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Abstract

In this paper, we present a new concept of inner amenability for a non-empty arbitrary subset A of dis-
crete semigroup S called A-inner amenablility. This condition is considerably weaker than ordinary inner
amenability. Further, we show some relationships between this version of inner amenability and Fglner’s
condition.

Keywords: Set amenability, set inner amenability, semigroup.

2010 MSC: 43A07.

1. Introduction

Throughout this paper, S will denote a discrete semigroup. We shall use ¢*°(S) to denote the Banach
space of bounded real-valued functions on S with the supremum norm. For every subset A of S, let xa
denote its characteristic function, that is

1 se A
xa(s) =

0 s¢ A

A mean is a linear functional m € ¢°°(S)* such that m(xgs) = ||m|| = 1. For each s € S and f € £>°(95)
we define ;f and fs on S by (5f)(t) = f(st) and (fs)(t) = f(ts) for all t € S. We say that m € £°°(S5)* is
invariant if m(sf) = m(f) = m(fs) for all s € S and f € £>°(S). A semigroup S is said to be amenable if
it has an invariant mean m on £*°(S). Also, let £}(S) denote the Banach space of all real-valued functions
@ on S such that ||¢||1 := > cqlp(x)] < co. With pointwise addition and scalar multiplication, and with
convolution

(px9)(@) =D @ls)e(t) (z€S),

st=x
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as product, £}(S) is a Banach algebra.
We say that m € ¢°°(S)* is inner invariant mean if

m(sf) = m(fs)y

for all s € § and f € ¢>°(S). Following Ling|11], a semigroup S is said to be inner amenable if it has an
inner invariant mean m on £*°(.5).

We will show that many results concerning inner amenability of semigoups have similar analogues for
A-inner amenability. Finally, a number of equivalent conditions characterizing A-inner amenable semigroups
is given.

2. Set inner amenability for semigroup
We start off with the following definition, which is the most important here.

Definition 2.1. Let S be a semigroup and ¢ # A C S. We say that a mean m on £>°(S), is an inner
A-invariant mean if for all a € A and f € £>°(S) we have

m(af) = m(fa)
A semigroup S which admits inner A-invariant means is called A-inner amenable.

In other words, invarince of m is only required in the subsets of S. It follows immediately that every
inner amenable semigroup is A-inner amenable for all subsets A of S. But the converse is not true in genaral.
(see Examples 3.2 and 3.4)

For an arbitrary non-empty subset A of semigroup S, we denote by H(A), the real linear span of functions
of the form ,f — f,, where a € A and f € £°°(S). In the following theorem, a sequence of characterizations
of A-inner amenable semigroup is given.

Theorem 2.2. Let S be a semigroup with non-empty subset A. Then the following proporties are equivalent:
(a) S is an A-inner amenable semigroup.
(b) for every h € H(A), sup{h(x):x € S} > 0.
(c) inf{||1 — hljeo : h € H(A)} = 1.

Proof. (a) = (b). Let m be an inner A-invariant mean on ¢*°(S). If h € H(A), then sup{h(z) : z € S} >
m(h) = 0. Thus, the property (b) holds.
(b) = (c). For every h € H(A), we have

0 <sup{—h(z):z € S} =—inf{h(z) : 2z € S}.

This shows that, inf{h(x) : x € S} < 0. Hence, for any € > 0, there exists xg € S such that h(zg) <,
and so 1 — h(zg) > 1 — €. Therefore, |1 — h|looc > 1 for any h € H(A). But 0 € H(A), inf{||1 — h|lec : h €
H(A)} < 1 — 0o = 1.

(¢) = (a). Assume that the property (c) holds. Now by the Hahn-Banach theorem, there exists a linear
functional m on ¢°°(S) with norm one such that m(#H(A)) = {0} and m(1) = inf{||1 — hl|so : h € H(A)}. So

m is an inner A-invariant mean on £>°(S5). O

A non-empty subset A of S is said to act injectively on the left (right) of semigroup S, if ax = ay
(xa = ya) implies z = y for every a € A, z,y € S. We say that A acts injectively on the semigroup S, if it
acts on both left and right of S. In particular, if S is a cancellative semigroup, then every non-empty subset
of S acts injectively on S.
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Theorem 2.3. Let A act injectively on the left of semigroup S. Then S is A-inner amenable if and only if
H(A) is not norm dense in £>°(S).

