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Abstract. Let G = (V, E) be a graph with the vertex set V = V(G) and the edge set E = E(G). Let k be a
positive integer and γrk(G) (γirk (G)) be k-rainbow domination (independent k-rainbow domination) number of a
graph G. In this paper, we study the k-rainbow domination and independent k-rainbow domination numbers of
graphs. We obtain bounds for γrk(G−e) (γirk (G−e)) in terms of γrk(G) (γirk (G)). Finally, the relation between weak
3-domination and 3-rainbow domination number of graphs will be investigated.
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1. Introduction

Let G = (V, E) be a simple finite graph with the vertex set V = V(G) and the edge set E = E(G). For the
terminologies and notations which are not defined here explicitly, we may use [9] as a reference. The order of G is the
number of vertices of G. For any vertex v ∈ V , the open neighborhood of v is N(v) = {u ∈ V |uv ∈ E} and its closed
neighborhood is N[v] = N(v) ∪ {v}. For a set S ⊆ V , the open neighborhood of S is N(S ) =

⋃
v∈S N(v) and its closed

neighborhood is N[S ] = N(S ) ∪ S .
A set S ⊆ V is a dominating set if every vertex in V \ S is adjacent to at least one vertex in S . The domination

number γ(G) is the minimum cardinality of a dominating set in G. A dominating set with cardinality γ(G) is called a
γ(G)-set.

In 2008, Bresar et al. [2] introduced the k-rainbow domination as a generalization of domination in graphs.

Definition 1.1. ( [2]) Let k be a positive integer, [k] = {1, 2, . . . , k} and P([k]) be the power set of [k]. For any graph G,
a function f : V(G)→ P([k]) is a k-rainbow dominating function (or k-rD function for short) if for every vertex v ∈ V
with f (v) = ∅, f (N(v)) =

⋃
u∈N(v) f (u) = [k]. The weight w( f ) of a k-rD function f is defined as w( f ) =

∑
v∈V(G) | f (v)|.

The minimum weight of a k-rDF of G is called the k-rainbow domination number of G and is denoted by γrk(G).

A k-rDF f is an independent k-rainbow dominating function (Ik-rD function) if no two vertices assigned nonempty
sets are adjacent. The weight of an Ik-rD function f is w( f ) =

∑
v∈V(G) | f (v)|. The independent k-rainbow domination

number γirk (G) is the minimum weight of an Ik-rDF of G.
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Chang et al. [4] were quick on the uptake and showed that, for positive integer k, the k-rainbow domination problem
is NP-complete even when restricted to chordal graphs and bipartite graphs. The same paper shows that there is a linear-
time algorithm to determine the parameter for trees. The paper also shows that the problem remains NP-complete for
planar graphs.

Notice that the above discussion shows that γrk(G) is a non-decreasing function in k. Moreover, Chang et al. [4]
showed that for all graphs G on n vertices and all positive integer k, min{k, n} ≤ γrk(G) ≤ n.

Many other papers establish bounds on this parameter and investigate the 2-rainbow domination number versus the
total domination number and the (weak) Roman domination number. Also, the edge or vertex critical graphs with
respect to the rainbow domination have been investigated in literature. For reading the results for special families
of graphs such as paths, cycles and the generalized Petersen graphs the reader can consult [1, 2, 4, 10]. The rainbow
domination numbers are studied for digraphs and also Cartesian product of some digraphs [5]. Also outer independent
rainbow dominating functions of graphs has been studied [6].

Pai and Chiu [8] developed an exact algorithm and a heuristic for 3-rainbow domination. Recently, Chang et al.
showed that the k-rainbow domination number is equal to the so-called weak k-domination number for strongly chordal
graphs (see [2, 3]).

A linear algorithm for determining a 2-rD function of minimum weight of an arbitrary tree was presented in [2]. The
algorithm was based on the related concept of so-called weak 2-domination. Intuitively, we could call it a monochro-
matic version of 2-rainbow domination.

Let G = (V, E) be a graph and f : V(G) → {0, 1, 2} be a function that assigns to each vertex a number chosen from
{0, 1, 2}. For notational convenience, we define

f [v] =
∑

u∈N[v]

f (u)

for each v ∈ V . We call v ∈ V a bad vertex with respect to f if f (v) = 0 and f [v] ≤ 1; otherwise, we say that v is a
good vertex with respect to f . Note that if v is a good vertex with respect to f and f (v) = 0, then f [v] ≥ 2. If every
vertex of T is a good vertex with respect to f , then f is called a weak {2}-dominating function (W2D function) of G.
The weight w( f ) of f is defined as w( f ) =

∑
v∈V f (v). The minimum weight of a W2D function in G is called the weak

{2}-domination number of G, denoted by γw2(G).

