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OPTIMUM CONTROL IN THE PROBLEM OF
MINIMIZATION OF HARMFUL IMPURITIES IN THE
ATMOSPHERE BY PONTRYAGIN’S MAXIMUM
PRINCIPLE AND SPHERICAL HARMONICS METHOD

Prof. Dr. R.R. RAFATOV
Kyrgyz-Turkish University "Manas", Bishkek, Kyrgyzstan

Protection of the environment from the industrial pollution is one of the most actual
problems of modern science and engineering. This paper is devoted to the investigation
of the problem, related to the disposition of industrial objects, which provides the
minimal pollution of nearby economically important objects. It is supposed that all of
the industrial objects in the given region throw out respective quantities of the harmful
impurity in the atmosphere. The problem consist of the determining for each of the
industrial object of such admissible amount of harmful impurity, which provide the
minimum for the integral of their squares. At the same time, the density of the harmful
particles must be as much as possible close, on the average, to the sanitary allowable
norms.

1. Statement of the problem

Consider the area G of n—dimensional space R" \ith a border T , which has a form of
cylinder with bases T;, T, and lateral surface T',. We assume that r industrial objects

are located in the points x' = (x],X},...,X! i=1,2,...,r of G, and throw out

D, (t) R (i = 1,2,...,r) harmful impurities in the atmosphere. As a result, we come to the
following problem setting [1].

It is given the integro-differential equation of the pollution matter diffusion of the r
industrial objects,

n— 162 62V/
—+ dy + t - =
= Perady + oy (t,x,0) - 772 o axj

(1.1)
_ z P (0)5(x - x5 -8 m£®(z,x,8, (e, x,6dC.

Here, y/(t,x,g) is a concentration of the impurity particles located in the point

x =(x,,X,,...,x,) at the moment ¢ and having a velocity V:(Vl,vz, oV,)s
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Qv v oy,
ox, ox, o,

is a vector-gradient, P= V), Vy5esv,) €Q— i a

grady =

. o o .. OV,
velocity vector, satisfying to the continuity condition div(b)) = E L=0,and v,=0
i=1 i

at x, =0 and x, = H , thatison I'y and I';, (I, and I';, are the bases of the n —

dimensional cylinder G), Q is a sphere of unit radius in R, described by the equation

va =1, o, A are the positive constants describing the medium G < R" where
i=1

harmful impurities diffuse, 77, £ are the coefficients of a "horizontal" and "vertical"
turbulent exchange. x = (x,,X,,...,X,) is a spatial point of the area G, @(t, X, V, V)
is the function describing dispersion of the harmful impurity particles,
5(x —X; ), 5(\7 - \7,.) are the Dirak’s O -functions, m(Q) is the area of the surface of

a unit sphere Q in R" [2]:

m(Q)—z(\/_) (&) = J‘fztgfldt.
re;)

0

The non-stationary integro-differential equation (1.1) must be supplemented with the
boundary conditions

w(t, x,0)

0
<0— %o (xa B)) (671// - (Zl//) FOXQZ 0, (12)

n

v
Ox

n

T‘Hxﬂzoi l//(t’xal)p) [0 =0 at (l)p,£)<0, (13)

where # is a normal unit vector to the external side of surface T of the cylinder G.

Factor o in the condition (1.2), in the case of three-dimensional space R? ,
characterizes a probability of the substances, laid-down to the ground surface, to get
back into the atmosphere. Condition (1.3), in the case of n = 3, means that the particles
which leave the domain G, do not return back into the this area.

The problem is to find such functions p,(¢), (i =1,2,...,r), on which the functional

T01= Y B[ Ode+ [dG[lp(Tx.8) -y, (x. DT do (1.4)
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reach the least possible value. Here W(t,x,z}))) is the solution of the problem (1.1) -
(1.3), T> 0 is defined, ,/,l(x,é’) is the known function from W21’0 [GXQ],
B, = const >0, (i = 1,2,...,r)-

Admissible controls are the various functions p = ( Dis Pas s pr) from L [O, T ] The
control p = (pl, Dys e pr), which gives the solution of the considered problem, will
be called the optimal and denoted by p0 = (plo R pg yeees p?)

