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REGULARIZATION AND UNIQUENESS OF
SOLUTIONS OF NONLINEAR VOLTERRA
OPERATOR EQUATIONS OF THE THIRD KIND

Prof. Dr. Avit ASANOV

Kyrgyzstan -Turkey Manas University, Engineering Faculty

Let H be a Hilbert space, <-,> be a scalar product in H, |||z be a norm in H. We
denote by C(/t,, T]; H) the Banach space of continuous functions defined in [z, 7],
t,,< T attaining the values in H, with the norm

lu@ lle="sup [lu() .

telt,,T]

We denote by Cq}; ([t,, T]; H), 0 < y<1 the linear space of all functions u(z)
defined in [7,, T], attaining the values in H such that

| u(®) - u@s) ln<clo@- @)

Here ¢ > 0 is a constant depending on_u(#), but independent of t and s; @ (7) is
a real measurable nondecreasing function in /7, 7]. We denote by L(H) the space
of linear bounded operators acting from H into H and by ||-]| the norm in L(H).

We consider the operator equation
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t

AW+ [ Kt s, u)ds = f0), 1€ [1, 7], )

1,

o

where for the fixed

te t, T], (t. s)e G = {(t, s)|t, <s <t<T

the operator 4(2) € L(H) and the operator K( ¢, s, .) acts from H into H (the
integral is taken in the Bochner sense).

Integral and operator equations of the first kind and the third kind arise both
from theory and practice. In particular, different inverse problems for differential
equations and the problems of integral geometry are reduced to the Volterra equations
of the first kind and the third kind. The different problems Volterra equations of the first
kind and the third kind were studied in works [1-12].

We shall be further that

Kt s, u) =0 su + K; (¢ s, u), 2

where O(t,s)e L(H) for (t, s)e G, ky(t, s, 0) = 0 is a trivial element in H for (z,
s5)e G .

We shall be interested in the following conditions.

1. For each te (¢,, T/, we have
1Q )l € L" (4, 1), ¢1 21, | Qt, 0)] € L' (4, T),
14 @Il €Cft, T].

For each ue H, we have
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1 . )
<5[~ O+ 7O w=za@lully . 114@ < aa,
1 , )
<§[Q(f,f)+Q (0], u) Z A () || ull 3y,

<§[A* (O0(t,1)+ 0" (t.0) A, u) 20 a () A0 | ul .

where 4" (1) is conjugate to the operator A(z) for te (¢, T], a(t) >0 and A(t) >0
for

te [t,, T], a(t) is the nondecreasing continuous function in [z, 7] and a(t,) = 0, o
and @, are the positive contants and At) € L (¢, T), g, > 1.

2.Fort>m, foreach (7, 5), (N, s) € G={(t 35)|t,<s<t<T} (s uy (5 uy) €
[t,, T]XH, and

(T, 8, uy), (T, 5, uz), (M, s, u), (M, s, u;)) € GXH

the following estimates hold

1Q(z 9 -0 (9 SIS [ A(s)ds +a(t) ],
n

[| Kis, s, ug) - Ki(s, s, ullg < Li(s) || us—uz|lu,

[| Kx( s, uy) - Ki(m, s, ur) —Kx(t, s, u)) + Ky(m, s, uy) ||
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<te|[ A + @ | llw-wl,

where (1), [, (1) and [, (t) are nonnegative functions from L™ (z,, T) , q, > 1, a(?)
and A(?) are defined as in the condition 1.

We shall need, further, the following lemmas.
LEMMA 1. Let condition 1 hold. Then the following statements hold.

1) For each € > 0, for each te [z, 7] the operator &1 + A(?) has the inverse
operator

(el + A(t)" e L(H) such that
|| (eI +A@)"|| <1/ (e+a(),

where 1 is a unit operator in H.

2) For each € >0, for each u € H the following estimate hold
O 1) (e 1+ AW) "+ (e 1+ A©W)")"Q(t, )]u, w) <

20A(t)

o7 2 te[t, T,
6)lz(ﬁa(t))l\ullﬂ € [t T]

where 0 = min {1 ; &)}, 6; =max {1, oy.

PROOF. 1) For each u € H, we have
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1
I (eI+A@) u |7 =€) u ||} + 2¢ <5[A(r)+ A" (O)]u,u) +

AW ully . te [t T].

From the condition 1, we obtain

4@ ullu 2a@|| ul| u, te [t, T] .