2. k-Rainbow and independent k-rainbow domination of some special graphs

The rainbow domination numbers of some families of graphs has been already known. In this section, we study
the (independent) rainbow domination numbers of some other families of graphs, for example Harary graphs, complete
and complete r(≥ 2)-partite graphs, paths and cycles.

The domination parameters of Harary graphs have been studied in [7]. Here we study the 2-rainbow domination
number of Harary graphs. Given the positive integers k < n, place n vertices around a circle, equally spaced. If k is
even, form Hk,n by making each vertex adjacent to the nearest k/2 vertices in each direction around the circle. If k is
odd and n is even, form Hk,n by making each vertex adjacent to the nearest (k − 1)/2 vertices in each direction and to
the diametrically opposite vertex. In each case, Hk,n is k-regular. When k and n are both odd, index the vertices by the
integers modulo n. Construct Hk,n, from Hk−1,n by adding the edges i↔ i + (n − 1)/2 for 0 ≤ i ≤ (n − 1)/2.

Lemma 2.1. Let Hk,n (2 ≤ k < n) be a Harary graph.
(i) If k is an even integer and n = q(k + 2) + r, 0 ≤ r ≤ k + 1, then

γr2(Hk,n) =


2q if r = 0,
2q + 1 if r = 1,
2(q + 1) if 2 ≤ r ≤ k + 1.

(ii) If k is an odd integer and n = q(k + 1) + r, 0 ≤ r ≤ k, then

γr2(Hk,n) =


2q if r = 0,
2q + 1 if r = 1,
2(q + 1) if 2 ≤ r ≤ k + 1.
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Proof. (i) Let k be even. First we show that for any k + 2 consecutive vertices

vi1 , vi2 , . . . , vi(k/2)+1 , vi(k/2)+2 , . . . , vik+1 , vik+2 ,

there exist at least two vertices vil and vit with f (vil ) ∪ f (vit ) = {1, 2} or there exists one vertex vil with f (vil ) = {1, 2}.
Suppose to the contrary that there exists only one vertex like vil with value {1} or {2}, then we cannot assign any value
to vil+(k/2)+1 or vil−(k/2)−1 , a contradiction.

Now we give a 2-rainbow dominating function of Hk,n as follows:
Let n = q(k + 2) and V(Hk,n) = {v1, . . . , v(k/2)+2, . . . , vk+3, . . . , vq(k+2)}. We define f : V(Hk,n)→ P({1, 2}) by

f (vm((k/2)+1)+1) =


{1} if 0 ≤ m ≤ 2q − 1 is even,
{2} if 0 ≤ m ≤ 2q − 1 is odd,
∅ otherwise.

Let n = q(k + 2) + 1 and V(Hk,n) = {v1, . . . , v(k/2)+2, . . . , vk+3, . . . , vq(k+2), vq(k+2)+1}. We define f : V(Hk,n) → P({1, 2})
by

f (vm( k
2 +1)+1) =


{1} if 0 ≤ m ≤ 2q is even,
{2} if 0 ≤ m ≤ 2q − 1 is odd,
∅ otherwise.

Let n = q(k + 2) + r, where 2 ≤ r ≤ k + 1 and

V(Hk,n) = {v1, . . . , v(k/2)+2, . . . , vk+3, . . . , vq(k+2), vq(k+2)+1, . . . , vq(k+2)+r}.

We define f : V(Hk,n)→ P({1, 2}) by f (vq(k+2)+1+br/2c) = {2},

f (vm((k/2)+1)+1) =

{1} if 0 ≤ m ≤ 2q is even,
{2} if 0 ≤ m ≤ 2q − 1 is odd,

and f (vi) = ∅ for otherwise. Therefore we have the desired formula.
(ii) Let k be odd. We can use a method similar to that of (i) to establish the result. �

The k-rainbow domination numbers of the paths, cycles and generalized Petersen graphs have already been consid-
ered elsewhere. In this section, we study the independent 3-rainbow domination number of paths and the independent
2, 3-rainbow domination numbers of cycles and provide a construction for the I3-rD function with the desired weight
in each case.

