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Abstract. We establish some new Generalized Hermite-Hadamard-type inequalities involving generalized
fractional integrals for quasi-convex functions. Our results are consistent with previous findings in the
literature. The analysis used in the proofs is fairly elementary and based on the use of Hölder inequality
and the power inequality.

1. Introduction

The H-H inequality shows that the mean value of a continuous convex function is greater than the value
of the function at the midpoint of this range and less than the arithmetic mean of its endpoints and it has
many applications for real analysis. So, it has been studied by many researchers.

Let us give this unique inequality which is named as H-H inequality in the literature: Let 1 : I −→ R be
a convex mapping defined on the interval I ⊆ R and ε, δ ∈ I with ε < δ,then

1

(
ε + δ

2

)
≤

1
δ − ε

∫ δ

ε
1 (x) dx ≤

1 (ε) + 1 (δ)
2

. (1)

In the case where 1 is concave, the above inequality is reversed.
Later, many researchers used different classes of convex functions to generalize, improve, and extend

this inequality. (See [3], [7], [8]-[11], [14]-[19], [21], [23]-[44]).
Some researchers have been proven that studies for the inequality of H-H can be generalized with the

help of fractional integrals. So new studies have been carried out in the field of convex functions and
inequalities using the concepts of fractional derivatives and fractional integrals. (For interested researchers
[1], [3]-[6], [11]-[22], [26], [28] and [32]-[44]).

Let’s remind some definitions and inequalities as following:
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ϑ : [0,∞)→ [0,∞) satisfying the following conditions:∫ 1

0
ϑ(l)

l dl < ∞,

1
A1
≤
ϑ(u)
ϑ(t) ≤ A1 for 1

2 ≤
u
t ≤ 2

ϑ(t)
t2 ≤ A2

ϑ(u)
u2 for u ≤ t∣∣∣ϑ(u)

u2 −
ϑ(t)
t2

∣∣∣ ≤ A3 |t − u| ϑ(t)
t2 for 1

2 ≤
u
t ≤ 2

(2)

where A1,A2,A3 > 0 are independent of t,u > 0. If ϑ (t) tα is increasing for some α ≥ 0 and ϑ(t)
tβ is decreasing

for some β ≥ 0, then ϑ satisfies (2).
In [32], Sarıkaya and Ertuğral defined new left-sided and right-sided generalized fractional integral

operators which are useful in the proofs of our main results, respectively, as following:

Definition 1.1. Let 1 ∈ L [ε, δ] . The generalized fractional integrals ε+ Iϑ1 and δ− Iϑ1 with ε ≥ 0 are defined by

ε+ Iϑ1 (x) =

∫ x

ε

ϑ (x − l)
x − l

1 (l) dl, x > ε (3)

δ− Iϑ1 (x) =

∫ δ

x

ϑ (x − l)
x − l

1 (l) dl, x < δ (4)

where ϑ : [0,∞) −→ [0,∞) a function which satisfies
∫ 1

0
ϑ(l)

l dl < ∞.

The above generalized fractional integrals produce different kinds of fractional integrals as R-L, k−R-L,
Katugampola, conformable, Hadamard, etc... You can find the different cases of the above integral opera-
tors (3) and (4) in the study [32]. (For interested researchers [5], [11], [18]-[21], [26], [34]-[40].)

In [32], Ertuğral and Sarıkaya achieved the basic H-H inequality with the help of generalized fractional
integrals in (3) and (4) as follows:

Theorem 1.2. Let 1 : [ε, δ] −→ R be a convex function on (ε, δ) with ε < δ,then the following inequalities for
generalized fractional integral hold:

1

(
ε + δ

2

)
≤

1
2Λ (1)

[
ε+ Iϑ1 (δ) +δ− Iϑ1 (ε)

]
≤
1 (ε) + 1 (δ)

2
, (5)

where Λ (1) =
∫ 1

0
ϑ((δ−ε)l)

l dl and Λ (1) , 0.

