduced by Hamilton in 1843 to extend complex numbers [7].The set of
real quaternions are
H={xo+x1i+x2j+x3k:i,j,k¢ R and xo,x1,x2,x3 € R}

where the multiplication rules of the elements of the ordered basis {1,1, j,k} is

P=P=kK=—1,—ji=ij=k—kj=jk=i and —ik=ki=].

One can see that quaternions are not commutative. The Hamilton quaternions form a division algebra and in this aspect, they can be regarded
as an extension of complex numbers. Octonions have many applications in field. For instance, we can give M-theory cosmology [6], quantum
theory [5, 12], cough monitoring [8], space time coding [13], electromagnetic and gravitational equations [16] as most striking examples.
Segre gave a new type of quaternions whose multiplication rule has commutative property [11]. These numbers are called commutative
quaternions or Segre’s quaternions. The set of commutative quaternions is [3]

Q={xo+xii+xj+x3k:i,j,k¢ R and xg,x1,x2,x3 € R}

where the versors satisfy
P=k=-1,2=1ji=ij=k—kj=jk=i and ik=ki=—].

A more general commutative quaternions were given by Catoni et al. [3]. They represented these numbers by
S={xo+x1i+xj+x3k:i,j,k¢R and xp,x1,x,x3 € R}
where the versors satisfy the following multiplication rules where & is an arbitrary real number.

Table 1: Multiplication rules of the elements of {1,i, j,k}.

Ll j k
i|6 k &j
Jlk 1
k|6j i &
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They also examined algebraic properties of this type of quaternions. Following their work [2, 3], we construct the commutative octonions.
This study can be regarded as an application of [2]. Kosal et al. [9] studied matrices for commutative quaternions and gave some interesting
properties.

After discovery of quaternion algebra, Cayley and Graves gave octonion algebra independently. Octonions algebra is constructed by using
the Cayley-Dickson method. An octonion o can be written as

0:p+p/e

where p,p’ € Q and e is a new imaginary unit, i.e. it is a square root of —1. Let 01 = p; —0—p/1e and 0 = py +p’2e be two any octonions.
Addition and multiplication of these two octonions are

o1+02=pi+p1+(pi+pye,
0102 = (p1p2 — Pyph) + (Pyp1 + P 1)
where g is the conjugate of the quaternion g. The ordered basis for octonion algebra over R consists of the elements
eo=1, ej =i, ex=j, ex=k, e =t, es=1it, ec=jt, e =kt
where ¢ is another versor different from {1,, j,k}, and any octonion o can be expressed as
7
0= Zaiei, a; € R.
i=0

Thus, there are eight objects ¢; (i =0,...,7) in the ordered basis of octonion algebra. The multiplication rules of the elements of
standard basis {eg,ey,ez,- - ,e7} for octonions algebra can be found in [10]. The octonions division algebra over the real numbers R is a
non-commutative and non-associative algebra.

There are some studies on octonions whose coefficients are well-known integer sequences. We can refer to [1, 14, 15] for this type of studies.

2. Commutative Octonions

By following Catoni et al [3], for any real number &, we define the commutative octonions with the help of the multiplication rules as
follows.

Table 2: Multiplication rules of elements of standard basis {eg,e;,e2,- - ,e7} for commutative octonions algebra.

1 e; e [Z es  eg e7
1 1 eq () es ey4 (] €q e7
el el (04 e3 a ey es o eyq e7 o eg
er | e e3 1 er  eg e7 ey es
e3 e3 o ey el o e7 o eg es o ey
e4 | ey es  eg e7 1 ey e e3
es es a eyq e7 a eq el (04 e3 a ey
es | ee e7 ey es e e3 1 el
ey e7 a eq es a eyq e3 a ey el o

These multiplication rules can be obtained by the similar way to the octonion algebra mentioned above. Let O be the set of commutative
octonions, i.e.

O=<0=

7
ajej : ap,dy,...,ajy €R7€O = 17617627"'767 %R

i=0

where the versors eg, ey, ..., e7 satisfy the multiplication rules in Table 2.