Taking into account the condition 1 and the last inequality from the
last equality, we have

| ullu < (e+a@)”|| (€1 + A@) u ||n, t€ [1,, T] )

Introducing the designation

v=(el+ A1) u,

from the inequality (3), we obtain

| (eI +AW) vl < (€+a@®)”|| v

Hence, we have the required estimate.

2) For each ue H and for v= (el + A(t))'u, we have
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Zé [O(t,1) (eI + A@W)"+ (eI + A@®)") Q7 (t,0)]u,u) =
=2¢ (%[Q(r,t) + Q" (t,0]v,v) +

4 %[A*(r) 0,1+ 0" (6,0 AWV, v). @

Taking into account the condition 1, from the inequality

| ullu <II(el + A@) | i1+ AW)" u |,

we obtain

e+ A@)" ullw>(e+ oca@®)”|| ulu, t€ [t, T] .

Taking into account the condition 1 and the last inequality, from (4) , we have
([O(t.1) (e1+ A@)"+( eI+ A@W)")" Q" (t,0)]u,u) 2

20(t)(€ + o, a(t))
(& +aa(t))?

20A(t)

[ ||2292—
1 (€+a()

a7 -

Hence, we obtain the required estimate. The lemma 1 is proved.
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LEMMA 2. Let for each te [t,, T] B(t), C(t) € L(H) and || B(t)||e C [¢t,, T] and

|| C@®)||e L [t,, T]. Then for each f(t)e C([t, T]; H) the following operator
equation

t

w) = | BOCEUEs + 1

t

o

has a unique solution u(t)e C( [t,, T]; H ). This solution is defined by the
formula

t

w =+ [ Rits) fisyds, 1€ 11, 7],

t

0

where R(z,s) is the resolvent of the operator kernel B(z) C(s) and R(%,s) is defined
by the formula

R(, s) = B(t) X(1,5)C(s). )

Here R (1,s) is the solution of the following operator equation
t
R(ts) = J B@t)C(9YR(T, s)dt + B(t)C(s), (ts) € G, (6)

X(t,s) is the evolutionary operator of the operator equation
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%V(f) = CO)BMv(), te [, T],

that is
d
EX(I,S) = C(t) B(t) X(t,5), (t,s) € G,
X(s,s) =1 s e [t, T].
PROOF. Substituting (5) into (6), we have

t

J Bt)C(9R(Ts)dt :J B(t) C(9B(9)X (7, s)C(s) dT=

s

— B[ j C(OB(YX (1, s) d7] C(s) =

= B(t)[ X(t,s) ~I]C(s) = R(t, s) - B()C(s), (t.s) € G.

The lemma 2 is proved.

LEMMA 3. Let the condition 1 holds and

10 )IISN, M1), t€ [t,, T] .

Then for each € > 0 the operator kernel /- (€1 + A(t))”O(s, s)] has the resolvents
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R(t,s, €)=~ (el + AW)" X(t, 5, €) Ofs, s), @)

where X(t, s, € ) is the evolutionary operator of the operator
equation

that is

%X(t, s, €)=-0 1) (el + A1) X1, s, €),

X(s,s) =1, set, T],

d y

= Xt s, €) =Xt s, €) 0@, s) (€1 + A(s)™. (8)

For R(t, 5, €) and X(%, s, €) the following estimates holds

1 R( s, €)]| <

N A(s) {_ 0 f A7)

dty, (s)e G.(©9
e+an) | 02 era }(”)E ®

s

1 Xt s, €) || < exp —% Mdr Lt 9eG, e>0. (10)
0] - e+a(r)
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PROOF. Taking into account the lemma 2, we obtain the formula (7).

Let u € H be arbitrary. Then, taking into account the lemma 1, we have
X5 e = 2Re (2 Xt 5. ¢) 0 Xt 5. £)u)

— LS, E)u ||y =2Re(— X(t s, €)u Xt s, €)u)=

dt . dt

=2Re (-0t t) (el + A)" X(t, s, €)u, X(1, s, €) u )
= (-[0(t, 1) (eI +A@W)"+ (e 1+ A@®)" ) O (1,1)] x

—20(¢)

—— || Xt s, 2.
07 (e +a(t)) | Xt 5. €) u [},

Xt s, €)u, X(t,s, €)u)<

From here, integrating from s to ¢ and taking into account that X(s, s, €) =1 is a
unit operator in H, we obtain

| X (8,8l _ 0 { Ar)dt
NGBl o, |- O [ DA
ully 07 | €+a(r)

:|,(t, 7)e G, £€> 0.

Hence, we have the estimate (10).

Taking into account the lemma 1, the estimate (10) and the condition of the lemma
3, we obtain the estimate (9). The lemma 3 is proved.

