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Abstract

We initiate the use of sub and super homogeneous control functions for nonlinear contractions in complete
metric spaces and establish new fixed point theorems. Moreover, we develop other variants of control func-
tions for the fixed point theorems of Boyd-Wong [4] and Matkowski [8]. As applications, we present new
sufficient conditions ensuring the existence of solutions to some classes of integral equations of Fredholm and
Volterra types.
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1. Introduction

The famous Banach’s contraction principle |2] is one of the most important tools for establishing sufficient
conditions of existence and uniqueness of the solution to a large class of nonlinear equations. Due to its
usefulness in different branches of mathematics, this principle has been developed in various ways. For
instance, Boyd-Wong [4] and Matkowski [8] generalized the Banach contraction principle by using a control
function v as follows:

Theorem 1.1 ([4]). Let (X,d) be a complete metric space and T: X—X be a mapping. Assume there exists
a function 1: P — RT such that

d(Twz, Ty) < (d(z,y)) for all z,y € X, (C1)
Y(t) <t forallte P, (1)
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limsup¢(s) <t forallt e r,

s—tt

where P = {d(x,y) : ,y € X}, P is the closure of P and P* := P\ {0}. Then, T has a unique fized point
z, and the sequence {T"x} converges to z for all x € X.

Theorem 1.2 ([8]). Let (X,d) be a complete melric space and T: X—X be a mapping. Assume there exists
an increasing function ¢: R™ — RT such that (C1) holds and

lim ¢"(t) =0 for all t> 0.

n—oo
Then, T has a unique fizved point z, and the sequence {T"x} converges to z for all v € X.

For a detailed exploration of the interconnection between different classes of control functions, we direct
the reader to the paper [6] and the book [1]. It is worth noting that when the control function v is applied
to the left side of the contraction (see for instance [5]) it must satisfies the following condition:

t<(t) forallte P . (2)

In this paper, we consider a complete metric space (X,d) and a self-mapping 7: X — X that satisfies
(C1) or one of the following inequalities:

d(Tx, Ty) < Y(d(x,y)) for all (z,y) €Y, (C2)
Y(d(Tx, Ty)) < d(z,y) forall z,y €X, (C3)
Y(d(Tx,Ty)) < d(z,y) for all (z,y) €Y, (C4)

where Y := X x X\ {(z,x) : z € X} and 9 is a given control function that may satisfies neither (1) nor
(2). We first establish new fixed point theorems for mappings satisfying nonlinear contractions involving sub
or super homogeneous control functions. Then, we investigate the existence of fixed points for mappings
fulfilling a nonlinear contraction of Boyd-Wong or Matkowski type via several variants of control functions.
As applications, we discuss the existence of solutions to certain classes of integral equations of Fredholm or
Volterra types.

In the present paper, we will assume that (X, d) is a complete metric space, g € X and T: X — X
is a mapping, and will use the notations P = {d(z,y) : z,y € X}, P* := P\ {0}, P is the closure of P,
P =P\ {0}, z, == T"x¢ and d,, = d(z,Tns1), where T" is the n-th iterate of T with 70 the identity
mapping and n € N. The organization of the paper is as follows. In Sections 2 and 3, we establish new
fixed point theorems via sub and super homogeneous control functions. In Sections 4 and 5, we present new
extensions of Boyd-Wong’s and Matkowski’s fixed point theorems. We discuss in Section 6 the existence of
solutions to new classes of integral equations of Fredholm and Volterra types.

2. Subhomogeneous control functions

In this section, we present new fixed point theorems for mappings satisfying the nonlinear contraction
(C1) or (C2), where 1 belongs to the following class of functions.

Definition 2.1. A function ¢¥: R™ — RT is said to be subhomogeneous if
Y(At) < Mp(t) for all X € (0,1) and all t € RT.
Remark 2.2. If ¢ is increasing and subhomogeneous, then it is continuous at 0 and satisfies 1(0) = 0.

Example 2.3. Consider the function (t) = 1tT2-t for all t € RT, then v is increasing, subhomogeneous,
continuous and satisfies ¥ (t) < t for all t > 0.
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The first main result is the following.

Theorem 2.4. Assume that there exists an increasing subhomogeneous function ¢ such that (C1) holds. If
there exists xog € X such that

¥(do) < do, (3)
then the sequence {T™xo} converges to a fized point z of T. If for all t € P*, we have
e(t) <t (4)

then z is the unique fized point of T, and the sequence {T™x} converges to z for all x € X.

Proof. Tt is clear from (3) that xo is not a fixed point of T, and that \g := dy't(dg) € (0,1), which is
combined with (C1) gives
di < ¥(do) = Ao do.

Using (C1), together with the monotony and the homogeneity of 1, we deduce
dy < () < (o do) < Xo(do) = Af do.

Hence, by induction, we easily get
dn, < X\gdp for all n € N. (5)

We deduce that the sequence {d,} — 0 as n — oo. Next, for all m,n € N such that m > n, it follows by (5)
that

m—1 m—1
A(wn, xm) <Y di < do Y NG,
k=n k=n

which implies that {z,} is a Cauchy sequence, and therefore converges to some z € X. Using (Cl), we
obtain d(Tz,, Tz) < ¥(d(zy, z)) for all n € N. Hence, using Remark 2.2, we conclude that z is a fixed point
of T. Now, assume that (4) holds. If there exist two distinct fixed points z; and z3 of T, we deduce from
(C1) that

d(z1,22) = d(Tz1,Tz) < P(d(z1,22)) < d(z1,22),

which is absurd, so z; = 29 and the fixed point of T is unique. Finally, we take x¢o = x for every x € X and
deduce as above that {T"z} converges to the unique fixed point z. O

Example 2.5. Consider X = R endowed with the Fuclidean metric d. Clearly 1 is a fixzed point of the
function T: X — X defined by Tx = x>. We show that Theorem 2.4 is applicable for this example. Observe
that condition (C1) is satisfied, where 1(t) = t2 for all t € RT, which is increasing and subhomogeneous.
Moreover, the inequality (3) is fulfilled for xz¢ = % Hence, from Theorem 2.4 it follows that T has a fized
point. Clearly, the condition 1 (t) < t for all t > 0 is not satisfied and the fized point of T is not unique.

