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ABSTRACT. We establish a regularized trace formula for higher order self-
adjoint differential operator with unbounded operator coefficient.

1. INTRODUCTION AND HISTORY

The first study on the regularized trace of scalar differential operators was per-
formed by Gelfand and Levitan [10]. They studied the boundary value problem

Y +a(@)y =Ny, y(0)=y (r)=0 with q(z) e C*[0,7]
and they found the formula

oo

Z ()‘n - Nn) =

n=0

(¢ (0) +q(m)) ,

e

under the assumption foﬂ q(z)dz = 0. Where the p, are the eigenvalues of this
problem. ), = n? are the eigenvalues of the same problem with ¢ (x) = 0.

After that original work by Gelfand-Levitan, there was a huge interest and many
scientists used the same method to obtain the regularized traces of ordinary differ-
ential operators. Later, Dikii [5] gave another proof of Gelfand-Levitan’s formula
from a different point of view. Afterward, Dikii [6] and Gelfand [9] made significant
progress in literature by computing regularized sums of powers of eigenvalues. Later
on, Levitan [17] calculated the regularized traces of Sturm Liouville Problem with
a new method. This research led to Faddeev [7], who connected the trace theory
with singular differential operators. Gasimov [8] made the first study combining
singular operators with discrete spectrum.
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Thereafter, many scientists such as Halberg and Kramer [13], Jafaev [15], Makin
[19], Yang [23] investigated the regularized traces of various scalar differential oper-
ators. The list of these works is given in Levitan and Sargsyan [18] and Sadovnichii
and Podolskii [21].
Among the studies, only a few of them are focused on the regularized trace of
operator-differential equation with operator coefficient. Halilova [14] obtained the
regularized trace of the Sturm-Liouville equation with bounded operator coeffi-
cient. Adigiizelov [1] found a formulation of the subtracting eigenvalues of two
self-adjoint operators in [0,00) with bounded operator coefficient. Bayramoglu and
Adigiizelov [4] examined the regularized trace of singular second order differential
operator with bounded operator coefficient. Adigiizelov and Baksi [2], Sen, Bayra-
mov and Orugoglu [22] and Adigiizelov, Avcl and Giil [12] obtained the equalities
for the regularized traces of differential operators with bounded operator coeffi-
cient. Aslanova [3] calculated the trace formula of Bessel equation with spectral
parameter-dependent boundary condition.
Maksudov, Bayramoglu and Adigiizelov [20] investigated the regularized trace for-
mulation of the Sturm Liouville equation with unbounded operator coefficient.
In the present paper, we compute the regularized trace formula for higher order
Sturm-Liouville problem

li 3 L[ d L 0

i S~ (a0 == = [ Qs pa)dn) = § Q) - Q)

q=1

2. NOTATION AND PRELIMINARIES

Let H be an infinite dimensional separable Hilbert space with inner product (., .)
and corresponding norm ||.||. Let H; = Lo(0,m; H) be the set of all strongly
measurable functions f defined on [0,7] and taking the values in the space H .
The following conditions hold for every f € Hj:

1. The scalar function (f(z),g) is Lebesgue measurable on [0,7] , for every
geH,

2. [ 1f(2)]Pdx < occ.

H, is a normed linear space. We will denote the inner product and norm by
(-, and [z, in Hy . If the inner product is defined as (f1, fo)y, =
Jo (f1 (@), fo (x))dx, for any arbitrary elements fi, fo of Hy , then H;
becomes a separable Hilbert space, [16]. Let {®,(x)}]" be an orthonormal basis of
Hy .

Consider the following differential expressions

bo(v) = (1)) (z) + Av(z), (me ZT)

(o) = (~1)™u™ () + Av (2) + Q (2) v (x). (2.1)
with boundary conditions
v(2i+1)(0) = (%) (m) =0, (t=0,1,...,m—1)

in Hi. Here, A is a densely defined operator in H. This operator takes its values
in H and satisfies the conditions A = A* > I, A~ € o, (H), where I is
the identity operator of H. o (H) denotes the set of all completely continuous
operators from H to H.
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Let {’yi}fil be the increasing sequence of eigenvalues of the operator A counted with
respect to their multiplicities and a corresponding orthonormal sequence {%}fil
of eigenvectors.