Proof. We suppose that m be a nonzero self-adjoint functional m € £°°(S)* such that m(#(A)) = 0. Consider
the decomposition m = m™ — m™, such that

m™*(f) =sup{m(g): 0 < g < f}

and
m~(f) = —inf{m(g): 0 < g < f},

for all f € ¢°°(S) with f > 0. A similar proof of Teorem 2 of [11], shows that m* and m™~ are inner
A-invariant mean on £*°(S5). O

In the following proposition, we see that increasing union of a family of A-inner amenable semigroups is
A-inner amenable.

Proposition 2.4. Let {Sy}acr be a family of subsemigroups of S such that for each o € I, Sy, is Ay-inner
amenable and A = J,c; Aa with the following conditions:

(a) for each Sy, Sg that are Ay-inner amenable and Ag-inner amenable, respectively, there exists S, D
Sa U Sg such that Sy is A, -inner amenable with A, 2 A, U Ag.

(0) S = Usqer Sa-

Then S 1s A-inner amenable.

Proof. Assume that h = Y (a, (fr)—(fk)a, ) such that fi, € £°(S), a, € A. By the assumption, there exists
a Sy such that ay € Ay. Since S is A)-inner amenable, it follows from Theorem 2.2, sup{h(z) : = € S\} > 0.

In particular, sup{h(z) : z € S} > 0. Again by Theorem 2.2, S is A-inner amenable.
O

Remark 2.5. A subsemigroup of an A-inner amenable semigroup need not be A-inner amenable. As an
example let S be any non A-inner amenable semigroup, and let S° contain S and one new element o such
that os = so = 00 = o, and S is a subsemigroup of S°. Then S° has an inner A-invariant mean: m(f) = f(o),
whereas S is not an A-inner amenable.

Theorem 2.6. Let T be a subsemigroup of S and A CT. Then T is an A-inner amenable if and only if S
is an A-inner amenable with mean m such that m(xr) = 1.

Proof. Let § : T — S be the embedding map. Then it induces 0 : £>°(S) — £>°(T) by 0(f) = flr. It is
easily that @ is bounded and linear. Consider 8" : £°(T)* —s £°°(S)*. Now suppose that m € £°(T)* is an
inner A-invariant mean. Clearly 6 (m) is a mean on £°°(S). Also, for any f € £(S), a € A, it is easy to
see that

0(af) = (Nl = o(fl7) = a(0()),
and
0(fa) = (fa)lr = (flr)a = (O(f))a-
Therefore, for all f € £°°(S), a € A, we get
(6" (m)(af) = mB(ah)) = m((0(F))) = m((B(f))a) = (O (m))(fa)-

This means that, 6" (m) is an inner A-invariant mean on £>°(S). Also,

(g*(m))(XT) =m(0(xr)) = m(xr|r) = m(1) = 1.
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Conversely, Suppose that m is an inner A-invariant mean on ¢>°(S) such that m(xr) = 1. Define the
mapping ¢ : £>°(T) — £>°(S) by

o)1) = {f“) e T

0 te S\T

It is obvious that ¢ is a bounded and linear. Consider ¢* : £°°(S)* — ¢>°(T")*. For any f € ¢>°(T") with
f >0, we have ¢(f) > 0. It is easy to see that ¢*(m) is a mean on ¢>°(T). Also, for any f € {*°(T),a € A
and t € T', we get

(o)) = ale(N(E) = (@f)(t) = (p(f))(at) = f(at) — f(at) = 0.
So, (¢(af) = a(e(f)))lr =0, and

lp(af) = ale(] < lelaf) = aleUNux s\

This implies that m(e(af) — a(@(f))) = 0, or, m(p(af)) = m(a(e(f))). Similarly, one can show that
m(¢(fa)) = m(((f))a)-

Therefore,
(@ (m)af) = mlp(af)) = mlale(f))
= m((e(f))a) = m(e(fa))
= (¢ (m)(fa)-
This shows that, ¢*(m) is an inner A-invariant mean on ¢°°(T). O

Given semigroups S and 7', a map ¢ : S —> T is called a homomorphism if it satisfies

p(s152) = p(s1)p(s2) (s1,82 € 5).