Parallel with equation (1) we shall consider the operator equation of the second
kind
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(el+A@M)v(t €) + J K(t,s, v(s, €)) ds = fl)+ eu(t,), t€ [1,, T], (11)

1,

o

where €> 0 is a small parameter.

The solution of operator equation (11) we shall seek as follows

vt £)=u(t) + &t g), (12)

where u(t) solves equation (1). Substituting (12) into (11), and using the operator

(el + A()", wehave

Gie)=- [ 1+ 40" 06, 9 & £)ds -

1,

o

| e awy'ron s - 06 9] & eds -

o

| ereawr K s w+ & ) -

o

Ki(t, s, u(s)]ds + € (eI + A1) [u(t,) - ut)].

Hence, using the resolvents of the operator kernel [-(€ I + A(2))" O(s, s)] and the
Dirichlet formula, we obtain
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£ e) = j H(t, s, ) &, &)ds + j Fit, s, &1 €), €)ds + wit, £).(13)

Here

H(t s €)=~ (el +A1)"'[ O s) - Ofs, s)] —

| Rt ze) e+ a0 - 06, 91 dr (14)
F(t s, &s, €), €) =-(el+A@W) " [Kit, s, u(s)+ &, €)) —
-Ki(t, s, u(s))] — J R(t, T €) (el + A(D)" [Ki(T, s, u(s)+

+ & (s, €))-Ki(t, s, u(s)]d, (15)

Wit ) =€ (e1+ AW)" [u(®) - u(t,)] +
+e J Rt T &) (el +A(D)" [ut,) - u(v]ds, (16)

where the resolvent R(t, 7, €) is defined by the formula (7).

LEMMA 4. Let the conditions 1, 2 hold. Then
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| H(t, s, €) || <, U(s), (17)

I F(t, s, &s. €), €)lln<

S{ll(s) 1 exp[—if O d7]+cllz(s)}||§(s, e)llu, (18)

e+al(t) 07 7 e+a(t)

N

where H(t, s, €) and F(t, s, & (s, €), €) are defined as in (14) and (15),

012 912 2 612
c,=— t1+¢, c;=N, || — | +— |
Be 0 0

PROOF. Taking into account the formulas (7) and (8), from (14) and (15), it

follows that

H(t s, €)=- (el +A@W)"'X (1 s, €)[ O, s) - O, s)] +

+ | Raze) I+ )00 s) - Ot )] dn (19)



22 OAAEAUE EEETAAD A£ODTAEU

F(t, s, E(s, ), €)= - (el+AW)'X (1, s, €) [Ki(t, s, u(s)+

+&(@s, €)) - Ku(t, s, u(s))] +J R(t, T €) (el + A(D)" [Ki(t, s, u(s) +

+&(s, €)) - Ky(t, s, u(s)) - Ki(T, s, u(s)+ &(s, €)) + Ki(T, s, u(s))]dt .(20)

By the condition 2, the lemma 1 and the estimate (10), the fist term of (19) has the
following estimate

I (e1+AW"'X (1,5, €)[ Ot 5) - s, )] || <

<l(s) [j l(T) dt + a(t) :|exp[ itﬂd‘c]x

» e+a(r) e+a(t) _012 T e+a(r)

_i-; 9 2
I(s) [sup[fe o J+ 1] = I(s) [—1+ 1). Q1)
>0 9@

ing into account the condition 2, the lemmas 1 and 3, the second term of (19) may
be estimated as follows

|| Reze)ervam’ion s - o) dr| <
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Sj N exp[_e’ A@) dT] A1) z(s)[j M) al) ] e

?S e+a(r) e+a(7) e+a(t) e+al()

N T

IN

w _0, o _izv 2 \? 2
<N, I(s) Je o vdv+Je % dv =N, i) (%‘) +%1. 22)
0

0

From the estimates (21) and (22) , we obtain the estimate (17).

Now, we estimate F(z, s, & (s, €), € ). By the condition 2, the lemma 1 and the
estimate (10) , the first term of (20) has the following estimate

(€1 +AW)" X (15, e)[ Kift, s, u(s) + & (s, €)) - Koty s, u(s)] || <

(23)

OISO, [_ 0 Jﬂdf}

e+al(r) 07 7 e+a(r)

s

Taking into account the condition 2, the lemmas 1 and 3, the second term of
(20) may be estimated as follows

1] Rawe) @1+ A [Kitt s u + &6, ) -Kifts, us) -

KT s, u(s) + & (s, €)) + Ki(T s, u(s)Jdd|n <
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i 0 A1) A7)
<N, -— d I
J exp[ 07 eram | eram "

N

e+a(T) e+a(r)

[J MOy, 20 :|||5(S,8)||Hdrs

T

or Y, 8
N | |+ |l el (24)

From the estimates (23) and (24) , we have the estimate (18) . The lemma 4 is
proved.