2. Optimality Conditions
To determine the optimality conditions, we give some admissible increment A p = (A,
A2, ..., Ap7) of the control p and denote by Ay the corresponding increment of the

function l//(t , x,v). It is obvious that the function At//(t,x,v) is the solution of the
boundary-value problem [2]

2

aA71//4—vlz)gradAl//+O'Al//(t,x,)g)—77V2At// -£ 0 A;// =

ot Z (21)
= Ap, ()5 (x —x,)5(8 - 8) + < j O, x,8,8Aw (¢, x,5)d.

i=1 m(Q) Q

Al//t<0=Oa (aAW_aAI//JI‘xQ:O’
B Ox, ‘
AM ro=0 at (8,'?) <0, a(?xl// =0 (2.2)

By the direct calculations we find that the functional J [ p] (see (1.4)) has the increment

Mp1= Y. B [20,008p, (0t +] [Ap,(t)]2dt}+ -

+2[dG [y (1. %8 v, O Wy (T x. a0+ [dG [[Ap (T x.B)] dcr.
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Let's consider the arbitrary function CD(Z, X, v) € WZO’I’O. Then, obviously that the next
equality takes a place,

nl

jdtjde@(txg){+19grady/+ay/ ’725‘/2/ 6 ‘/2/_

}'I

_ ,Z;:pi 3 —x 5B -8 - m(’;) i ot x. 0.8t x, 3’)dQ’}dQ _o.

Denoting the left hand side of this equality by A[(D, p] , we obtain

n— 162 821//
(D p] jdtjdGI@(t X 8){+19gradl//+m// 772 - -

2
ox; “ax 2.4)
r ) ) /1
=Y p.()5(x-x)SE-8)-— L [0@,x,5.8 H)dQy' 1dQ = 0.
2 P05 =35G8 m(g)i 6,88 (t,x,8)
Integrating by parts, we transform the equality (2.4) to the form of
[dG Ap(Tx. BT 2. D)2 + [ arf dGf Apr(a,x. ) x
g Q 0 G Q
LO*D 82CD
A= Poradprom—nS L TP e, x,BB)@(sz)dQ'}
{ a ° "Z o (Q)j 5

de—ij'APf(t)q)(t,xi,&)dt+}dtj'dfj{&Ay@_n[@%}?_AW%Q}%HJQ_F

i=1

+.[dt.|'dﬂ{ o2V Sx‘Dj_ {02t g‘gj}r:a

n Ty

Here 19,9 is a projection of the vector 19 to the unit vector # .

Up to now (I)(t , X,V ) was the arbitrary function from W,""’ ([O,T ]x G x Q). Let's
define it now as a generalized solution of the boundary-value problem
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%) + 8gmdd> —o®(t, x, up) + 772 (2:? +£& Z;D + 06
+ m(/lg) i O, x, b, B)Yo(t, x,6)dQ = 0
ng_a@J =0, S;D =0, @ =0 a ER=z0
O(T,x,8) = =2y (T, x,8) -y, (x.8)] @7)

Taking into account (2.1), (2.2), (2.6), and (2.7), the equality (2.5) can be simplified.
Namely, the second term at the left side in (2.5) vanishes due to (2.6). Because of the
third equality from conditions (2.2) and the second of the conditions (2.7), and since

cos(h),xl) = cos(rcz),xz) =..= cos(g,xn_l) =0 and 9;; =0onI and I,
T
[at[dr [ aywda=0.
0 r Q

By virtue of the second condition in (2.2) and first of the conditions in (2.7), we have

t Ay op),
!dtidfg_[v((b R )

In view of the last condition from (2.2) and a penultimate condition from (2.7), the
equation (2.5) takes the form of

2[dG[ Ap(T x. D)y (T.x.0) —p,(x' D) ia + Zr:j-Ap (OOt x', 6t = 0.

From this, by virtue of the last condition from (2.7), it follows that the increment
AJ [p] of the minimized functional from (2.3) is transformed to the form of

Ap1=3 [ ap,(O2B,p. (0 - 0(e.x' 8 it +
o (2.8)

DN T [Ap, () de + [ dG [ [y (T, x, 8] ag
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Now, applying a technique of the work [3], the following theorem can be proved.
Theorem (principle of the maximum). Necessary and enough condition of optimality of
the admissible control po = (p]o seers pf ) and corresponding to it solution of the
boundary-value problem (1.1) - (1.3) is a satisfying by the functions

Hy(®(t, x',0 ) wp)=pi @(tx' 0" ) - Bipd, i=1,....r (2.9)
of the conditions

Hy(®@:", ", pi")=maxHy(®,y",P)), i=1,..., 1, (2.10)

where CD? = CDO(t, x', vi), (i = 1,2,...,7’) is the solution to the boundary-value
problem (2.6) - (2.7) subject to ¥ =/,