Leto = 21‘7:0 ciej € O, then the characteristic matrix of o is

Cp O&Cp Cp 0Oc3 €4 0OC5 Cg OcCy
C1 Co C3 Cy Cj Cq4 C7 Ce
C) OC3 Cp 0OC; Cg 0OQC7 C4 OCs

c c C cpy ¢ cg ¢ C Y| Q
N = 3 2 1 0 7 6 5 4 = (2.1)
C4 OC5 Cg O0OC7 Cp 0QCy Cy 0OcC3 Q|¥

Cs Cq4 C7 Coe C1 Cop C3 Co
Ce OC7 C4 O0OC5 Cp 0OQC3 Co OcCy
C7 Co Cs C4 C3 Cr C Co

where W and Q are the following 4 x 4 matrices:

Cp OCp Cp 0Oc3 C4 0OC5 Cg 0OC7

C C C C C C C C
W 1 0 3 2 and Q — 5 4 7 6

Cr 0OcC3 Cp OcCy Ce 0OC7 C4 0OCs

C3 Cy C1 Co C7 Ce Cs Cq




and
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Similarly, we can express matrices ¥ and Q as

\P/
Y= [ N

where
g — o
C1

and

o — C4
Cs

"

\_P/

(0193}
0]

OlCs
C4

Determinant of the matrix N is given in the following theorem.

Theorem 2.1. Determinant of the matrix N is

eS|

v
|

Q/
Q”

€2
C3

C6
<7

et(N) = |e 3 &y _a87777 X €U, —2,4,— — Q€ 7_77_7
d 0,2,4,6)% 1,3,5,7)% 0,—2,4,—6)> 1,-3,5,—-7)%

x [e(o,z,—4, —6)2—as(1,3,—5,—7)2] x [s(o, 2, —4,6)2—068(17—3,—5,7)2}.

where £(p,q,r,s) = cp+cq+cr+cg and e(—p) = —cp.

Proof. If we evaluate the determinant of the matrix N in Eq. (2.1), we obtain

det(N) = det(¥? — Q?)

— det <(1{1/ +Q/)z e +Q”)2) x det (' — Q/)z - Q//)2>

=det (W' +Q +¥"+Q") xdet (¥ +Q —¥' - Q") xdet (¥ - Q' +¥' - Q") xdet (¥ - Q' —¥'+Q").

Q//
Ql

acs
C2

acy
C6

Substituting determinants of these matrices into the last equation completes the proof.

Eq. (2.1) also gives the principal conjugations of the commutative octonion o = 217 ociei as follows

0] =Cp+Cre] +cCrex +C3e3 — (Cqeq +C5€5 1+ Coeg +C7€7
07 = C(p+Cre] +Cqeq4 +C5e5 — (Crep +C3€3 +Chee +C7€7),
03 = Cp +C1eq +Ceee +C7e7 — (C2e2 +C3€3 +Cae4 +-C5€5),

( )
( )
( )
04 = cp+cpex +cgeq +cgeq — (crer +czes +eses +crer),
05 = cp +czep +cses +cye7 — (crep +cze3 +cgeq +cpe),

( )

06 = Cp +C3e3 +Cqeq +C7€7 — (C1e] +Co€2 +C565 +Ce6),

07 = Co +C3e3 +C5e5 +Cgeg — (clel “+Crer +cyeq +C7€7).

From these conjugations, for & # 0, we can construct the bijective mapping between cg,cy,...,c7 — 09 = 0,01,...,07 as

€(0,1,2,3,4,5,6,7)

Co =

8 )
o e 501,23, -4,-5,-6,-7)
8o
0,1,-2,-3,4,5,-6,—-7
szezg( ' b ) 87 ) ’ )7
O 4(0,1,-2,-3,-4,-5,6,7)
€3 =e€3 806 )
0,-1,2,-3,4,-5,6,—-7
C4:€4C( ’ (it 87 ) sy )7
_ C(O7_1527_37_4757_637)
C5=é;5 806 )
—1,-2,3,4,-5,—
ce = eg C(O7 ) >37 ) 57 677)
8
0,—-1,-2,3,-4,5,6,—-7
C7:€7C( ’ ’ 1y Y )

8a

where §(ro, 71, ,77) = 05y + 0y, + -+ +0p, and {(—1) = —o,.

From the eigenvalues of the characteristic matrix (2.1), we obtain the norm of a commutative octonion 0 = ZZ:O cie; as

lloll=0-01-02- 07 =det(N).

|

J

|

(2.2)

2.3)
(2.4)
(2.5)
(2.6)
Q.7
2.8)

(2.9)

(2.10)
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By using Eq.(2.1), we can obtain the following matrix expressions of all the versors:

100 00O0O0O0 00 000 00 0
0100000 0 1 00 00 00 0
001 00000 000 a 000 O

oo 010000 1o o1 00 00 O

“=1lo 0001 000" 0 0000 a0 0
00 00O0T1O0 0 000 01 00 0
00 000UO0T1 0 0 00 00 00 «a
1000000 O0 1] L0 00 00 01 0]
[0 01 0 0 0 0 0] [0 00 a 0 0 0 0]
00010000 001 00 00 O
10000000 0 000 00 0

e |0 1000000 110000000
00 000O0T1 0] 000 00 00 al’
0000000 1 000 00 01 0
00001000 000 00 a 0 0
1000 000O0T1 0] 000 01 00 O]
[0 00 01 0 0 0] [0 00 00 o 0 0]
00 00O0T1O0O0 000 01 00 0
00 000UO0T1 0 000 00 00 «