Theorem 2.7. Let S, T be semigroups and ¢ be a homomorphism of S onto T'. If S is A-inner amenable,
then T is p(A)-inner amenable.

Proof. Assume that m is an inner A-invariant mean on ¢>°(S). Put m,(f) = m(fop) for each f € £>°(T).
Now for every s € S, b€ B = ¢p(A) and f € ¢>°(T) we have

pfop(s) = f(bp(s)) = fp(a)p(s)) = f(plas)) = (fop)(as) = o(fop)(s),
and
frop(s) = f(p(s)b) = f(p(s)p(a)) = f(p(sa)) = (fop)(sa) = (fop)a(s),

where a € A is such that p(a) = b. So, pfop = o(fop) and frop = (fop)s. It follows from this relations
that

mo(vf) = m(sfop) = m(a(fop)) = m((fop)a) = m(frop) = mo(fp).

Thus m, is an inner ¢(A)-invariant mean. O

Let S and T be semigroups. Then S x T is a semigroup with the operation (si,t1)(s2,t2) = (s152, t1t2)
for all s1,s9 € S and t1,ty € T. Also we can consider ¢°°(S x T') as a Banach S x T-bimodule via

((s,t)f)(slat/) = f(SSl,tt/), and (f(s,t))(slat/) = f(SIS, t/t)a

for all 5,8’ € S, t,t/ € T and f € £>°(S x T)). The homomorphisms 7g: S xT — Sand 7p: SxT — T
with mg(s,t) = s, mp(s,t) = t, respectively, are called projection homomorphisms.

Theorem 2.8. Let S, T be semigroups such that £>°(SxT) = £>°(S)x>°(T'). S and T are A-inner amenable
and B-inner amenable, respectively if and only if S x T is (A x B)-inner amenable.
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Proof. Suppose that m and n are inner A-invariant and inner B-invariant means for ¢°°(S) and ¢>°(T),
respectively. Define the mean m, on £>°(S x T') by m(f,g) = m(f)n(g) for all f € £>°(S) and g € £>°(T).
Then for each (a,b) € Ax B
mo((a,b) (fa g)) = mo(af’ bg) = m(af)n(bg)
m(fa)n(gs) = mo(fa, 9b)
= mo((fvg)(a,b))‘

This means that m, is inner (A x B)-invariant mean.

Conversely, suppose that S x T is (A x B)-inner amenable. Then by projection homomorphism 7g(A x
B) = A and Theorem 2.7, we obtain that S is A-inner amenable. Similarly, we conclude that 7" is B-inner
amenable. O

Theorem 2.9. Let S, T be two semigroups such that S and T are A-amenable and B-inner amenable,
respectively. Then S x T is (A x B)-inner amenable.

Proof. Suppose that m be an A-invariant mean on ¢°°(S) and n be an inner B-invariant mean on ¢*°(T).
For each f € £>°(S x T) and (s,t) € S x T, we consider fp € {*°(T) and ff € ¢°°(S) by f&(s) = f(s,t) and
fr(t) = m(fL). Now, define the mean m, on ¢*°(S x T') by

mo(f) =n(fr) forall fe (S xT).

For every (a,b) € A x B it follows that ((a,b)f)ts = a(fgt) and (f(a,b))fq = (fg’)a.
Furthermore, for every t € T’

(7). = m(@p))7) = ma(f§))
= m(f§) = (fr(ot))
= o(f7)(®).