3. Construction of optimal control

For the optimal control construction, first we assume, that no restrictions are imposed
on the domain of admissible control parameters. Then it follows from (2.9), (14) that

optimal control p0 = (plo yeees pf ) must satisfy the conditions

pi(t)=zlﬂ®(t,xf,8’), i=1,..,r (3.1)

Thus, the problem of construction of optimal control is reduced to the determining of
P’ =(p%.p?), ' and ®° from the equations (1.1) - (1.3), (2.1), (2.2) and (2.6),
2.7).

For the simplicity of reasoning henceforward, we assume that » = 3 and then
X, =X, X, =Y, Xy =z, and the unit velocity vector in this case is 19 = (V1 s Ve, Vs ),
where v, =sinfcos@, v, =sinfsing, v, =cos@. We will investigate the

boundary-value problem (2.6) - (2.7), where, in accordance with [3 , 4], we assume

®(tax:y:Z:§>¢):g(/’lO)5 /’l() :é’,é’—i_ \l_é/z \1_4/,2 COS(¢_¢,) (32)
Then the equations (2.6) and (1.1) take the form of
o0 0'® o'®. 0D .

aEqLsin9c05(pa£+sin@singpag+0089f—77( 2 ) TS
Ot ox oy 0Oz ox~ Oy 0z (3.3)

ﬂ’ i !1 ’ ’ ’
+ 2 [do'[ g(uy)0(t,x,,2,¢ ", @)d¢ = 0
4r %
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a—!//+sinﬁcosgoa—l//+sin95inq)a—w+COS¢98—W+()'l//(t,)c,y,z,(/),H)—
ot ox oy oz

a2l/j a2¥/ a2¥/ ﬂ, 2 1
- + - = d ' ta s V& '9 'd '+ (34)
UPw s s LU BRSNSt

A5 Lol 2ol e 00
i=1 P

We apply the spherical harmonics method to equation (3.3). For that, we consider the
system of spherical functions [4] :

C; = P(cos@), C;' =P"(cos@)cosmp, S =P"(cosd)sinme (3.5)
k=0,1,2...,m=0,1,2, ...,k
Here

1 d*
25k du®

P’ (1) =P (1) = [(#2 —~ 1)"1 k=0,12,... (3.6)

are Legendre polynomials [5],

mP 2 % k+m
P ()= (1 -yt CH f") T -] k=012, m=012,..k G.7)
du 2k du

are the attached Legendre polynomials [4, 5]. It is known, that functions (3.6) and (3.7)
satisfy the orthogonally conditions of on the interval [— 1, 1],
2 (k+m)!

] | N, =k
P"()P" (u)du = ——— S5/, wh 5l =1 (3.8)
_Ilk(”)f(”)” 2+l (k—my tr e O {O,j;tk

Function g(4,) can be presented as (see (3.2))

1 & 1
g(ﬂo):EZ(zk"‘l)ngk(,uo) where g, = IPk(/uo)g(,uo)d;uo (3.9)
k=0 -1

Here

P(uy) = B OP)+ 2 E D B P (st - (3110)

i (k+ )
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Solution of the equation (3.3) will be found in the form of

2k +1 (k—m)! Cr A" (k m) Bl @3.11
{221+§2 ermyn DT >t k} o

k=0 m=0 k=1 m=1

where C," , S;" are determined by formulas (3.5) - (3.7), and A4," , B," are unknown
functions of arguments ¢, x, y, z.

The system of spherical functions (3.5) forms the orthogonal functions on the unit
sphere and complete function set in the Hilbert space. Therefore any continuous

function (D(t 2 Xy Vs Z, 67) can be decomposed on the spherical functions to any
accuracy. In the decomposition (3.11), coefficients are defined by means of the integrals

2

=Td¢jP;f’(#)®d#, A = Idwj%m(#)cosm@du,
0 -1 -1

0 (3.12)

27 1
= [do[ P (u)sinmpddy
0 -l
For convenience, we present function (3.11) as

(k—m)!
+m)!