The independent 2-rainbow domination number of trees has been studied in [1] and in particular, it has been shown
that, for any path Pn, γir2 (Pn) = b n

2 c + 1.

Proposition 2.2.

γir3 (Pn) =

d 3n+1
4 e if n = 0 or 1 (mod 4),

d 3n+3
4 e if n = 2 or 3 (mod 4).

Proof. Let v1, · · · , vn be the vertices of Pn. First of all, without loss of generality, by | f (vi)| = 0, | f (vi)| = 1, | f (v j)| = 2
and | f (vk)| = 3 we mean that f (vi) = ∅, f (vi) = {1}, f (v j) = {2, 3} and f (vk) = {1, 2, 3}, respectively. It is well known
that if for a vertex vi, f (vi) = ∅, then for the independent 3-rainbow domination one of the following must be held:
(i) | f (vi−1)| = 3 or | f (vi+1)| = 3, (ii) | f (vi−1)| = 1 and | f (vi+1)| = 2, or (iii) | f (vi−1)| = 2 and | f (vi+1)| = 1.

We now prove the result by induction on n. It is clear for n ∈ {1, 2, 3}. For n ∈ {4, 5, 6, 7} it is easy to see that
γir3 (P4) = 4 = d 3n+1

4 e by assigning | f (v1)| = 1, | f (v3)| = 3 and | f (vi)| = 0 for i = 2, 4; γir3 (P5) = 4 = d 3n+1
4 e by assigning

| f (v1)| = 1 = | f (v5)|, | f (v3)| = 2 and | f (vi)| = 0 for i = 2, 4; γir3 (P6) = 6 = d 3n+3
4 e by assigning | f (v1)| = 1, | f (v3)| = 2,

| f (v5)| = 3 and | f (vi)| = 0 for i = 2, 4, 6; γir3 (P7) = 6 = d 3n+3
4 e by assigning | f (v1)| = 1, | f (v3)| = 2, | f (v5)| = 1,

| f (v7)| = 2 and | f (vi)| = 0 for i = 2, 4, 6. Hence the basis of induction holds. Let n = 4t, t ≥ 2 and the result holds for
n = 4t − 4 by assigning | f (vi)| = 1 for i ≡ 1 (mod 4), | f (vi)| = 2 for i ≡ 3 (mod 4) and i , 4t − 5, | f (v4t−5)| = 3 and
| f (vi)| = 0 for otherwise. Hence γir3 (P4t−4) = d

3(4t−4)+1
4 e. For n = 4t, t ≥ 2, by using induction, we assign the vertex vk

with k ≤ 4t−6 same as induction, and for the vertices v4t−5−v4t, we consider | f (v4t−5)| = 2, f (v4t−3)| = 1, f (v4t−4)| = 3
and f (v4t−4)| = f (v4t−2)| = f (v4t)| = 0. Therefore γir3 (P4t) = γir3 (P4t−4) + 3 = d

3(4t−4)+1
4 e + 3 = d

3(4t−4)+1+12
4 e = d 3n+1

4 e.
For n ≡ 1, 2, 3 (mod 4), the proofs are similar. �
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We have the exact formulas for γir2 (Pn) and γir3 (Pn). In what follows, we give the exact formula for γirk (Pn) for
k ≥ 4. We have γirk (P1) = 1, γirk (P2) = γirk (P3) = k. So, we may assume that n ≥ 4.

Proposition 2.3. For n, k ≥ 4,

γirk (Pn) =

kt + 1 if n = 4t or 4t + 1,
k(t + 1) otherwise.

Proof. Let f : V(Pn) → P({1, 2, · · · , k}) be a γirk (Pn)-function. Let Pn be a path with vertices v1, · · · , vn. We consider
four cases.