The following lemma is used to obtain some inequalities that is trapezoid inequalities for generalized
fractional integrals as in [32]:

Lemma 1.3. Let 1 : [ε, δ] → R be a differentiable mapping on (ε, δ) with ε < δ. If 1′ ∈ L [ε, δ], then the following
equality for generalized fractional integrals holds:

1 (ε) + 1 (δ)
2

−
1

2Λ (1)
[
ε+ Iϑ1 (δ) +δ− Iϑ1 (ε)

]
(6)

=
δ − ε
2Λ (1)

∫ 1

0
[Λ (1 − l) −Λ (l)] 1′ (lε + (1 − l) δ) dl,

where Λ (1) =
∫ 1

0
ϑ((δ−ε)l)

l dl and Λ (1) , 0.
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The following theorem is an inequality for generalized fractional integrals via the right side of the H-H
inequality obtained by using Lemma 1.3:

Theorem 1.4. Let 1 : [ε, δ]→ R be a differentiable mapping on (ε, δ) with ε < δ. If
∣∣∣1′∣∣∣ is convex on [ε, δ], then the

following inequality for generalized fractional integrals hold:∣∣∣∣∣1 (ε) + 1 (δ)
2

−
1

2Λ (1)
[
ε+ Iϑ1 (δ) +δ− Iϑ1 (ε)

]∣∣∣∣∣ (7)

≤
(δ − ε)
Λ (1)

∫ 1

0
l |[Λ (1 − l) −Λ (l)]| dl

[
1 (ε) + 1 (δ)

]
2

.

You can find some results for this and other generalized fractional integrals in [3], [12] and [42]-[44].
Now, let’s remind some inequalities that we encountered in the results obtained in our study. Firstly,

we give the basic H-H inequality via fractional integrals which is proved by Sarıkaya et al. in [34]:

Theorem 1.5. Let 1 : [ε, δ] −→ R be a positive function with 0 ≤ ε < δ and 1 ∈ L1 [ε, δ] . If 1 is a convex function
on [ε, δ] , then the following inequalities fractional integrals hold:

1

(
ε + δ

2

)
≤
Γ (α + 1)
2 (δ − ε)α

[
Jαε+1 (δ) + Jαδ−1 (ε)

]
≤
1 (ε) + 1 (δ)

2
(8)

with α > 0.

Since the results which are obtained in this study by using quasi-convex functions, let us remind the
definition of quasi-convex functions [30]:

Definition 1.6. The function 1 : I ⊂ R −→ R is said to be quasi-convex if for every x, y ∈ I and ω ∈ [0, 1] we have

1
(
ωx + (1 − ω) y

)
≤ max

{
1 (x) , 1

(
y
)}
. (9)

Quasi-convexity is a weaker condition than classical convexity. Cause of this situation, you can say
every convex function is quasi-convex but there are quasi-convex functions that are not convex (See [16]).

The classical H-H inequality for quasi-convex functions was obtained by Dragomir and Pearce in [8] as
follows:

Theorem 1.7. Let 1 : I→ R be a quasi-convex map on I and nonnegative, and suppose ε, δ ∈ I ⊆ R with ε < δ and
1 ∈ L1 [ε, δ] . Then we have the inequality

1
δ − ε

∫ δ

ε
1 (x) dx ≤ max

{
1 (ε) , 1 (δ)

}
. (10)

The following theorems which are H-H type inequalities for via quasi-convex function was obatained
by Ion in [16] as follows:

Theorem 1.8. Assume ε, δ ∈ R with ε < δ and 1 : [ε, δ] → R is a differentiable function on (ε, δ) . If
∣∣∣1′∣∣∣ is

quasi-convex on [ε, δ] , then the following inequality holds true∣∣∣∣∣∣1 (ε) + 1 (δ)
2

−
1
δ − ε

∫ δ

ε
1 (x) dx

∣∣∣∣∣∣ ≤ (δ − ε) sup
{∣∣∣1′ (ε)

∣∣∣ , ∣∣∣1′ (δ)
∣∣∣}

4
. (11)

Theorem 1.9. Assume ε, δ ∈ R with ε < δ and 1 : [ε, δ] → R is a differentiable function on (ε, δ) . Assume p ∈ R

with p > 1. If
∣∣∣1′∣∣∣p\(p−1) is quasi-convex on [ε, δ] then the following inequality holds true∣∣∣∣∣∣1 (ε) + 1 (δ)

2
−

1
δ − ε

∫ δ

ε
1 (x) dx

∣∣∣∣∣∣ (12)

≤
(δ − ε)

2
(
p + 1

)1\p

[
sup

{∣∣∣1′ (ε)
∣∣∣p\(p−1)

,
∣∣∣1′ (δ)

∣∣∣p\(p−1)
}](p−1)\p

.