Denote by D(Lo ) the set of the functions v(x) in the space H; , and the
following conditions are satisfied:

(v1) wv(z) has continuous 2m ™ order derivative on [0,7] with respect to the
norm in the space H,

(v2) v(z) € D(A) for every z € [0,7], and Awv(x) is continuous on [0, 7] with
respect to the norm in H,

(v3) vV (0) =) (1) =0, (i=0,1,2,--- ,m—1).
Here, D(LOI) is dense in H,. Define a linear operator Lo : D(Lo’) — H; as
Lo/’U = fo(’l)).

The construction above shows that Lol is symmetric. Considering the linearity of
Lo/ , its eigenvalues can be calculated by mathematical induction. Therefore, the
cigenvalues of Lo are the form (k+ 1)2m 4y, (k=0,1,2,---; j=1,2--+)
and the orthonormal eigenvectors corresponding to these eigenvalues are the form

\/g ©pjcos (k: + %) x. We can see that the orthonormal eigenvector sequence of the

symmetric operator Lol is a complete orthonormal system in H;. Since LOI is

symmetric, then it is closable. Thus, we can define Ly as Lg = Ly

Assume that the operator function Q(z) in 2.1 verifies the conditions:

(Q1) Q(z): H— H is a self-adjoint operator for every x € [0, 7],

(Q2) Q(z) is weak measurable on [0, 7], that is the scalar function (Q(z)f,g) is
measurable on [0, 7] for every f,g€ H ,

(Q3) The function ||Q(z)|| is bounded on [0, 7].

In the present paper, we establish a regularized trace formula for the operator L =
Lo+ Q.

Now, we search some inequalities for the eigenvalues and resolvent operators of Ly

and L.

Consider the closed symmetric operator L : D(Lg) — Hy .

Since the eigenvector system {p;cos (k+ 5)z};—, i1 of Lo is complete, Lo

is self-adjoint, [2]. Moreover, since the bounded operator @ : H; — Hj is self-
adjoint, the operator, L = Lo+ @ is also self-adjoint. Therefore, Ly and L have
purely-discrete spectrum, [2]. Let {3;};, and {a;};=, be increasing sequences of
eigenvalues of Ly and L. Denote by p(Lg) and p(L) the resolvent sets of Ly and
L.

We can prove the Theorem 2.1, by using [2].

Theorem 2.1. Let the operator function Q(x) satisfy the conditions (Q1) to (@3).

2me

If ~; ~ aj* (0 < a,l < o0) as j — oo, then «u, B, ~ dn?=+7  as
n — 0o,

1

2me
1\ 2wt .
where d = (@;) and b= [? (sint)? 1 (cost)+ dt.

From Theorem 2.1, one can see that the sequence {3,} has a subsequence
By < Bny < ..o < B, < ... such that

2me

Bq = Bn, > do (qﬁ;ﬂfﬁ o nﬁTﬂH) s (g=np+1np+2,--). (2.2)
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Here, do is a positive constant.

Let RO = (Lo —al)™!, R, = (L—al)"! be the resolvent operators of Ly and
L.

If ¢> 272,1—@1 , then by Theorem 2.1, R? and R, are nuclear operators for

o # g, By (g =1,2,...). In this case, we have the formula

oo
1 1
0) _ _ 0 _ _

tr (Ra — RY) = trRo —trRY, =Y (aq i a), (2.3)

q=1
[11]. Let |a| = b, =271(Bn,+1 + By,) - This says that for the large value of p ,
the inequalities
B, < bp < Bn,+1 and a,, < b, < ay,41 are satisfied. By using the last in-
equalities, one can prove that the series Z;ozl a;%a and Z;il ﬁ;%a are uniform

convergent on the circle |a| = b, . Hence by 2.3

Np 1
S (ag— Bs) = 5 s atr(Ra — R%)do. (2.4)
q=1 =

We have two lemmas by using [2]:

Lemma 2.2. If v; ~ aj’ as j — oo fora >0, > 2727:?1 , then
2mfl
RY|» < tnio, = -1),
1S oy 1) < const.nd (=5 =)

on the circle |a| =b,.