{Z(zk +DPY(O)A] +2Z(2k + 1)2 P (&) (A cosmp+ B sinm(p)}

Using this function and equalities (3.8) - (3.10), integral term in the equation (3.3) can
be transformed to

- jdco j g YO(1,%,y,2,0',¢ VS —{Z(zz +1)g, P (1) 4] +
(3.13)

+22(2z+l) Z( j) P’ (1)(A cos jo+ B/ sm](p)}

Now, the equation (3.3) can be presented as
—+«/1 i’ cosgo—+«/1 ,uzsm(p—+u9— oD+ 77( q) a—) f

& G14)
+{Z(2z+1>glP°<u)4 +2Z<2z+1)g12( =/ ) P cosj+ B smjw)}—o
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Equation (3.14) can be reduced to the system of differential equations with respect to
A", B, (k=0,1,2,K, m=0,1,K, k). For that, we multiply the equation (3.14)
in turn by P’(u), (k=0,1,2,K), C/" =P"(u)cosmp, and S!" = P"(u)sinme
(k =0,1,2K, m=0,LLK, k), and integrate with respect to angular variables ¢ and
M in the limits from 0 up to 277 and from -1 up to 1, respectively. The following

recurrence relation from [4, 5] are used:

(24 -+ 1)y (1) = (k= m+ )R () + (ke m) B, ()
i 1 1+ m+

=1 P, (#)=ﬁ[ﬂ+ll(ﬂ)—ﬂ_ll(#)l

1= B )= Lm0 )= o=+ 22 )

G.15)

0<m<k-1

So, we multiply (3.14) by P, (,u) = Pko (y) and integrate a result with respect to variables
@ and U . Then, by virtue of the first of the formulas (3.12), we get

jdfpj ﬂ)dﬂ——jd¢jd>P i :agf (3.16)

Thus, we have found a transformation of the first term in the equation (3.14).

The second term of this equation will be equal to

o oD 1 0
[do[\1-p’ cosg— P (u)du = Ilal,+4l) G
0 -1

2k+10x

Here, we used the first two formulae in (3.12), and the second identity from (3.15):

fwfﬂ P (u COS(pfdﬂ—f f IZk 1[ (1) P (1) cosgdu =

1
2k+18x

I IPM )cosgtbu— jdijkl Joosgbd| =2 (a4 4.

The third term is treated by the similar way,
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[ k+1 )]Sln q)q)dlu =

J.dgoj\/ﬁPo sm¢— #_7 I

0

I IPM )sin gpbdps jdqaijl )sin gbd

2z 1
-1

2k+18y

As aresult, we have
I oD 1 0
[ 2 o . _ 1
_([d(”_[ 1—p" B (N)sm(padﬂ = 2k+16y<Bk+l B,_ 1)

Now, we consider the fourth term of that equation. We use the first identity from (3.14)
for m=0:

2z 1 2z
Id¢fﬂPk°(ﬂ)6§dﬂ=2kl wfaq)[kﬂ VP& (1) + kPL ()it =
0 -1
10 (3.18)
(k+1)|do | ®P’ (u)du +k | do| OP, (u)d
2k+15{ + J‘(DJ. A+1 ,LH' J‘(PJ.I k-1 ),U}
T (RA VAR

The fifth, sixth, seventh and eighth terms contain constant coefficients, therefore they
are transformed to the following expression,

82 62 aZAO
—oA) +n| o+ |4+ k 3.19
” ”[ax ayzj e G

Now we consider the next term,

4 jdgojPO (21+1) P’(u )4dy—812n§ 2z+1gA,jP° P (1) =
A&, o 2 . A o 2 A g

=2 (2i+1)g A ——68 =22k +1)g A ——=Zg A (k=012,..

4;(l+)112k+1k 4( +)gkk2k+1 2gkk ( ,,,)

. A . .
Combining the formulae (3.15) - (3.19) and Egk A , we obtain the system with

respect to A,? , A,i , B,
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a0, 1 [0
ot 2k+1|ox
A o* 0*
(2 g — JAO +77(&x2 +ay2j14]({) +58272A]? =0 , k= 0,1,2,...

Let's  multiply now  equation (3.14) by C!"=P" (,u)cosm(p for
(k =0,,2,K, m=0,1LK, k) and integrate the result with respect to ¢ and & from

(Aliﬂ - A1171 )+ (fy (Bllﬂ - Bli—l )+ aax ((k + I)Al(c)ﬂ + kAl(c)—l )} +
(320

0 to 277 and from -1 to 1, respectively. As a result, the first term takes a form of

0
— A,". To find expression for the second term, we use the second and third of

ot
identities (3.14),

271

J‘J:/l—,u cosq)—P )cosm¢d,ud¢=

271

fj@ 1—1® P" (1) [cos(m +1)p + cos(m — pldudyp =
0
0.