R. Türker, H. Kavurmacı Önalan / TJOS 7 (3), 219–230 222

The following theorems that are H-H type inequalities for via quasi-convex function was obatained
Alomari et al. in [2] as follows:

Theorem 1.10. Let 1 : I◦ ⊂ R → R be a differentiable mapping on I◦, ε, δ ∈ I◦ with ε < δ. If
∣∣∣1′∣∣∣q is quasi-convex

on [ε, δ] , q ≥ 1, then the following inequality holds:∣∣∣∣∣∣ f (ε) + f (δ)
2

−
1
δ − ε

∫ δ

ε
1 (x) dx

∣∣∣∣∣∣ ≤ (δ − ε)
4

(
sup

{∣∣∣1′ (ε)
∣∣∣q , ∣∣∣1′ (δ)

∣∣∣q}) 1
q . (13)

Theorem 1.11. Let 1 : I◦ ⊂ R→ R be a differentiable mapping on I◦, ε, δ ∈ I◦ with ε < δ. If
∣∣∣1′∣∣∣ is quasi-convex on

[ε, δ] , then the following inequality holds:∣∣∣∣∣∣ 1
δ − ε

∫ δ

ε
1 (x) dx − 1

(
ε + δ

2

)∣∣∣∣∣∣ (14)

≤
δ − ε

8

[
max

{∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣ , ∣∣∣1′ (δ)∣∣∣} +max
{∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣ , ∣∣∣1′ (ε)∣∣∣}] .
Theorem 1.12. Let 1 : I◦ ⊂ R→ R be a differentiable function on I◦, ε < δ, . If

∣∣∣1′∣∣∣p\(p−1) is quasi-convex on [ε, δ] ,
p > 1, then the following inequality holds:∣∣∣∣∣∣ 1

δ − ε

∫ δ

ε
1 (x) dx − 1

(
ε + δ

2

)∣∣∣∣∣∣ (15)

≤
(δ − ε)

4
(
p + 1

)1\p


max


∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣p\(p−1)
,
∣∣∣1′ (δ)∣∣∣p\(p−1)


(p−1)\p

+

max


∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣p\(p−1)
,
∣∣∣1′ (ε)∣∣∣p\(p−1)


(p−1)\p .

Theorem 1.13. Let 1 : I◦ ⊂ R→ R be a differentiable function on I◦, ε, δ ∈ I◦ with ε < δ. If
∣∣∣1′∣∣∣q is quasi-convex on

[ε, δ] , q ≥ 1, then the following inequality holds:∣∣∣∣∣∣ 1
δ − ε

∫ δ

ε
1 (x) dx − 1

(
ε + δ

2

)∣∣∣∣∣∣ (16)

≤
δ − ε

8

(max
{∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣q , ∣∣∣1′ (δ)∣∣∣q}) 1
q

+

(
max

{∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣q , ∣∣∣1′ (ε)∣∣∣q}) 1
q
 .

In [26], Özdemir and Çetin established some fractional inequalities for differentiable quasi-convex
mappings which are connected with H-H inequality as following:

Theorem 1.14. Let 1 : [ε, δ] → R, be a positive function with 0 ≤ ε < δ and 1 ∈ L1 [ε, δ]. If 1 is a quasi-convex
function on [ε, δ], then the following inequality for fractional integrals holds:

Γ (α + 1)
2 (δ − ε)α

[
Jαε+1 (δ) + Jαδ−1 (ε)

]
≤ max

{
1 (ε) , 1 (δ)

}
(17)

with α > 0.
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Theorem 1.15. Let 1 : [ε, δ] → R, be a differentiable mapping on (ε, δ) with ε < δ. If
∣∣∣1′∣∣∣ is quasi-convex on [ε, δ]

and α > 0, then the following inequality for fractional integrals holds:∣∣∣∣∣1 (ε) + 1 (δ)
2

−
Γ (α + 1)
2 (δ − ε)α

[
Jαε+1 (δ) + Jαδ−1 (ε)

]∣∣∣∣∣ (18)

≤
δ − ε
α + 1

(
1 −

1
2α

)
max

{∣∣∣1′ (ε)∣∣∣ , ∣∣∣1′ (δ)∣∣∣} .
Theorem 1.16. Let 1 : [ε, δ]→ R, be a differentiable mapping on (ε, δ) with ε < δsuch that 1′ ∈ L1 [ε, δ] . If

∣∣∣1′∣∣∣q is
quasi-convex on [ε, δ] , and p > 1, then the following inequality for fractional integrals holds:∣∣∣∣∣1 (ε) + 1 (δ)

2
−
Γ (α + 1)
2 (δ − ε)α

[
Jαε+1 (δ) + Jαδ−1 (ε)

]∣∣∣∣∣ (19)

≤
δ − ε

2
(
αp + 1

) 1
p

(
max

{∣∣∣1′ (ε)∣∣∣q , ∣∣∣1′ (δ)∣∣∣q}) 1
q

where 1
p +

1
q = 1 and α ∈ [0, 1] .