LEMMA 5. Let the condition 1 holds and

19 ) || <Ny At) forallz e [t, T],

o) = j A (9 dt+af), for t e [i, T],

0

y(t, s) is defined by the formula (16). Then the following statements hold.

DIf w@) e Cp([t,,T];H),0<y<1 then

[wit, s) [l <cr €', (25)

where
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w 6,
= sup[exp(—eizv)(v + 1)7:| + N,M, Je of (v+1)"dv,
0

vz0 1

My=sup [[u@®)—us)llu/lo® - )|

t,s€(t,,T]
2) If @ (1) is the increasing function on /¢, T/ and u(t) € C/t,, T; H], then

2

N 6 202 i
||w(r,s>||cs[l+"TlJ wg(eﬁ)+71e9‘ lu@®)]. €7 |, @6

where
0;(8)= max |u(p”t)—u(p” ()l
x3elop(r)]

PROOF. Taking into account the formulas (7) and (8), from (16), it follows that
W(t,s)=-€ (€1 +AW)" X (1,1, €) [u(t) — u(t,)]+

te j R, T &) (1 + A(D)" u(t) — u(t)]dT 27)
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In case 1), taking into account the estimates (9) and (10), from

(27), we obtain

€ 7 .
||w(r,s>||Hs87[£+—a(t)) exp [_izj +(:()T) T]

4 -7
© A a(t) o [L) .
[;[e+a(r)dr+£+a(t)] +8N”f[ €+a(r)

o j A7) dr] A(T)

P e  eram | evam)

j (1) dT_I_at)—a(‘L')r

e +a(r) e+a(t) |

y{sup[exp[—eiv}v+l) ]+NM j o (v+1)7dv}

The estimate (25) is proved.

dt <

2)Let 1,<t<@ ' (e?), 0< B< 1 Then, taking into account the estimates (9)
and (10) , from (27) , we have
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— o jﬂdﬂ[

B
ws . -( —
v sl - Pexp 07 ) et ar)

tl)

, . _it /’L(T) l(T)
+N, 0; (€ )tj P [ 6, !8 + a(T)dT] €+a()

o

2
3(1+N:9i) w. (e"). (28)

If ¢”'(eP) <t <T, then taking into account the estimates (9) and (10), we obtain

e (el + A1) X (1 t,, €) [u® —u(t,)]||n <

6 ) a(t)

E 07(_£+a(t) 0 i
<2lu@)|, ——— e - | K(s5,8)ds |<
ol o exp (£+a(t))012;[ (5.5)

8 )

& 02 2
<2 —= |uq). e¥ e TED <

a(t)

L _0 2 8
15 6} o2 |_, 1p 0. o
<2e" e |lu(||. sup | Te =2¢ ? e’ [[u@®ll, (29)
720
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o (p(t)-€")

le | Re e er+am) -

t()

u(t)]dT+ € J' R(t, T &) (e + A1) [ut) — u(t)]dr|; <

o~ (p(t)-€P)

SN, || u@|e

e+a(t) | 02)e+a(r)

o~ (p(t)-€") ‘
€ ex[ 0 ¢ A1) T]

tG

At ’ £
Ld‘r-&-NO w.(e")
E+a(T) ooty ET a(t)

exp |:— i t /I(T) dT:| l(f)

0; 1 €+a(T) E+a(T)

2 ; ]
= 2N, || u®)||. 61—8 exp _izj. l(f) dt |Tif/’ (p(n)-€P) N
0(8 + a(t))@ 01 e+ a(z‘) =1,

T

028 0 ( A T T=t
+N,0, (") ———exp _2,[ © dr |r= p-efy =
0(e+a(t)) 0 Je+a(r) ¢

T
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2 t
ST NN I
c(e +a(t))d 02 e +a(r)

exp[g (1-_40 +a<<o‘1(<p(r)—sﬁ))]+1voef 0. (")~

0; e+al(t) e+al(t) 0

0
2N 0% -5 B
= u)) ST o8 s
0 e +all)

6 _w0- o wo-e"»],
P10 (e +a(r)

2 2 8
+—N;01 6¢)u(8ﬁ)s—2]\/9"01 PLPREN

720

0
T N 6?2
sup [Te o } u(®)||. + OTl o, (€")=

2 2 &
- [%eefglﬁ”u(t)nc ro,e")| (30)

Taking into account the estimates (28) , (29) and (30), we obtain from (27) the

estimate (26) . The lemma 5 is proved.
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THEOREM. Let the conditions 1, 2 hold and || O(%, t) || <N,y A(¥) and
L) < B A1) foralmostallze [1,, T], 0<p < 6/6,

0@ = j MDAt + a@), t e [t, T].