Case 1. n = 4t. It is easy to see that w( f (P4)) = k + 1. Consider the subpaths Pi : v4i−3v4i−2v4i−1v4i, for 1 ≤ i ≤ t.
It is straightforward to see that w( f |Pi ) ≥ k, for all 1 ≤ i ≤ t. Therefore, γirk (Pn) = w( f ) ≥ kt. Suppose now that
w( f ) = kt. Therefore, w( f |Pi ) = k for all 1 ≤ i ≤ t. Now if three vertices of a subpath Pi have the weight ∅ under f ,
then w( f |Pi−1 ) > k or w( f |Pi+1 ) > k. This is a contradiction. So, exactly two vertices of Pi have the weight ∅ under f .
We now show that | f (v4i)| = 0 for 1 ≤ i ≤ t − 1 where t ≥ 2. It is clear that | f (v4)| = 0. Suppose that | f (v4i)| = 0 for
1 ≤ i ≤ t−2. If | f (v4i+1)| = 0, then | f (v4i+2)| = k and | f (v4(i+1))| ≥ 1, a contradiction. Thus | f (v4i+1)| = [ j], | f (v4i+2)| = 0,
| f (v4i+3)| = [k] \ [ j] and | f (v4(i+1))| = 0. Now we clime that | f (

⋃4t
i=4t−3{vi})| ≥ k + 1. Because if | f (v4t−3)| = 0, then

| f (v4t−2)| = k and | f (v4t−1) ∪ f (v4t)| ≥ 1, and if | f (v4t−3)| ≥ 1, then | f (v4t−2) ∪ f (v4t−1) ∪ f (v4t)| ≥ k. Therefore
γirk (Pn) = w( f ) ≥ kt + 1 for n = 4t.

On the other hand, we give an Ik-rD function g with w(g) = kt + 1. Let g : V(Pn)→ P({1, 2, · · · , k}) be defined by

g(v) =


∅ v = v4i−2, v4i (1 ≤ i ≤ t),

{1} v = v4i−3 (1 ≤ i ≤ t),

{2, · · · , k} v = 4i − 1 (1 ≤ i ≤ t),

{1, · · · , k} v = 4t − 1.

Then, g is an Ik-rDF of Pn with weight kt + 1. So, γirk (Pn) ≤ kt + 1. This shows that γirk (Pn) = kt + 1.
Case 2. n = 4t + 1. Similar to the Case 1, we can show that w( f ) ≥ kt + 1. Now the function g′ : V(Pn) →

P({1, 2, · · · , k}) defined by

g′(v) =


{1} v = v4i−3 (1 ≤ i ≤ t),

∅ v = v4i−2, v4i (1 ≤ i ≤ t),

{2, · · · , k} v = v4i−1 (1 ≤ i ≤ t),
is an Ik-rDF of Pn with weight kt + 1. This shows that γirk (Pn) = kt + 1.

Case 3. n = 4t + 2. Let n = 6. By assigning [1] to v1, [k] \ [1] to v3, [k] to v5 and ∅ to the vertices v2, v4, v6. Then we
have γirk (P6) = 2k. Suppose now that n = 4t + 2, where t ≥ 2. We have P4t = Pn − {v4t+1, v4t+2}. Using Case 1, it has
been seen w( f |P4t ) ≥ kt provided that f (v4t−1) = [k − 1]. In this case, we should assign f (v4t+1) = [k] and f (v4t+2) = ∅
in Pn. Thus γirk (Pn) ≥ k(t + 1).

Now the function h : V(Pn)→ P({1, 2, · · · , k}) defined by

h(v) =


{1} v = v4i−3 (1 ≤ i ≤ t),

∅ v = v4i−2 (1 ≤ i ≤ t + 1) and v = v4i (1 ≤ i ≤ t),

{2, · · · , k} v = v4i−1 (1 ≤ i ≤ t),

{1, 2, . . . , k} v = v4t+1,

is an Ik-rDF of Pn with weight k(t + 1). This shows that γirk (Pn) = k(t + 1).
Case 4. n = 4t + 3. We have w( f |Pi)) ≥ k, for all 1 ≤ i ≤ t. So by Case 3, γirk (Pn) = w( f ) ≥ k(t + 1).
We now define the function h′ : V(Pn)→ P({1, 2, · · · , k}) by

h′(v) =


{1} v = v4i−3,

∅ v = vm for even positive integer m,

{2, · · · , k} v = 4i − 1 (1 ≤ i ≤ t + 1).

It is easy to see that h′ is an Ik-rDF of Pn with weight k(t + 1). So, γirk (Pn) = k(t + 1). This completes the proof. �
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The 2-rainbow domination of a cycle has been studied in [3].

Proposition 2.4. ( [3], Proposition 3.2) For n ≥ 3, γr2(Cn) = b n
2 c + d n

4 e − b
n
4 c.