Here we remind a previous basic inequality for generalized fractional integral inequality and a lemma
that produces left sided H-H type inequalities related this basic inequality [3].

Theorem 1.17. Let 1 : [ε, δ] → R be a function with ε < δ and 1 ∈ L1 [ε, δ] . If 1 is a convex function on [ε, δ] ,
then we have the following inequalities for generalized fractional integral operators:

1

(
ε + δ

2

)
≤

1
2Ψ (1)

[
( ε+δ2 )+ Iϑ1 (δ) +( ε+δ2 )− Iϑ1 (ε)

]
≤
1 (ε) + 1 (δ)

2
(20)

where the mappingΨ : [0, 1]→ R is defined by

Ψ (x) =
∫ x

0

ϑ
((
δ−ε

2

)
l
)

l
dl. (21)

Lemma 1.18. Let 1 : [ε, δ] → R be differentiable function on (ε, δ) with ε < δ. If 1′ ∈ L [ε, δ] , then we have the
following identity for generalized fractional integral operators:

1
2Ψ (1)

[
( ε+δ2 )+ Iϑ1 (δ) +( ε+δ2 )− Iϑ1 (ε)

]
− 1

(
ε + δ

2

)
(22)

=
δ − ε

4Ψ (1)

[∫ 1

0
Ψ (l) 1′

(
lε
2
+

(2 − l) δ
2

)
dl −

∫ 1

0
Ψ (l) 1′

(
(2 − l) ε

2
+

lδ
2

)
dl
]

where the mappingΨ (l) is defined as in Theorem 1.16.

The following results for quasi-convex functions with the help of k−Riemann-Liouville fractioal integral
operators obtained by Hussain et al. in [15].

Theorem 1.19. Let 1 : [ε, δ]→ R be positive function and 1 ∈ L1 [ε, δ] . If 1 is quasi-convex on [ε, δ] , the subsequent
inequality for k−fractional integrals is valid:

Γk (α + k)

2 (δ − ε)
α
k

[
k Jαε+1 (δ) +k Jαδ−1 (ε)

]
≤ max

{
1 (ε) , 1 (δ)

}
(23)

with αk > 0.
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Theorem 1.20. Let 1 : [ε, δ]→ R be a differentiable function on (ε, δ) such that 1′ ∈ L1 [ε, δ] . If
∣∣∣1′∣∣∣q is quasi-convex

on [ε, δ] and q > 1, the subsequent inequality for k−fractional integrals is valid:∣∣∣∣∣∣1 (ε) + 1 (δ)
2

−
Γk (α + k)

2 (δ − ε)
α
k

[
k Jαε+1 (δ) +k Jαδ−1 (ε)

]∣∣∣∣∣∣ (24)

≤
δ − ε

2
(
α
k p + 1

) 1
p

(
max

{∣∣∣1′ (ε)∣∣∣q , ∣∣∣1′ (δ)∣∣∣q}) 1
q

where 1
p +

1
q = 1 and αk ∈ [0, 1] .

Theorem 1.21. Let 1 : [ε, δ]→ R be a differentiable function on (ε, δ) such that 1′ ∈ L1 [ε, δ] . If
∣∣∣1′∣∣∣q is quasi-convex

on [ε, δ] and q ≥ 1, the subsequent inequality for k−fractional integrals is valid:∣∣∣∣∣∣1 (ε) + 1 (δ)
2

−
Γk (α + k)

2 (δ − ε)
α
k

[
k Jαε+1 (δ) +k Jαδ−1 (ε)

]∣∣∣∣∣∣ (25)

≤
δ − ε(
α
k + 1

) (
1 −

1
2
α
k

) (
max

{∣∣∣1′ (ε)∣∣∣q , ∣∣∣1′ (δ)∣∣∣q}) 1
q

with αk ∈ [0, 1] .

Corollary 1.22. In Theorem 1.5 of [1], if we take 1 (x) = 1, we get the inequality:∣∣∣∣∣∣1 (ε) + 1 (δ)
2

−
Γk (α + k)

2 (δ − ε)
α
k

[
k Jαε+1 (δ) +k Jαδ−1 (ε)

]∣∣∣∣∣∣ (26)

≤
δ − ε(
α
k + 1

) (
1 −

1
2
α
k

) (
max

{∣∣∣1′ (ε)∣∣∣ , ∣∣∣1′ (δ)∣∣∣}) .
with αk ∈ [0, 1] .