1o 0000001 1o 00 00 01 0

“=l10000000/["5 |0 a0 0000 0]
0100000 0 1 00 00 00 0
001 00000 000 a 000 O
10001000 0] Lo 01 00 00 O]
[0 00 00 0 1 0] [0 00 00 0 0 af
0000000 1 000 00 01 0
00 0O0T1UO0O0O0 000 00 a O O

e 00000100 000 01 00 0

o 01000007 0 00 a 0 00 0
00010000 001 00 0O0 O
10000000 00 000 00 0
101 0000 0 O] 1. 00 00 00 0|

3. Some Properties of Commutative Octonions

Except two systems, any system which satisfies associativity and distributivity with respect to the sum, it can satisfy either commutativity or
it does not have divisors of zero [2]. One can see that the commutative octonions satisfy the commutative properties from the multiplication
rules easily. For the first two properties (distributive and associative), the characteristic matrix in Eq.(2.1) can be used.

A commutative octonion can be represented by four complex numbers with four linearly independent bases. Let 0 = 217:0 ciej be a

commutative octonion. We can derive

0o=cp+cie|+---+cyey
=cog+cre; +coex +c3es+(cq+Cseq +cger +c7e3)es

1+es 1—ey
2 2

= (co+crer +crer +c3e3) ( ) +(c4 +cseq +coer +cre3) (

2
! !
=qie; t+qre;
where
g1 = (co+c4) +(c1 +cs)er +(c2 +cp)ex + (c3 +¢7)es,
g2 = (co—c4) +(c; —cs)er +(c2 —cg)ea + (c3 —c7)es,
and

,:l+e4 ;o l—ey

€] ) s €y = ) .

1+es 1—ey

)

3.1

Thus we can represent a commutative octonion by two commutative quaternions. Here ¢} and e/z are idempotent basis and satisfy

(6/1)2:6/1’ (6/2)2:el27 el1€/2:0'

From [3], we know that the commutative quaternions ¢ and g can be represented as follows

q1 :x<l)e/1/ +x<2)e/2/7 0 :x(3)e/1/ +x(4)eg

where

e//:1+92 o =
1 2 2 2

3.2)
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and

x = (xg+x2) + (x1 +x3)e
x@ = (xg—x2) + (x1 —x3)er,
3 = (yo+y2) + (1 +y3)er,
= (o —y2) + (51 = y3)en
Here we set

xi=ci+cirq and y;=c;—cipq (0<i<3).
By using Eqgs.(3.1) and (3.2), we obtain

/ !
0=qie|+qe;

/

= [x(l)e'{ +x<2)e'2'} e+ [x(3)e'1' +x(4)e’2’ e

= x(1>i1 +x<2>i2 +x<3)i3 +x¥iy (3.3)
where

_ ///_1+62+e4+e6 oy _l-—exte—e . 4, lte—es—e . 4, l—ex—estes
llfel 1—*, lQ—Ezel—f,l3—el€2—f7 l4—€2€2*f.

Here iy, (k=1,...,4) satisfy
it =iy and iy =0 (for k#1). (3.4)

Finally, to summarize above transformations, we can say that a commutative octonion o = 21‘7:0 cje; can be represented as the form in
Eq.(3.3) where

=£(0,2,4,6)+€(1,3,5,7)ey, (3.5)
=¢£(0,-2,4,-6)+¢(1,-3,5,-7)e; (3.6)
=£(0,2,—4,-6)+¢£(1,3,-5,-7)e, 3.7)
=¢(0,—-2,—4,6)+¢&(1,—-3,-5,7)e;. (3.8)

Thus iy,i>,i3 and i4 are linearly independent and the set of commutative octonions can be shown as a direct sum of four complex number
fields. For any positive integer n, Egs. (3.3) and (3.4) give

o — (xm)”,-] i (x<z>)” i+ <x<3>)",-3 n (x<4))”,~4, (3.9)

Leto = x(ll)il +x(12>i2 +x§3)i3 +x(14)i4 and 0" = xél)il +x(22)i2 +x§3>i3 +x§4)

and (3.4) again, we have

i4 be two commutative octonions. Then by using Egs. (3.3)

o'o" = x\VxlViy + Pl iy 4 P iz 4 1Py (3.10)
and
1 2 3
o x(>l+ ()z+x()l+x(1)' o
o~ (! (2)2 <3>3 @ '
X X