The independent k-rainbow domination of a cycle is studied here and we known that γr2(G) ≤ γir2 (G). For the cycle
C3 it is easy to see γir2 (C3) = 2. For γir2 (Cn) we have the following.

Proposition 2.5. For n ≥ 4, γir2 (Cn) =

 n
2 if n = 4k,
d n

2 e + 1 otherwise.

Proof. For any cycle Cn, Proposition 2.4 implies that γir2 (Cn) ≥ b n
2 c + d n

4 e − b
n
4 c. Let n ≡ 0 (mod 4). By assigning {1}

to v4i+1, {2} to v4i+3 for 0 ≤ i ≤ n
4 − 1 and ∅ to the other vertices, we deduce that γir2 (Cn) = n

2 for n ≡ 0 (mod 4).
Let n ≡ 2 (mod 4). By assigning {1, 2} to v1, {1} to v4i+1 for 1 ≤ i ≤ n−2

4 , value {2} to v4i+3 for 0 ≤ i ≤ n−6
4 , and ∅ to

the other vertices, we have γir2 (Cn) = d n
2 e + 1 for n ≡ 2 (mod 4).

Let n be odd and let f be an I2-rD function of Cn of minimum weight. There is a vertex x ∈ V(Cn) with f (x) = {1, 2}.
Then we get w( f ) ≥ 2 + γir2 (Pn−3) = 2 + b n−3

2 c + 1 = 2 + n−3
2 + 1 = n+1

2 + 1 = d n
2 e + 1. �

The independent 3-rainbow domination number of cycle C3 is 3. In the follows, we establish the independent
3-rainbow domination number of any cycle of order n ≥ 4.

Proposition 2.6. For n ≥ 4, γir3 (Cn) =

3d n
4 e + 1 if n = 4k + 3,

3d n
4 e otherwise.

Proof. Let n ≡ 0 (mod 4). It is clear that γir3 (Cn) ≤ 3n
4 . Let f be an I3-rD function with minimum weight. There

is a vertex vi with f (vi) = 0. Let Pn−1 = Cn − {vi}. Then γir3 (Cn) ≥ γir3 (Pn−1) = d
3(n−1)+3

4 e = 3n
4 by Proposition 2.2.

Therefore, γir3 (Cn) = 3n
4 for n ≡ 0 (mod 4).

Let n ≡ 1 (mod 4). Then γir3 (Cn) ≤ 3d n
4 e. Let f be an I3-rD function with minimum weight on Cn. There is a vertex

vi with f (vi) = 3, f (vi−1) = f (vi+1 = ∅. Let Pn−3 = Cn−{vi−1, vi, vi+1}. Then we get w( f ) ≥ 3+γir3 (Pn−3) = 3+d 3n−6
4 e =

d 3n+3
4 e = 3d n

4 e, by proposition 2.2. Therefore, the result holds. The other two parts can be proved similarly. �

We have already obtained the exact values for γir2 (Cn), γir3 (Cn) and γirk (Pn). In what follows, we give the exact value
for γirk (Cn) for k ≥ 4. It is easy to see that γirk (C3) = k = γirk (C4) and γirk (C5) = 2k = γirk (C6). In general, we have the
following.

Proposition 2.7. For n ≥ 7 and k ≥ 4,

γirk (Cn) =


kt if n = 4t,
k(t + 1) if n = 4t + 2 or n = 4t + 1,
k(t + 1) + 1 if n = 4t + 3.

Proof. Let n = 4t. Since at least 2t vertices should be assigned by ∅ and any such vertices must be adjacent to vertices
with weight at least [k], any Ik-rD function f with f (v4i−3) = {1}, f (v4i−1) = {2, . . . , k}, and f (v4i−2) = f (v4i) = ∅ for
1 ≤ i ≤ t is a γirk (C4t)-function. Therefore γirk (C4t) = kt.

Let n = 4t + 2. By deleting three vertices vn, vn−1, vn−2 from Cn we will have a path P4t−1. By Proposition 2.3,
γirk (P4t−1) = kt. Two vertices vn and vn−2 of these three vertices should be assigned by ∅ and the vertex vn−1 by [k].
Therefore, γirk (P4t+2) = k(t + 1).

Let n ≥ 7 be an odd integer. Then for any Ik-rD function f , there are two consecutive vertices which will be assigned
∅ under f . If these two vertices are vi and vi+1, then without lose of generality we should assign f (vi−1) = f (vi+2) = [k]
and f (vi−2) = f (vi+3) = ∅. Thus these six vertices have weight 2k.