By using the above results we build new inequalities related to left-sided and right-sided H-H-type
generalized fractional integral inequalities via quasi-convex functions by using elementary analysis such
as Hölder inequality, properties of modulus, power mean inequality.

2. Main Results

The point of this study is to generalize the inequalities for quasi-convex functions found in the literature
with the help of a new fractional integral operator. Throughout this study, for brevity, we use

Λ
(
µ
)
=

∫ µ

0

ϑ ((δ − ε) l)
l

dl and Λ (1) , 0. (27)

Firstly, let us obtain H-H inequality for the quasi-convex functions by using this new fractional integral
operator given in (3) and (4).

Theorem 2.1. Let 1 : [ε, δ] → R be a positive function with 0 ≤ ε < δ and 1 ∈ L1 [ε, δ] . If 1 is a quasi-convex
function on [ε, δ] , then we have the following inequality for generalized fractional integral operators:

1
2Λ (1)

[
ε+ Iϑ1 (δ) +δ− Iϑ1 (ε)

]
≤ max

{
1 (ε) , 1 (δ)

}
. (28)
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Proof. Since 1 is quasi-convex on [ε, δ] ,we have

1 (εl + (1 − l) δ) ≤ max
{
1 (ε) , 1 (δ)

}
(29)

and
1 ((1 − l) ε + lδ) ≤ max

{
1 (ε) , 1 (δ)

}
. (30)

By adding the inequalities (29) and (30), we obtain

1
2
[
1 (lε + (1 − l) δ) + 1 ((1 − l) ε + lδ)

]
≤ max

{
1 (ε) , 1 (δ)

}
. (31)

Multiplying both sides of (31) by ϑ((δ−ε)l)
l , then integrating the resulting inequality with respect to l over

(0, 1] ,we get

1
2

[∫ 1

0

ϑ ((δ − ε) l)
l

1 (lε + (1 − l) δ) dl +
∫ 1

0

ϑ ((δ − ε) l)
l

1 ((1 − l) ε + lδ) dl
]

≤ max
{
1 (ε) , 1 (δ)

} ∫ 1

0

ϑ ((δ − ε) l)
l

dl.

Then by using the definition of generalized fractional integral operators, we get the inequality in (28). So
the proof is completed.

Corollary 2.2. If we choose ϑ (l) = l in Theorem 2.1, the inequality (28) reduces to the inequality (10).

Corollary 2.3. If we choose ϑ (l) = lα
Γ(α) in Theorem 2.1, the inequality (28) reduces to the inequality (17).

Corollary 2.4. If we choose ϑ (l) = l
α
k

kΓk(α) in Theorem 2.1, the inequality (28) reduces to the inequality (23).

Remark 2.5. Other results for different fractional integral operators as Katugampola, conformable, Hadamard, etc...
can also be found by changing the operator ϑ (l) in Theorem 2.1.

Now, by using a lemma in the literature we present new generalized inequalities for quasi-convex
functions via generalized fractional integral operators.

Theorem 2.6. Let 1 : [ε, δ] → R, be a differentiable mapping on (ε, δ) with ε < δ. If
∣∣∣1′∣∣∣ is quasi-convex on [ε, δ]

and 1 ∈ L1 [ε, δ] , α > 0, then the following inequality for generalized fractional integral operators holds:∣∣∣∣∣1 (ε) + 1 (δ)
2

−
1

2Λ (1)
[
ε+ Iϑ1 (δ) +δ− Iϑ1 (ε)

]∣∣∣∣∣ (32)

≤
δ − ε
2Λ (1)

max
{∣∣∣1′ (ε)∣∣∣ , ∣∣∣1′ (δ)∣∣∣} ∫ 1

0
|Λ (1 − l) −Λ (l)| dl

Λ
(
µ
)

is as in (27).