That is, ((4,5)f)7 = »(fr). Similarly, one find that (f(as))7 = (f1)s-
For every f € £°(S x T') and (a,b) € A x B we get

Mo((ap)f) = n((@p)f)r) =n((fr))
= n((fr)s) = n((fap))r)
= mo(f(a,b))'

It follows that m is an inner (A x B)-invariant mean. O

3. Examples of A-inner amenability

Example 3.1. If there exists an element x in semigroup S that commutes with all a € A, then the Dirac
measure 05 for all f € €2°(S) is an inner A-invariant mean on >(S).

6z(af) = flaz) = f(za) = 0z(fa)-

In the following examples, we study A-inner amenability over a left (right) zero semigroup, that is a
semigroup whose multiplication is defined by st = s (st = t) for all s,t € S. We denote the cardinal number
of a set A by |A|.

Example 3.2. Let S be a left zero semigroup, then for any subset A of S:
(i) if |A| =1, then S is A-inner amenable;

(i1) if |A| > 2, then S is not A-inner amenable.



M. Amini Nia, A. Ebadian, Adv. Theory Nonlinear Anal. Appl. 4 (2020), 176-183. 181

Proof. (i) Assume that A = {a}. Define m € £>°(S)* by m(f) = f(a) for every f € £>°(S). Then we obtain
m(af) = af(a) = f(aa) = fo(a) = m(f,). This shows that S is A-inner amenable.
(ii) Clearly for each a € A we have

af:f<a) and fa:f~

Now, if we suppose that S is A-inner amenable with an inner A-invariant mean m, then for every a € A
and f € £°(S), we have m(,f) = m(f,). Therefore f(a) = m(f). Now if we consider a # b € A and
f = X{a} then we obtain

This is a contradiction. O

Example 3.3. Let Fy be free group on two generators a and b. If A is the set of elements of Fo that begin
with a or a=! when written as reduced words. Then Fy is not A-inner amenable.

Proof. We consider f = x4 and
h = ((baflf)abfl - abfl(baflf)) + ((bflaflf)aba - aba(bflaflf))‘

Clearly h € H(A). Now by Theorem 2.2, it is enough to prove that the function h has the property that,
sup{h(z) : x € Fo} < 0. For each z € Fy we have

h(z) = f(ba " zab™) + f(b" o tzaba) — f(azx) — f(x).
Now the argument as in the proof of Theorem (17.16) of 7] shows sup{h(z) : z € Fa} < —1. O

By use of Theorem 2.2, in the following example, we study A-inner amenability over a right zero semi-
group.

Example 3.4. Let S be a right zero semigroup, then for any subset A of S we have
(i) if |A| = 1, then S is A-inner amenable.
(i) if |A| > 2, then S is not A-inner amenable.

Proof. (i) Assume that A = {a}. Since for every h € H(A) and x € S we have

n

h(l‘) = Z((fk)a_a(fk:))(x)

k=1

= ) (fr(za) = fr(ax))
k=1

= ) (fula) = fu(x)).
k=1

Then by set = a we have sup{h(z) : z € S} > 0. This shows that S is A-inner amenable.
(ii) For a # b € A, we take h = (a(X{a}) — (X{a})a) + (6(X{b}) — (X{p})b)- Hence for each z € S we obtain
h(z) = (a(X{a}) = Xgap)a) (@) + GIXg1) — (Xqo})b) ()
= (X{ap(az) = xqay(7a)) + (X3 (b2) — X b} (7))
= X{a}(T) + X3 (2) — 2.
and this implise that sup{h(z) : € S} < —1. Hence by theorem 2.2, S is not A-inner amenable. O
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4. Fglner’s condition

Before stating the following theorem, recall that a mean in ¢1(S) is called a finite mean if it is a convex
combination of the Dirac measures. We shall use @ denote the set of all finite means and d, denotes the
Dirac measure at x € S. It is obvious that @ is convex subset of £1(S) . In fact, @ is convex hull of S.

Theorem 4.1. Let S be a semigroup and A C S. Then the following statements are equivalent:
(a) S is A-inner amenable.
(b) there is a net (¢q) of finite means such that 5q * o — P * 64 — 0 in the weak topology of £1(S), for
every a € A.
(c) there is a net (1q) of finite means such that ||0g * o — o * 04|t —> O for every a € A.