Now let n = 4t + 1. By deleting these consecutive six vertices from Cn we obtain a path P4(t−2)+3. By Proposition
2.3, γirk (P4(t−2)+3) = k(t − 1). Therefore γirk (C4t+1) = k(t + 1).

Let n = 4t + 3. By deleting these consecutive six vertices from Cn, we obtain a path P4(t−1)+1. By Proposition 2.3,
γirk (P4(t−1)+1) = k(t − 1) + 1. Therefore γirk (C4t+3) = k(t + 1) + 1. �
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3. k-Rainbow and Independent k-Rainbow Domination of G − e for Any Graph G

We shall study the effect of removing an edge on the k-Rainbow domination and independent k-Rainbow domina-
tion numbers of a graph G.

Proposition 3.1. Let G be a graph. Then

γrk(G) ≤ γrk(G − e) ≤ γrk(G) + 1.

This bounds are sharp.

Proof. Let e = xy be an edge of G. Let G′ = G − e and f : V(G′) → P({1, 2, ..., k}) be a k-rD function with minimum
weight of G′. It is easy to see that f is a k-rD function of G, as well. Therefore, γrk(G) ≤

∑
v∈V(G) | f (v)| = γrk(G′).

Suppose now that g : V(G) → P({1, 2, ..., k}) is a k-rD function of G of the minimum weight. If g(x) = g(y) = ∅
or g(x), g(y) , ∅, then g is a k-rD function of G′, as well. So, γrk(G′) ≤

∑
v∈V(G′) |g(v)| = γrk(G). Without loss of

generality, we suppose that g(x) = ∅ and g(y) , ∅. Then, h : V(G′)→ P({1, 2, ..., k}) defined by

h(v) =

{1} if v = x,
g(v) otherwise

is a k-rD function of G. Therefore,

γrk(G′) ≤
∑

v∈V(G′)

|h(v)| =
∑

v∈V(G)

|g(v)| + 1 = γrk(G) + 1.

To see the sharpness of lower bound, let G = Kn. Then γrk(G) = γrk(G − e). For sharpness of the upper bound, let
G = S n be a star graph. Then γrk(G − e) = k + 1 = γrk(G) + 1 for n ≥ k + 1. This completes the proof. �

We establish here the independent k-rainbow domination numbers of subgraph G − e of G.

Proposition 3.2. Let G be a graph and e be an edge of the G. Then,

γirk (G − e) ≤ γirk (G) + k − 1.

Proof. Let e = xy and f : V(G) → P({1, 2, ..., k}) be a γirk (G)-function. We may assume that f (y) = ∅. If f (x) = ∅,
then f is an Ik-rD function of G − e. So, γirk (G − e) ≤

∑
v∈V(G) | f (v)| = γirk (G). We now let f (x) , ∅. We distinguish

two cases depending on f (x).
Case 1. There exists a vertex z ∈ NG(y) − {x} with nonempty weight. We define f ′ : V(G − e)→ P({1, 2, ..., k}) by

f ′(v) =

{1, 2, ..., k} if v = z,
f (v) if v , z.

It is easy to see that f ′ is an I2-rD function of G − e. Therefore,

γirk (G − e) ≤
∑

v∈V(G−e)

| f ′(v)| ≤
∑

v∈V(G)

| f (v)| + k − 1 = γirk (G) + k − 1.

Case 2. If f assigns ∅ to all vertices in NG(y) − {x}, then f ′ : V(G − e)→ P({1, 2, ..., k}) defined by

f ′(v) =

{1} if v = y,
f (v) if v , y

would be an Ik-rD function of G − e. Thus,

γirk (G − e) ≤
∑

v∈V(G−e)

| f ′(v)| =
∑

v∈V(G)

| f (v)| + 1 = γirk (G) + 1.