Proof. Using Lemma 1.3, the properties of modulus and the quasi-convexity of
∣∣∣1′∣∣∣ ,we get∣∣∣∣∣1 (ε) + 1 (δ)

2
−

1
2Λ (1)

[
ε+ Iϑ1 (δ) +δ− Iϑ1 (ε)

]∣∣∣∣∣
≤

δ − ε
2Λ (1)

∫ 1

0
|Λ (1 − l) −Λ (l)|

∣∣∣1′ (lε + (1 − l) δ)
∣∣∣ dl

≤
δ − ε
2Λ (1)

∫ 1

0
|Λ (1 − l) −Λ (l)|max

{∣∣∣1′ (ε)∣∣∣ , ∣∣∣1′ (δ)∣∣∣} dl

The proof of inequality (32) is completed.
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Corollary 2.7. If we choose ϑ (l) = l in Theorem 2.6, the inequality (32) reduces to the inequality (11).

Corollary 2.8. If we choose ϑ (l) = lα
Γ(α) in Theorem 2.6, the inequality (32) reduces to the inequality (18).

Corollary 2.9. If we choose ϑ (l) = l
α
k

kΓk(α) in Theorem 2.6, the inequality (32) reduces to the inequality (26).

Corollary 2.10. Other results for different fractional integral operators as Katugampola, conformable, Hadamard,
etc... can also be found by changing the operator ϑ (l) in Theorem 2.6.

Theorem 2.11. Let 1 : [ε, δ]→ R, be a differentiable mapping on (ε, δ) with ε < δ. If
∣∣∣1′∣∣∣q is quasi-convex on [ε, δ]

and 1′ ∈ L [ε, δ] , p > 1, then the following inequality for generalized fractional integral operators holds:∣∣∣∣∣1 (ε) + 1 (δ)
2

−
1

2Λ (1)
[
ε+ Iϑ1 (δ) +δ− Iϑ1 (ε)

]∣∣∣∣∣ (33)

≤
δ − ε
2Λ (1)

[
max

{∣∣∣1′ (ε)∣∣∣q , ∣∣∣1′ (δ)∣∣∣q}] 1
q

(∫ 1

0
|Λ (1 − l) −Λ (l)|p dl

) 1
p

Λ
(
µ
)

is as in (27).

Proof. Using Lemma 1.3, properties of modulus and Hölder inequality, we have∣∣∣∣∣1 (ε) + 1 (δ)
2

−
1

2Λ (1)
[
ε+ Iϑ1 (δ) +δ− Iϑ1 (ε)

]∣∣∣∣∣
≤

δ − ε
2Λ (1)

∫ 1

0
|Λ (1 − l) −Λ (l)|

∣∣∣1′ (lε + (1 − l) δ)
∣∣∣ dl

≤
δ − ε
2Λ (1)

(∫ 1

0
|Λ (1 − l) −Λ (l)|p dl

) 1
p
(∫ 1

0

∣∣∣1′ (lε + (1 − l) δ)
∣∣∣q dl

) 1
q

.

Since the quasi-convexity of
∣∣∣1′∣∣∣q on [ε, δ] ,we get∣∣∣∣∣1 (ε) + 1 (δ)

2
−

1
2Λ (1)

[
ε+ Iϑ1 (δ) +δ− Iϑ1 (ε)

]∣∣∣∣∣
≤

δ − ε
2Λ (1)

(∫ 1

0
|Λ (1 − l) −Λ (l)|p dl

) 1
p [

max
{∣∣∣1′ (ε)∣∣∣q , ∣∣∣1′ (δ)∣∣∣q}] 1

q .

So the proof is completed.

Corollary 2.12. If we choose ϑ (l) = l in Theorem 2.11, the inequality (32) reduces to the inequality (12).

Corollary 2.13. If we choose ϑ (l) = lα
Γ(α) in Theorem 2.11, the inequality (32) reduces to the inequality (19).

Corollary 2.14. If we choose ϑ (l) = l
α
k

kΓk(α) in Theorem 2.11, the inequality (32) reduces to the inequality (24).

Corollary 2.15. Other results for different fractional integral operators as Katugampola, conformable, Hadamard,
etc... can also be found by changing the operator ϑ (l) in Theorem 2.11.

Theorem 2.16. Let 1 : [ε, δ]→ R, be a differentiable mapping on (ε, δ) with ε < δ. If
∣∣∣1′∣∣∣q is quasi-convex on [ε, δ]

and 1′ ∈ L [ε, δ] , q ≥ 1, then the following inequality for generalized fractional integral operators holds:∣∣∣∣∣1 (ε) + 1 (δ)
2

−
1

2Λ (1)
[
ε+ Iϑ1 (δ) +δ− Iϑ1 (ε)

]∣∣∣∣∣ (34)

≤
δ − ε
2Λ (1)