12

o

Then the following statements hold.

1) If equation (1) has a solution

u e Cy([t,, T H) . 0<y<1,

[

then the solution v(?, s) of equation (13) converges in the norm C([t, , T]) ; H) to
u(t) for

€ — 0 and the estimate
vt &) —u@)|l. <Mzc,e’, (€29

holds. Here

f po;
M; = czexp {03_[ [col(s) + calx(s)]ds }, c;= 1+ m,
- 1

t

o

¢, and c, are defined as in lemmas 4 and 5.

2)If @ (%) is the increasing function on /7, T'] and equation (1) has a solution

u(t) € C([t, T, H])
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then the solution v(z, 5) of equation (13) converges in the norm C(/t,, T] ; H) to
u(t) fore — 0 and the estimate

202 = ~
Iv(t, €) - u(®)l]. < Ms w;(eﬁ)+7ﬁ Ol TP 32

holds. Here

]\[0912
M; =M, (1+T),

w (6) is defined as in lemma 5.

PROOF. Solution of equation (11) we shall seek in form (12). By the lemma 4
and the condition, from (13), we have

¢ BA) 0 ¢ A
2SS —ex, - —d 8 g as
I & ¢l <£ e+ a(s) p[ 95!8+a(f) r]né(r &l d

[ fed) + cits] 1 &6, 9l ds + 1 vt )l

12

o

Hence, using the resolvents of the kernel
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P [ : J @) ZT],
E+a(s) 0 1 e+a(r)

we obtain

B

166 9lln < | feol) + cib] | &t Ol ds+ | P

13 t,

o

/l(f)
£+a (r)

ool (- B 2

A [led@) + e L, @OJE@. e, de +|w(s.e)],, fds + 1wt &l

12

o

From the Dirichlet formula and the last inequality, it follows that

I &, &l <cs J. [eol(s) + calo(S)] || &(s, &)|u ds + 5 ||, &)l

t()

po;
0-po;

where c; = I+

Hence, taking into account the lemma 5 and applying the Gronuall-Bellman
inequality, we obtain estimates (31) and (32) . The theorem is proved.

COROLLARY. Let the conditions 1, 2 hold and || O, #) || <Ny At) and
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Ii(t) < B A1) foralmostall 1€ [t, T], 0<B<oy, oy =min{l, 9/912},

o) :f MO dT+a), e i, T].

12

0

Then the following statements hold.
1) If there exists a number de (¢, T’/ such that ¢ () is the increasing function on
[t, 8], then the solution of (1) is unique in Cg ([t,,T];H),0<y<1.

[

2) If @ () is the increasing function on /z,, T/, then the solution of (1) in unique
in

C(lt,, T]) ; H) .

PROOF. Let u;(#) and u,() be two solutions of equation (1) from C(/t,, T]) ;
H) or C(Z([to,T];H), 0 <7y < 1. Then, from (1), we have

A us (1) —ux(to)] + f Ofs, s) [uy (1) — u(ty)] ds =

12

0

=AW{ [ur () —uaty)] — [ wr () —wi(t,)]} +

069 1w 6w [ ) - -
: [0 s) = QOC(s, s)] [u;(s) —uxs)]ds -
-’”J' [Ko(s, s, ur(s) - Kis, s, us(s))] ds —j Kot s, wi(s)) —

-Ki(s, s, ui(s) + Ki(s, s, ux(s)) - Ki(t, s, uy(s))]ds .

Hence, taking into account the conditions, we obtain

Q) [y (t) —us(ts)]| 3 <@ || ws (t) — wr(t)| | {[r(t - 1,) +
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ta(t-1)] (a+ N, + B) + [J. l(s) + x(s)) ds] [ | us(®) || +

o

Hlua®) e + B 1] s (o) = us(to) ||},

where

o () = max i () —wi(s)||, =1, 2.
t—s|<

This estimate yield u;(?, ) = u,(t, ). Further , from the estimate (32) and that the
equations (11) are Volterra equations, it follows that u;(t) = u,(t) for t € [t,, T]. The
corollary is proved.
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