This ends the proof. �
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4. 3-Rainbow andWeak {3}-Domination Numbers

A linear algorithm for determining a 2-rD function of minimum weight of an arbitrary tree has been presented
in [2]. The algorithm was based on the related concept of the so-called weak 2-domination. Intuitively, we could call
it a monochromatic version of the 2-rainbow domination. Let G = (V, E) be a graph and f be a function from V(G)
to {0, 1, 2, 3}. In this section, we want to establish related concept of the so-called weak 3-domination and 3-rainbow
domination.
For v ∈ V , we define

f [v] =
∑

u∈N[v]

f (u)

for notational convenience. We call a vertex v ∈ V a bad vertex with respect to f if f (v) = 0 and | f [v]| ≤ 2; otherwise,
we say that v is a good vertex with respect to f . Note that if v is a good vertex with respect to f and f (v) = 0, then
| f [v]| ≥ 3. If every vertex of G is a good vertex with respect to f , then f is called a weak {3}-dominating function
(W3D function) of G. The weight w( f ) of f is defined as w( f ) =

∑
v∈V f (v). The minimum weight of a W3D function

of G is called the weak {3}-domination number of G, which we denote it by γw3(G).
The main reason for introducing this concept is the following.

Theorem 4.1. ( [2]) For every tree T , γr2(T ) = γw2(T ).

Here we show that the corresponding result of Theorem 4.1 holds for γr3(T ) and γw3(T ).

Theorem 4.2. For any tree T , γr3(T ) = γw3(T ).

Proof. Let T = (V, E) and g be a 3-rD function of T of minimum weight. We define fg : V −→ {0, 1, 2, 3} by fg(v) =

|g(v)|, for all v ∈ V . Then fg is a W3D function of T of weight w( fg) = w(g) = γr3(T ), and so γw3(G) ≤ w( fg) = γr3(T ).
It now suffices to show that γr3(T ) ≤ γw3(T ). Let f be a γw3(T )-function. Let g f : V −→ P({1, 2, 3}) be defined as

follows. If f (v) = 0, let g f (v) = ∅. If f (v) = 3, let g f (v) = {1, 2, 3}. If f (v) = 1 ( f (v) = 2), let g f (v) be chosen so that
(i) g f (v) = {1}, {2} or {3} (g f (v) = {1, 2}, {1, 3} or {2, 3}), and
(ii) the number of vertices v for which g f (v) , ∅ or

⋃
u∈N[v] g f (u) = {1, 2, 3} is maximum.

We show that then for every vertex v ∈ V(G), we have g f (v) , ∅ or
⋃

u∈N[v] g f (u) = {1, 2, 3} (and therefore g f is a 3-rD
function of T ). Suppose to the contrary that, there exists a vertex v not having this property with respect to g f . Taking
into account this fact and since v is a good vertex with respect to f , we infer that f (v) = 0, no neighbor of v has weight
3 under f and therefore all neighbors of v have weights at most 2 under f . We now have three possible cases.

Case 1. There exist three vertices x, y and z in N(v) with f (x) = f (y) = f (z) = 1. In the worst case, we may assume
that g f (x) = g f (y) = g f (z) = {1} (note that a similar argument will be held in the cases g f (x) = g f (y) = g f (z) = {2}
or {3}). Let Tx and Ty be the components of T − v containing x and y, respectively. Let g′f be obtained from g f by
exchanging the roles of 1 and 2 on V(Tx), and exchanging 1 and 3 on V(Ty). Since g′f (x) = {2}, g′f (y) = {3} and
g′f (z) = {1}, we have

⋃
u∈N[v] g′f (u) = {1, 2, 3}. This is contrary to our choice of g f .

Case 2. There exist two vertices x and y in N(v) with f (x) = 1 and f (y) = 2. Then, g f (x) = {a} and g f (y) = {b, c},
in which 1 ≤ a, b, c ≤ 3 and a = b. Let d ∈ {1, 2, 3} \ {b, c}. Let g′′f be obtained from g f by exchanging the roles of d
and a on V(Tx). We now have g′′f (x) = {d} and g′′f (y) = {b, c}, and thus

⋃
u∈N[v] g′′f (u) = {1, 2, 3}. This is contrary to our

choice of g f .
Case 3. There exist two vertices x and y in N(v) with f (x) = f (y) = 2. Similar to the Case 2, we derive a

contradiction.
The function g f would be a 3-rD function of T with weight γw3(G). So, γr3(T ) ≤ γw3(G). �

If U is a unicycle graph, then by deleting an edge from the cycle it will be changed to a tree. Thus we have the
following proposition.

Proposition 4.3. For a unicycle graph U, γr3(U) ≤ γw3(U).

Proof. By Theorem 4.2 and Proposition 3.1 the result follows. �
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