Lemma 2.3. If the operator function Q (x) satisfies conditions (Q1) to (Q3),
and
¥~ aj’ as j— oo, then for the large values of p

|1Ra | my < const.n;‘S

: 2
on the circle |a| =b, , where a >0, > 5o

3. MAIN RESULTS

In this section, we will compute regularized trace formula for the operator L.
With the well-known formula R, = R? — R,QR? (o € p(Lo)Np(L)) and by
2.4, we obtain:

Z (ag = Bq) = Z E,; + EI()S) . (3.1)
q=1 j=1
Here,
—1)7
Fri = (Qm; /I o [(QR.)] de, (G =1,2.), (3.2)
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Theorem 3.1. If the operator function Q(x) satisfies conditions (Q1) to (Q3)
and y; ~ajt as j— oo then

lim E,; =0, (1=2,3,4,...),

pP— 00

2’m+2\/§7n
where a >0 and ¢ > o1

Proof: Substituting p= 2 into 3.2 , we obtain the equality

da
2= (Q2;, Pp)r, (QPk, ©j) - (3.4)
By 2m§;k§;1</ . &Xa—ﬁw> o B (e B
It readily follows that
| Ep2| < [1Q117, Ap- (3.5)
Here, AP:ZZO:an,-l (ﬂk_ﬁnp)il ’ (p:]-v?v"')'
Using 3.5, we obtain
lim Epy =0 (> 2m (3.6)
im = . .
proa P2 ’ 2m — 1
Now, we wish to see that
plggo Ey; =0. (3.7)

By 3.2, we get:

Np MNp

Jj=1k=1s= np+1

" Z Z Z F(j,k,s)+ F(s, k,j) + F(k, j,), (3.8)

j=1k=np+1s=np+1

where,

F(.]a ka 8) = g(]a k7 S)(Q(I)], (bk)l'h (Q(I)k’ (I)S)Hl (Q(I)é'? (I)j)Hl’

1 1
ik, s) = —/ da
IG2) = 527 J s, @=B) (@ = Br) (a— )
If we consider g(j, k, s) = g(4,k,s) and Q = Q* , then

F(s,k,j)=F(j,k,s), F(k,j,s)=F(j,k,s), F(j,s,k)=F(j,k,s). (3.9)
Using 3.8 and 3.9, we obtain

Eps=1+1,, : (3.10)

np MNp

ZZ Z F(j,k,s)+2F (5, k, s)]

j=1k=1s=n,+1
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Z Z Z F(j,k,s)+2F (4, k, s)]

Jj=1k=np+1s=np+1
I = Iy + 2, Iy = Iry + 21 ; (3.11)

Np Np

Ill—zz Z F(j,k,s),

j=1k=1s=np+1

121—2 Z Z F(j,k,s).

J=1k=np+1s= np+1
Hence we get:

1-252
Tl < QU (312)
1496 — 282 2m
N (3 (313)
By 3.10, 3.11, 3.12 and 3.13, we find
2 2v/2
lim E,s =0 (> M). (3.14)
p—ro0 2v/2m — 2 -1
Evaluate the limit lim, o Ep; (j =4,5,...) to complete the proof:
According to 3.2
Byl < — |tr(QR)|dos
pJ — 27T] ‘a|:bp @
< [ @R Loy ndo
a|=bp
<

LRGSR P

< QU /| IR QR o

=bp

< const./l . IRl 2y 1RO, dev. (3.15)

Since R, = R% for Q(z) =0 , then according to Lemma 2.3

4 2ml
0 6 = : = —
[ Rall ey < AU (Ia by S=5— 1) . (3.16)

By 3.15, 3.16, and Lemma 2.2, we obtain:
|Epj| < const. / np -9 ;6(3 Dda < const.b, nl A
|a]=b

5

For the large values of p , since b, = %(,B%H + Bn,) < conszf.nll,Jr , we arrive at

the 1nequahty |E,j| < const. n2 5G-1)
If o > 2 or/l> 10m , then we have.
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plgl()lo E,; =0 (j =4,5,...). (3.17)

On the other hand, if 2\2}’”'2\(/"1 > 612’1’5 ,  then by 3.6 and 3.14 with /¢ >
2m+2v2m e
o e eive:

plgrolo E, =0 (j=2,3,...). (3.18)

Since the eigenvalues of Ly are the form (k—|—%)2m—|—7j, (k=0,1,2,..;5=1,2,...),
we have

8=k + 5

P, (=120 (3.19)

Assume that the operator function @Q(x) holds the additional conditions:

(Q4) Q(z) has weak H derivatives of the second order on [0,7] and the function
(Q(m)”f, g) is continuous for every f,g € H ,

(Q5) QW (z):H— H (i=0,1,2) are self-adjoint nuclear operators and the
functions [|Q™(2)||5, (zr) (¢ =0,1,2) are bounded and measurable on [0, 7.
Our main result is the following:

Theorem 3.2. If the operator function Q(x) satisfies the conditions (Q4) to
(Q5) and ~; ~aj® as j— oo, then we have

" 1" 1
Jﬁf’&; (aq — Bg — ;/0 (Q(x)%q,%q)dx) =7 (trQ(0) = trQ(m)) ,  (3.20)

where a > 0, {> % 71,72, ... are natural numbers satisfying the
equality 3.19.
The limit on the left side is called regqularized trace of L

Proof: According to the formula given by 3.2

1
E,=—— tr (QR?) da. 3.21
pl 271 J|aj=b, r(QFa) da (3.21)

Since QRY is a nuclear operator for every « € p(Lg) and {®,(z)}]° is an
orthonormal basis of H; , we have:

(QRY) = (QR%®y, y),,
q=1

[11]. Replacing tr(QRY) into the equality 3.21 and considering

R®, = (Lo —al)'®, = (B, — )" '®, ,
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then we obtain

— O
Bt = =5 ), (Z QROL® )da

q=1

= Q(I),q) HldOé
27”/'%“% (Q@,. 2]

oo

1 da
= Z(Q‘bqa@q)m%/

= jal=b, @~ By

(3.22)

Since the orthonormal eigenvectors corresponding to the eigenvalues (k—|— )2m +;5

of Lg are \/ggojcos(k; + 3w (j=1,2,...) , we have:

2 1
D, (x) = \/;cqucos(kq + 5):10 (¢g=1,2,...).
According to the Cauchy’s integral formula:
1 doo { 1 ,qg<mn,
271 la|=b, O — Bq 0 ,g>ny

Substituting 3.23 and 3.24 in 3.22, we obtain

Ep = Z(Q(I)mq)q)]{l
q=

_ i / T (Q@)By(x), Do) dr

- Z/ < \/><P]qcos(k —l—;) \/zgojqcos(kq+;)x> dx

2 1
= - Z/o cos? (kg + 5)9& (Qx)¢j, ¢j,) dx
g=1
1< ([T 1
= - Z:/O (1 + cos2(kq + 2)%) (Q(x)wj,, vj,)dx

(3.23)

(3.24)

= 72/ gqu,gqu)dx—k Z/ cos(2ky + 1)x(Q(x)g;,, 05, )dx

and substituting the last equality in 3.1 , we have

Tp

> (aq =By~ i/(JW(Q(x)%qa%q)dx)

q=1

1 Np T s
= . Z/O cos(2kq + D)a(Q(2)p;,, 5, )dz + > Epj+ B (3.25)
=1

Jj=2
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If the operator function @(x) holds the conditions (Q4) and (Q5), the double

series
ZZ/ x)pj, p;)cos2kxdxr

k=0 j=1
is absolutely convergent. Therefore

lim Z / T)@j,, 04, )c08(2ky + 1)xzdx

p—)OO

ZZ / z)pj, pj)cos(2k + 1)adx . (3.26)

k=0 j=1

Now, let us arrange the expression on the right side of 3.26 as follows:

ZZ / z)p;, pj)eos(2k + 1)zdx

k=0 j=1
- z:: 2 (/W )pj, pj)coskedr — (—1)* /OW (Q@)e;, wg‘)coskwdx)
= ii{g (i /OTr (Q(z)p;, @j)coskaﬁdw> cos(kO0)
_ ]i (i /OTr (Q(x) gy, (pj)cosk.%'d,r) cos(lm)} (3:27)

The difference of sums according to &k on the right side of 3.27 is the difference of
the values at 0 and at 7 of the Fourier series of the function (Q(x)¢;,¢;) having
second order derivative according to the functions {coskz},., on [0,7] . Hence
by 3.26 and 3.27 we find:

plgr;oz / 2)Pjqs Pi)c0s2kgrdr = ;2((Q(O)<ﬂj=¢j) +(Q(m)¢;, %))

or

1 [ 1
prg& ; . /0 (Q(x)pj,, j,)c082kxdr = 5 (trQ(0) + trQ(m)) . (3.28)
By using Lemma 2.2 and Lemma 2.3, we get:

lim BY =0  (s>30"") (3.29)

p—o00
By 3.25, 3.28, 3.29 and Theorem 3.1, we have the main result for regularized trace
as

™

. Np 1 T 1
i > (0= - 1 [ @@)gior)ir) =7 (trQ(0) = Q)
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The proof is completed.
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