Seven conjugates of a commutative octonion in Egs.(2.3) - (2.9) can be represented according to the decomposed form (3.3) as follows

Theorem 3.1. For a commutative octonion o = 21-7:0 cie; = x(l)il +x(2)i2 —I—x(3>i3 + x4 ig, we have

o1 = xi; +1x® iy +xDiy 42D, (3.12)
SN PN () PRI PN P (3.13)
03 = x @iy +2xiy + x4 20, (3.14)
04 = xWiy +xDiy +x0)iy +x@ iy, (3.15)
05 = x3iy +x® iy +xDiy +x@iy, (3.16)
06 = x@i; +xDiy +x®) i3 +xO)iy, (3.17)
07 = x®i; +x3)ir +x@i5 + 2Dy (3.18)

where X is the complex conjugate of a complex number x.

Proof. The proof can be done easily by using Egs. (2.3) — (2.9), Eqs.(3.5) — (3.8) and the multiplication rule (3.10). O



174 Konuralp Journal of Mathematics

We can give the following results immediately.
Corollary For a commutative octonion 0 = ZZ:O ciej = xmil +x<2)i2 +x<3)i3 +x(4>i4, we have

004 = ||xW|%iy + [|xP) )20 + [|x]2i3 + @) i, (3.19)
0105 =[x 2y + [x@ i + lxV) i3 + [|x P i, (3.20)
0206 = |[x@ |21 + [« [[2i + lx) 215 + |22y, 3.21)
0307 = |lX i) + 2200 + [1xP]Pi + D | P (3.22)

where ||x|| is the absolute square of a complex number x, i.e. [x||> = x%.
3.1. Holomorphic and Analytic Functions

We show an octonion function by

7

G=Y Gilcocr,-.. cr)e; (3.23)
i=0

where G; (i=0,1,---,7) are real functions with partial derivatives for the variables, cg,cy, - - - ,c7. Catoni et al. [2] introduced the Generalized

Cauchy — Riemann — like (GCR) conditions. While there are some methods for calculation of the GCR conditions, Catoni et al. [4] give the
following theorem.

Theorem 3.2. [4, p.91] The Jacobian matrix of a hypercomplex function’s components has the same form of the characteristic matrix.

By combining this method and the study of Catoni et al. [3] for Segre’s commutative quaternions we have the following theorem for
holomorphic functions of octonion.

Theorem 3.3. G is called a holomorphic functions of octonion if
1) G is differentiable with non-zero derivatives and not a zero divisor,
2) The GCR conditions for the partial derivatives of components of G are

Gocy = Gie; =Goc, =G3c; = Gac, = G55 = G g = Grcy
GO,cl = aGl,co = G2,C3 = aGB,Cz = G4A,C5 = aGS,u = G6,C7 = aG7,c6
GO,CZ = Gl,03 = G2,co = G3,cl = G4,cf, = GS,C7 = G6,C4 = G7,C5
GO,C3 = aGl,cz = GZ,CI = aG3,co = G4,C7 = aGS,c(, = G6,05 = OCG77C4
GO,CA = GI‘C5 = G2,05 = G3,C7 = G4,co = GS,cl = G6,cz = G7,03
GO,C5 = aGl,C4 = GZ,C7 = aG3,c(, = G4,cl = aGS,co = G67C3 = O£G7<’C2
Gocy = G1c; = Ga ¢, = G o5 = Gy, = G5¢; = G ey = G,
Goc; = @G ¢ = Goc; = AG3 ¢, = Gy = 0G5 ¢, = Go o) = AG7 -

Let G(0) be an octonion holomorphic function and its power series in g about 0 be
G(o)=Y 10" (3.24)
r=0

where 7, € Q. From Eq.(3.1), we write
I = frell +gre/2
where f,, g, € H. Then we obtain

=

G(q) = Z (fre/l +gre/2)(qle/1 +‘12€/2)r
r=0
= (frell +gre/2)(5116/1 +CI£€I2)
r=0
=) (fraie +graher)
r=0

o

= e/l Zfrq}i +el2 Zgr‘IS
r=0 r=0

where ¢ and ¢, are commutative quaternions given in Eq.(3.1).

4. Conclusion

Octonions have many applications in field. We mentioned some of them such as cosmology, quantum theory, etc. Octonions form a
non—commutative and non—associative algebra. These hyper—complex numbers are constructed by Cayley—Dickson process over Hamilton
quaternions. The aim of this study is to introduce commutative octonions constructed by Cayley—Dickson process over commutative
quaternions. We think that several applications in field will be applied by other researchers. It will be very interesting that investigation of
commutative octonions whose coefficients are well-known integer sequences such as Fibonacci, Lucas, Pell, etc.
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