27

1
:2£

2 ol mbee e o)

(ke e -+ 202 ) eostn ) -
1 a m+l1 m+1
= e Ay
2(2k +1) ax ( e )+
1
+
2(2k +1) ox

Let's transform the third term in the equation (3.14),

27 1
Id(p_[«/l—yz sin go%EPk’"(y)cos modp =
0 -1 Y

1
| <D2 Pk”ll“ 1)~ B (w)|eos(m +1) g udep +

-1

O [ mYk - m= )47 — (k= m+ 1k —m+2)47]

2z 1
:ijd(pj 1— 12 P (1)@ sin ¢ cos mpdps =
o o5
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9 zfd(pj.\/l — 1> P (D l[sin(m +1)p —sin(m —1)p[u | =

56——2]( Idcofcb[ o ()= Py () sim (o + e -

1 5 1 m—1
_EG_TICJ(DI@ (k +m)k +m —1)P" (1) -
(k m+1)(k m+2) knill(/u)]sm( —1)(0d/1=
1 6 1 m+1 m+1
2ay2k+1[’”‘ ]

1 0 1

T e (k + m)k +m = 1B = (k —m + 1)k —m + 2)B)"]

Now we transform the fourth item in the equation (3.14), using the first of identities
(3.15):

(o,
Id(ﬂfﬂa—Pk (42)cos modys =
0 4

1 2z aq) ) )
2k + 1y :[—[(k—mH)PkH() +(k+m)P" (1 ]cosm(pdy_
1 a m m _
T 2k+léz jd(””k m+ )P (1) + (ke + m)P, (1) o cos moxdy =
1

a m m
T L le=m+1)ay, + (e +m)ay, |

The fifth-eight terms in the equation (3.13) take the form of

o> 0o 0’
—o+n —+ +&E— |4
{ o n(@xz ayzj Cfazz} ¢

Now we find the last term at the left hand side of the equation (3.14):
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LngojP (1 )cos m(p{z (2i +1)g,P° (u)cos 0pA +

8 °

0
+ 2i (2i + l)gizl: g; ;;Pij(y)(/lij cos jo + B/ sin j(p) du =

=0 =1
© 2 1
=> SL jdgoij’” ()cos m P, (1 )cos 0pdp(2i +1)g, 4 +
i=0 7 -1
+—2Z(21+1)g _J jd(pjdyp"’(y)x

+ 7%

X COS mqul.’(y)(A’ cos jo + B/ sin j(p)—

NI § f),ijw)P (u Mo | =

:—Z(Zl+1)gl(l ml 2 sign - (k=m) ,

Grmy2k+1 " T 2% (s m) 48

Thus, we have a system for determining of 4," and B,",

6 m 1 6 m+l1 m+1

24 9 (ami — 4

ok +2(2k+1)8x( A
e

+m87x[(k+ Nk +m —1)4;"] —(k—m+1)(k—m+2)Akmﬁl]+
1 a m+1 m+1
————\B/,, — B _
’ 2(2k + 1) oy ( e+l k-1 )

10 .
—2(2k+1)5(k+m)(k+m—1)Bk_]1—(k—m+1)(k—m+2)Bk+ll]+
1 a m m 62 62 az m
+(2k+1)82[(k m+ 1A + (k+m)Ak1]+{n(ax2+ay J 5—0}1
e k(k_’”)! P20, k=12, m=12,. k (3.21)
2°% (k+m)

Let's multiply the equation (3.14) by S = P (,u)sin me, (k =12,.; m= 1,2,...,k)
and integrate with respect to ¢ and g from 0 to 277 and from -1 to 1, accordingly.

Clearly that 5;) is transformed to SBI:" , (k =12,..; m= 1,2,_,_,k). Then,
t t
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J‘d(pJ‘w/l—y cosgo smmgody—
:_x Id(p_[ l—uszm(,Lz)(D—[sin(m+1)go+sin(m—1)go]dy =

1 a T 1 m+l1 .
ZEE?IﬁaxI¢4®bﬁ?iﬂ—ﬂ»(ﬂHWKM+0aw+- (3.22)

b fae ol b +m e ) -

—(k—m+1)(k—m+2)Pk'le( )]sm( ~pdu =
1 a m+1 m+1
=——|B", —B
2(2k +1) ox bz - i+
1

+————— |k +m)k+m—-1)B" —(k—m+1)k —m+2)B]",
(2k+1)a & &

Further we have:

J‘d(pj‘\/l uw sm(p—P smm(/)dy—
= 5{!;0'(0.[\/1 — P (u)CDE[cos(m ~1)p —cos(m + 1)(p]dy} =

(3.23)

ma jd¢jq> [ + m Xk + m - 1P ()~

—(k—m + 1)(k —m+2)P"} (,u)]cos (m —1)pdu -
2(2k + 1)6 J.d(”jq) Pk”ifl(,u)— Pkm,fl(,u)]cos (m +pdu =

1
" 2Qk+1)ay

1 0
I A L s
2(2k+1)8y[ o ! ]

O [k +m)k +m—1)ar7 —(k—m + 1)k —m +2)477 ]
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Then we have:

27 1 aq) )
J-dq)J.y—Pk’" (y)sm modu =
0 -1

a b4 1 .
:gj. _[ [k m+l) /c”ll(,u)'*'(k"'m)P;il(/l)]Slnm(pdlu:
0 —
1

The ﬁfth-elghth terms from the equation (3.13) are transformed to the next form,

ot 8 o?
<2 s 3.25
[ 7 n[axz 5y] : } o

Finally, the last term in the equation (3.14) is transformed to

o Jaolau] 3 e, () +

+ 212(; (21 +1)glz (l+ j;P (,u)(A’ cos jo + B/ sin ]¢):|P (,u)sm me =

(326)
—Z 21+1 E )IIP’(y)B’P"’(y)s1n Jjosin mopdodu =
4/1 ”12;‘ (2i +1)g, Z:: ])TBJJ-PJ ()P (10)dus! =
A e, (B [P e Gk = (M

Combining all of these expressions, we obtain the another one system with respect to
A", B,

(3 m 1 a m+1 m+1
—B'+—————(B" - B"
ot o2k +1) o (B2 -1 )+
+;
2(2k +1) ox
1
+—
2(2k +1) oy

O [k +m¥k +m—1)B2 —(k—m+ 1k —m+2)B" ]+

k+1

0 [+ mYk+m-1)47 = (k = m+ 1)k = m+2) 475 |-

k+1
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1 a ( m+1 m+1

mel H) 2k+1 Z[k m+lBk1+(k+mB,:”l]+

202k +1) oy
o o O _|gn (k m)
+H6 . ayJ e } (k+m)B =0, (3.27)

k=12,., m=12,.k;

4. Derivation of the spherical harmonics method equations for the initial state

Let us rewrite equation (3.4) in the form of

a—wﬂll—yz COS(Daa—l//-i‘w”—/uz singoaa—l//+ya—l//+

ot 0z

62
[G_U(a 2 ) é ];//(txy,z ¢50)_
X
/1 2z ’1 ' ' ’
=4—jd<0jg(ﬂo)l//(t,x,y,z,é“,qo)dg“ +
4 0 -1
1G 1 i : , , : :
+EZ;®(t,xl,yl,Z',¢,9)5(x—x’,y—y’,z—z’)&(go—(p’ﬁ—ﬁ’).(4.1)
i=l1 i

In order to apply a spherical harmonics method to this equation, we multiply (4.1) by
spherical functions (3.5) and integrate the result with respect to ¢ and 4 by turns,

within the limits from 0 to 277 and from —1 to 1, respectively. We use again the
recurrence relations (3.15).

First, we decompose function (¢, X, y,z,(,8) on the spherical functions (3.5),

k—
{Z(Zk +D)P(O)ay +2Z(2k+ 1)2( ’”) P'” ()@} cosmp+B]" smmgp)} (4.2)
where decomposition coefficients are determined according with the formulae

2z
= fd¢jP pydy,  a) = defaM(u)wcosmwﬂ,
o A (4.3)

by = Idcoka’" (22 )y sinmpdy
0 -1
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Multiplying (4.1) by Pk(y) = Pko(lu) and integrating with respect to the variables @
and 4, analogically with (3.16), we get

0
oa,

4.4
py (4.4)

0
Id J. WPO )d,u —Jd(pfwP duz
Analogically with (3.17), we have
Td Jl.qll— 28—l//PO( Yeos pd, —Li(al —a, ) 4.5)
J (/7_1 H o K H H 1o Tk k-1
The third term of the equation (4.1) takes a form of