(∫ 1

0
|Λ (1 − l) −Λ (l)| dl

) [
max

{∣∣∣1′ (ε)∣∣∣q , ∣∣∣1′ (δ)∣∣∣q}] 1
q

Λ
(
µ
)

is as in (27).
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Proof. Using Lemma 1.3 and power-mean integral inequality, we have∣∣∣∣∣1 (ε) + 1 (δ)
2

−
1

2Λ (1)
[
ε+ Iϑ1 (δ) +δ− Iϑ1 (ε)

]∣∣∣∣∣
≤

δ − ε
2Λ (1)

∫ 1

0
|Λ (1 − l) −Λ (l)|

∣∣∣1′ (lε + (1 − l) δ)
∣∣∣ dl

≤
δ − ε
2Λ (1)

(∫ 1

0
|Λ (1 − l) −Λ (l)| dl

)1− 1
q
(∫ 1

0
|Λ (1 − l) −Λ (l)|

∣∣∣1′ (lε + (1 − l) δ)
∣∣∣q dl

) 1
q

.

Since
∣∣∣1′∣∣∣q is quasi-convex on [ε, δ] ,we have desired result. So, the proof is completed.

Corollary 2.17. If we choose ϑ (l) = l in Theorem 2.16, the inequality (34) reduces to the inequality 13.

Corollary 2.18. If we choose ϑ (l) = lα
Γ(α) in Theorem 2.16, the inequality (34) reduces to the inequality (18).

Corollary 2.19. If we choose ϑ (l) = l
α
k

kΓk(α) in Theorem 2.16, the inequality (34) reduces to the inequality (25).

Corollary 2.20. Other results for different fractional integral operators as Katugampola, conformable, Hadamard,
etc... can also be found by changing the operator ϑ (l) in Theorem 2.16.

Now we give some new inequalities for generalized fractional integral operators with Lemma 1.18
obtained by Budak et al. in [3].

Theorem 2.21. Let 1 : [ε, δ]→ R be differentiable function on (ε, δ) with ε < δ. If
∣∣∣1′∣∣∣ is quasi-convex on [ε, δ] and

1′ ∈ L [ε, δ], then the following inequality for generalized fractional integral operators holds:∣∣∣∣∣ 1
2Ψ (1)

[
( ε+δ2 )+ Iϑ1 (δ) +( ε+δ2 )− Iϑ1 (ε)

]
− 1

(
ε + δ

2

)∣∣∣∣∣ (35)

≤
δ − ε

4Ψ (1)

(∫ 1

0
|Ψ (l)| dl

) [
max

{∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣ , ∣∣∣1′ (δ)∣∣∣}
+ max

{∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣ , ∣∣∣1′ (ε)∣∣∣}]
whereΨ (1)is as in (21).

Proof. Using Lemma 1.18 and the quasi-convexity of
∣∣∣1′∣∣∣ on [ε, δ],we get∣∣∣∣∣ 1

2Ψ (1)

[
( ε+δ2 )+ Iϑ1 (δ) +( ε+δ2 )− Iϑ1 (ε)

]
− 1

(
ε + δ

2

)∣∣∣∣∣
≤

δ − ε
4Ψ (1)

[∫ 1

0
|Ψ (l)|

∣∣∣∣∣∣1′
(

l
2
ε +

2 − l
2
δ

)∣∣∣∣∣∣ dl +
∫ 1

0
|Ψ (l)|

∣∣∣∣∣∣1′
(

2 − l
2
ε +

l
2
δ

)∣∣∣∣∣∣ dl
]

≤
δ − ε

4Ψ (1)

∫ 1

0
|Ψ (l)|max

{∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣ , ∣∣∣1′ (δ)∣∣∣} dl

+

∫ 1

0
|Ψ (l)|max

{∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣ , ∣∣∣1′ (ε)∣∣∣} dl

By making the necessary arrangements the desired result is achieved.

Corollary 2.22. If we choose ϑ (l) = l in Theorem 2.16, we get the inequality (14).
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Theorem 2.23. Let 1 : [ε, δ]→ R be differentiable function on (ε, δ) with ε < δ. If
∣∣∣1′∣∣∣q is quasi-convex on [ε, δ] and

1′ ∈ L [ε, δ], p > 1, then the following inequality for generalized fractional integral operators holds:∣∣∣∣∣ 1
2Ψ (1)

[
( ε+δ2 )+ Iϑ1 (δ) +( ε+δ2 )− Iϑ1 (ε)

]
− 1

(
ε + δ

2

)∣∣∣∣∣
≤

δ − ε
4Ψ (1)

(∫ 1

0
|Ψ (l)|p dl

) 1
p


max


∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣ p
p−1

,
∣∣∣1′ (δ)∣∣∣ p

p−1




p−1
p

+

max


∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣ p
p−1

,
∣∣∣1′ (ε)∣∣∣ p

p−1




p−1
p


whereΨ (1)is as in (21).