Proof. (a) = (b). Let m be an inner A-invariant mean on ¢°°(S). Since m € £*°(S)*, we can find a net (¢4)
of finite means such that lim ¢, = m in the weak™ topology of £>°(S)*. Then for all f € £°>°(S) and a € A,

f(6a* 9o — pa * 0a) = Yalaf) — palfa) — m(af) — m(fa) = 0.

It follows that d, * Yo — ©a * 6, — 0 in the weak topology of £1(.9), for every a € A.

(b) = (c). Let (pg) be a net as in (b). Using an idea of Ling [11], we define linear map T : £1(S) —
[Toca 01(S) by (T(¢))(a) = da * ¢ — ¢ x &, for every ¢ € £}(S),a € A. Now by assumption, (T(¢g))(a) =
Sa*ps—p*0, — 0 weakly in £1(9), for every a € A. This means that zero lies in the weak closure of T/(®).
Since [[,ca ¢1(S) with product of the norm topology is a locally convex space and @ is convex, the closure of
T'(®) in this topology contains 0. Thus, there exists a subnet (po) C (¢g) such that ||dg*1)a — o *dal[1 —> 0
for every a € A.

(¢) = (b). Since convergence in norm implies convergence in weak topology, this implication is trivial.

(b) = (a). Let () be a net satisfying the convergence in (b). By Alaoglu’s theorem, it has a weak*
convergent subnet. By passing to such a subnet if necessary, there is a m € £°°(S)* such that lién Pa = m in

the weak™® topology of £>°(S)* . Therefore m is a mean on ¢>°(S), and for all a € A, f € £>°(S5)
m(af) —m(fa) = hgn(ﬂoa(af) — palfa)) = hén(‘sa * Pg — Pa * 0a)(f) = 0.
O

For each s € S we put s 1A ={tc S:st € A} and As™! = {t € S :ts € A}. We also note that ﬁXA

defines an element in ¢1(9).
Lemma 4.2. Let A acts injectively on the right of semigroup S, then for every BC A and a € A
|[XB * 0a — da * xB|[1 = 2|Ba\aB|.
Proof. For a € A and B C A, we get
(GarxB)(@) = D xB(s)

= > xsls)
s€a~1{z}
= |Bna Yz}
Similarly, we obtain (xp * 64)(z) = |B N {z}a"1|. It is easy to see that
|BN{z}a™!| if x € Ba\aB
—|BNna{z}| if x € aB\Ba

*(50,_5(1* =
(xB xB)(x) BN {z}a~|— |Bnaz}| ifzecaBnBa

0 if v ¢ aBU Ba
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Since A acts injectively on the right of semigroup S, then for each x € Ba we obtain |B N {z}a™!| = 1.
This implies that

IxB*0a—daxxsll = > 1+ >  [Bnaaz}+ > (Bna Yz} -1)

x€Ba\aB z€aB\Ba x€aBNBa
= |Ba\aB|+ ) |BNa '{z}| - [aB N Bal
z€Ba

= |Ba\aB|+ |B| — |aB N Ba|
|Ba\aB| + |Ba| — |aB N Bal
|Ba\aB| + |Ba\aB)|

= 2|Ba\aB|

O

Theorem 4.3. Let A act injectively on the right of semigroup S. If for any finite set F C A and any
e > 0, there exists a finite non-empty set B C A such that |Ba\aB| < €|B| for all a € F, then S is A-inner
amenable.

Proof. By the assumption there exists a net of finite non-empty sets B, C A such that
|Baa\aBqy|/|Ba| — 0 for all a € A.

By Lemma 4.2, we have
HXBa * (Sa - 5(1 * XBQ||1 = |Baa\aBa|-

Set 0o = |Bal 'xB,. Then for a, and a € A
||5a * Qo — Pa ¥ 5a|’1 — 0.
Now the proof is complete by Theorem 4.1. O

Remark 4.4. The assumption of Theorem 4.3 ‘that A acts injectively on the right of semigroup S’ is
necessary. In fact, any right zero semigroup S is not A-inner amenable if A has at least two elements (see
Ezample 3.2).
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