1 — a_W . . g i |
Z‘;d@"‘l ! # ay B{ (#)Slnw'u - 2k +1 ay (bk+l bk l)' (46)

We rewrite the next term by analogy with (3.18),

2z 1
o \OW , 1 0
!d(p_jl/d’k ()= dp = === — Ak + 1), +kal ). (4.7)
By analogy with (3.18), we obtain
82 0’ 0’

The first term from the right hand side in the equation (4.1) is transformed to the form of

ijalqofPO > (2i+1)g, P (w)a = 2;;2 2i+1)g,a ,jp‘) P (1) =
H’ @9)
2 o A )
=N 0i+ead® —=—6 =Zk+1)o,a° ———=Z104°
4;:( 1+ )glaz 1k 4( + )gkak e+l 2gkak

Now, we turn to the transformation of the second from the right term of the equation (4.1).
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r 27 1
5L o] il ... 0.0Plp-o'0-0 M-,y 22
i=l Fi o

4.10)
=32 Xy R0 00,

where

Ry 290 = jdij“(u)s((p ¢.0-0)dp. (.10

-1

From (4.4) - (4.10), we get the system of equations for determining of @y ,a, ,b; ,b, ,

el el e 2 =0 st )

+[ & -0+ i_ﬁ_i +§£ ]ao—
2gk 7 ox® oy’ ozt Tk

i=1

:Ezﬁé(x—x’,y—y’,z—z’)ﬂo(y')Q(t,x’,y’,z’,(0’,(9’),k=0,1,2,3,~~~ (4.12)

Now, we multiply equation (4.1) by C,:n = Pkm (,u)cosmqp for (k=0,1,2,...;m=1,2,....k)

and integrate it with respect to ¢ and 4 over the limits from 0 to 277 and from -1 to 1

0
respectively. As a result, we obtain the first term in the form of —a,:" . To find the

expression for the second term, we use the previous reasoning for the 4;" , B, ,

271

J‘J‘ﬁl—y cos @ WP”’ )cosm(pd,udqo—

1 a m+ m+. m-1 m—1
:ma{ (a7t = ap )+ e+ m)e -+ m=1)a)t = (e —m+ 1)k —m+2)a] } 4.13)

Ay

2z 1
[do[\1-4 sin(/)gf B (p1)cosmardu =
0 -1

@.14)
11 0
{l

m+l

7t b [ e+ m =1 — (k= me+ 1k —m+2)b75 ] }

k+1

T 22%k+1dy
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The firth term in the equation (4.1) turns to

ot o * .
(oo e 19

By analogy with (3.14), the last from the right term in the equation (4.1) takes a form of

2z 1 )
ija’(oJ‘Pk’”(,u)cosm(o{zz (2i +1)g,P"(1)cos O’ +
Ty 5 i=0

123 (21 1)g, 3 =0 ! ()a] cos jo+ af smm)}du - @19
=0 =i+ )

2 i-m) 2 o ., A (k-m) ,
2i+1)g, _Z Slgn =L T
2,(2i+1) rmy 2k 1K T2 e my ™

4r i

By analogy with (4.10), we transform the first term of (4.1),

11 o , . . . .

EZE Idgof Bj"(y)cosmﬂb(t,x’,y’,z’,ga,@)é(go—(p’,ﬁ—@’)d,ué(x—x’,y—y’,z—z’):
L

=;Z;5(x—xi,y—y",z—Z")Pk’"(u")cosmco"d)(t,x",y",z",go",é”')
=l M

Taking this into account and combining (4.12) — (4.16) , we have

gam + 1)66 (a’"” —a! )+

or " 202k+1)ox M
1 5 m— m—
+ kD)o [(k +m)k+m—1)ay) —(k—m+1)k—m+2)a]} ]+

1 a m+ m+ m— m—
+2(2k+1)ay{(bk+11—b D)= [+ )+ m =1 = (k= m+ 1)k —m+2)by5'] }+

1 6[<k—m+1)a,::.+<k+m)“"fl]{a_{

+(2k+1)az

?.,2) 2 4, el
o' o &’ (k+ )'

Ezﬂ 5()(7 xay y Z— Z)Pn(ﬂ)cosn/l¢q)(t xlny’ Zla¢l H)
i01

k=123,.:m=1223,...m 4.17)
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Now, we multiply equation (4.1) by S;" =P (y)sinmgo for (k = 0,1,2,...; m