Proof. Using Lemma 1.18 and Hölder inequality, we get∣∣∣∣∣ 1
2Ψ (1)

[
( ε+δ2 )+ Iϑ1 (δ) +( ε+δ2 )− Iϑ1 (ε)

]
− 1

(
ε + δ

2

)∣∣∣∣∣
≤

δ − ε
4Ψ (1)

(∫ 1

0
|Ψ (l)|p dl

) 1
p


∫ 1

0

∣∣∣∣∣∣1′
(

l
2
ε +

2 − l
2
δ

)∣∣∣∣∣∣
p

p−1

dl


p−1

p

.

If we use the quasi-convexity of
∣∣∣1′∣∣∣ on [ε, δ] last inequality, the desired result is achieved.

Corollary 2.24. If we choose ϑ (l) = l in Theorem 2.23, we get the inequality in (15).

Theorem 2.25. Let 1 : [ε, δ]→ R be differentiable function on (ε, δ) with ε < δ. If
∣∣∣1′∣∣∣q is quasi-convex on [ε, δ] and

1′ ∈ L [ε, δ], q ≥ 1, then the following inequality for generalized fractional integral operators holds:∣∣∣∣∣ 1
2Ψ (1)

[
( ε+δ2 )+ Iϑ1 (δ) +( ε+δ2 )− Iϑ1 (ε)

]
− 1

(
ε + δ

2

)∣∣∣∣∣
≤

δ − ε
4Ψ (1)

(∫ 1

0
|Ψ (l)| dl

) (max
{∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣q , ∣∣∣1′ (δ)∣∣∣q}) 1
q

+

(
max

{∣∣∣∣∣1′ (ε + δ2

)∣∣∣∣∣q , ∣∣∣1′ (ε)∣∣∣q}) 1
q


whereΨ (1)is as in (21).

Proof. Using Lemma 1.18 and power-mean inequality, we get∣∣∣∣∣ 1
2Ψ (1)

[
( ε+δ2 )+ Iϑ1 (δ) +( ε+δ2 )− Iϑ1 (ε)

]
− 1

(
ε + δ

2

)∣∣∣∣∣ (36)

≤
δ − ε

4Ψ (1)

[∫ 1

0
|Ψ (l)|

∣∣∣∣∣∣1′
(

l
2
ε +

2 − l
2
δ

)∣∣∣∣∣∣ dl

+

∫ 1

0
|Ψ (l)|

∣∣∣∣∣∣1′
(

2 − l
2
ε +

l
2
δ

)∣∣∣∣∣∣ dl
]

≤
δ − ε

4Ψ (1)

(∫ 1

0
|Ψ (l)| dl

)1− 1
q

(∫ 1

0
|Ψ (l)|

∣∣∣∣∣∣1′
(

l
2
ε +

2 − l
2
δ

)∣∣∣∣∣∣q dl
) 1

q

+

(∫ 1

0
|Ψ (l)|

∣∣∣∣∣∣1′
(

2 − l
2
ε +

l
2
δ

)∣∣∣∣∣∣q dl
) 1

q
 .
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If we use the quasi-convexity of
∣∣∣1′∣∣∣ in (36), the desired result is achieved.

Corollary 2.26. If we choose ϑ (l) = l in Theorem 2.25, we get the inequality in (16).
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[26] Özdemir, M. E., Yıldız, Ç., Annals of the University of Craiova, Mathematics and Computer Science., 40 (2), (2013),167-173.
[27] Pearce C. E. M., Quasi-convexity, fractional programming and extrenal traffic congestion, in “Frontiers in Global Optimization”,

Kluwer, Dordrecht, “Nonlinear Optimization and its Applications”, 74 (2004), 403-409.
[28] Pearce C. E. M. and Rubinov A. M., P- functions, quasi-convex functions and Hadamard type inequalities, J. Math. Anal. Applic.,

240 (1999), 92-104.
[29] Pe cari c, J.E., Proschan, F.,Tong, Y.L.: Convex Functions, Partial Orderings and Statistical Applications. Boston, Academic Press

(1992).
[30] Ponstein, J., Seven types of convexity, SIAM Review 9 (1967), 115-119.
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