=1,2,...,k) and integrate the result over the limits from 0 to 27 and from -1 to 1 with
respect to ¢ and £/, respectively. Repeating last reasoning, we obtain a system with

respect to a," , b,

Oy 1 6«{(bk+l b e+ e+ =0 (= m+ Wh—m=+2)p | |+

e

L { [(k+m)(k+m 1) (k—m+1)(k—m+2)ak+l] (akl —a,’{”]l) }+

z(zk o +
0 . ” o 0 o A (k-m)|,
(2k e [k m+ 1B, (k+m)bk1]+|: ’{@CZ-’_@}J & 2% Ek+mubk B

fZﬁ Sx—x',y=y z=2B' (i )sivmg e, ', ', 2, ¢f ,0), k=123,..m=123,.. k

(4.18)

Equations derived from the boundary conditions for (1.1) and (2.6), namely the
equations (3.3) u (3.4), written not for general n-dimensional case, but for the n=3,
should be added to the equations (3.2), (3.21), (3.27), (4.12), (4.17) and (4.18). Since

the domain G in this particular case of three-dimensional space R’ represents the
region with the boundary I of the form of a cylinder with the bases Iy and I', (z=0
and z = H), and lateral surface I ( x> +y>=p® with p being the radius of the
cylinder 1), we have

B

L Ozo,a—fz:fo, W(t.x,9.2,0.8),=0 for —1<u<0 (419)
oz =

(?—a@j _o, 2@ =0, Otx,,2,0,8) ;=0 for 1>u>0 (420)
Z

Here, 4 is determined by the second of the equations (3.2). Conditions on the ends of
the control time interval [0 ,T ] take the form of

W(t,%,9,2,0,8)| <0 =V (%, 3,2,0,8)

4.21)
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O(T, %, ,2,0,8) = =2[y(T,%,3,2,0.6) —y,(x,3,2,0,E)]  (422)  Boundary
conditions (4.19) — (4.22) for coefficients 4," , B," and a," ,b," k=0, 1,2,...;m
=0, 1, 2,..., k) in decompositions (3.11) u (4.2) of functions ®(¢,x,y,z,,&) and
w(t,x,y,z,0,5) on spherical functions (3.5) have the form of

04, OB/ oA OB

_aAm = ko Bm = , k = k — 0’

( o £ )| 2z0 =( Py aB')| . 0z | o |7

A (t,x,3,2,0,)|r, =B/ (t,x,,2, r, =0 for 1>p>04.23)

To derive the conditions, similar to (1.2) u (4.20) for decomposition coefficients (3.2) u
(4.2), on the ends of the control time interval [0 , T ], the functions ¥ (x, y,z,9,¢&)

and y,(x,»,z,¢,&) from (1.2) and (4.20) must be decomposed on spherical
functions (3.5),

w,-(x,y,z,qo,é)=i{iz 2k +1 (k—m)! Cla ”1+ZZ(21¢ 1)?‘ ’"; S,:"b;;}

= =145, (k+m)! P
Here a; ,b} are Fourier coefficients of functions w,(x,y,z,¢,&) and
vi(x,0,2,0,8):
2z 2
; —jd(pj V(5 0,2,0. R, (u)cosmadu, b Jd(pj v, (5,3,2,0, O (u)sinmedu;

-1 -1

where i = 0,1. Now, from (3.2), (4.2), (4.19) - (4.23), it follows that
a]:n(taxayaz)‘tﬁ() :a(r)nk(xaynz)ﬁ b (t x J’»Z) <0 bok('x y:Z) (424)

AP (T, x,y,2) = =2]al (T,x, y.2) - all (x,9,2)]. w2s)
B (T.x,y,2) = =2} (T, x,y,2) = b (x,3,2)]

k=0,12,...,m=0,12,....k

Thus, optimal control functions p,(¢), (i =1,2,...,7) in the problem of minimization

of pollution of the environment by detrimental impurities particles, where the
performance criterion has a form of integral quadratic functional (1.4), are determined

according with formulae (3.1). In particular, in the case of R3, function from these
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formulae, are transformed into function @ (¢,x,y,z,,&), which is determined as a

solution of the equations (3.3) and (3.4) subject to the boundary conditions (4.19) —
(4.22). Method of spherical harmonics [3, 4, 6, 9] of this problem is reduced to the
infinite system of partial differential equations (3.2), (3.21) , (3.27) and (4.12), (4.17),
(4.18), subject to the special boundary conditions (4.23), (4.24) and (4.25).
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