The second main result of this section is the following.

Theorem 2.6. Assume that there exists an increasing subhomogeneous function ¢ such that (C2) holds. If
there exists xog € X such that

¥(do) < do, (6)
then the sequence {T™xo} converges to a fized point z of T'. If for all t € P*, we have
Y(t) <t, (7)

then z is the unique fized point of T, and the sequence {T™x} converges to z for all x € X.
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Proof. Let o € X such that (6) is satisfied, so dy # 0, and z( is not a fixed point of T. Thus, A =
dy'(dp) € (0,1), which is combined with (C2) gives

di <1p(do) = Adp.
By (C2), the monotony and the homogeneity of ¥, we deduce
dy < p(dy) < Y(Ndo) < XY(do) = N dy.

Hence, by induction, we get
dp < A'dg for all n € N. (8)

We deduce that the sequence {d,,} — 0 as n — oco. Now, by using the triangle inequality and (8), we obtain
m—1 m—1
A, am) <Y di < dg Y A,
k=n k=n

which implies that {z,} is a Cauchy sequence, and therefore converges to some z € X. If there exists an
integer N > 0 such that z,, = z for all n > N, then clearly z is a fixed point of T. Otherwise, if there exists
a subsequence {7, } such that z, ) # 2 for all k € N, then it follows from (C2) that

ATy, Tz) < P(d(Tn(r), 2))-

Hence, as k — oo, we deduce from Remark 2.2 that z is a fixed point of T. Assume now that (7) holds. If
there exist two distinct fixed points z; and 22 of T, then from (C2) we deduce

d(z1,22) = d(T'z1, Tz2) < p(d(21,22)) < d(21, 22),
which is absurd, so necessarily z;1 = 29 and therefore the fixed point is unique. Finally, we take xzg = x for
every © € X and as above we deduce that {T"x} converges to z. O
3. Superhomogeneous control functions

In this section, we present new fixed point theorems for mappings satisfying the nonlinear contraction
(C3) or (C4), where 1 belongs to the following classes of functions.

Definition 3.1. A function ¢¥: Rt — RT is said to be superhomogeneous if
V() > Mp(t) for all A € (0,1) and all t € RT.
A function : RT — RT is said to be strictly superhomogeneous if
V() > Mp(t) for all A € (0,1) and all t € RT.
Definition 3.2. A function ¢: Rt — R™T is said to be reqular at zero if
{tn} CR" is a sequence such that ¥(t,) — 0, then t, — 0.

Example 3.3. Consider the function (t) = t(1+e™t) for all t € RT, then 1 is strictly superhomogeneous,
increasing, regular at zero and satisfies t < (t) for every t # 0. However, if 1(t) =t~ for all t > 0 and
¥(0) = 0, then 1) is strictly superhomogeneous and satisfies t < (t) for all t > 0, but not regular at zero.

Remark 3.4. If 1) is subhomogeneous and bijective on RT, then 1~' is superhomogeneous. However, not
all increasing subhomogeneous functions are bijective. Due to this observation, it is of interest to study the
contractions (C3) and (C4).
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Theorem 3.5. Assume that there exists an increasing strictly superhomogeneous function v such that (C3)
holds and i is regular at zero. If there exists xo € X such that

do < 1(do), (9)
then the sequence {T™xy} converges to a fized point z of T. If for all t € P*, we have
t <(t), (10)

then z is the unique fized point of T, and the sequence {T™x} converges to z for all x € X.

Proof. Let xp € X such that (9) is satisfied. If xg is a fixed point of 7" then it is done. Assume that xg # Tz,
then from (9), we obtain ¥(dg) # 0 and \g := dot)(do) ™! € (0,1), and deduce from (C3) and the homogeneity
of v that
P(d) < do = Ao p(do) < (Ao do).
This implies by monotony of v that
d1 < Ao do = AF ¥ (do).

By induction, we obtain d, < A\jt14)(dp) for all n € N. Hence, we deduce the sequence {d,,} converges to 0.
Next, by using the triangle inequality, it is not difficult to see that

m—1

d(Tp, Trm) < P(do) Z )‘ngl'

k=n

Hence, it follows that {z,} is a Cauchy sequence, and therefore converges to some z € X. It follows by using
(C3) that ¥(d(Txp,Tz)) < d(zy,z) for all n € N. As n — oo, we deduce by regularity of ¢ at zero that z
is a fixed point of 7T'. Finally, assume that (10) holds. If there exist two fixed points of T, then from (C3)
and (10), we deduce a contradiction, and as above we obtain that the sequence {T"x} converges to z for all
reX. 0l

Example 3.6. Consider X = R endowed with the Euclidean metric d and T: R — R be the function defined
by Tx = x2. Indeed, (C3) holds for all x,y € R, where 1(t) = \/t is increasing, strictly subhomogeneous and
reqular at 0. Moreover,

d(2,T2) =27 - 51 < (d(2,T2)) =2 - 52.
Hence, it follows from Theorem 3.5 that T has at least one fized point.

Theorem 3.7. Assume that there exists an increasing superhomogeneous function v such that (C4) holds
and v s reqular at zero. If there exists xg € X such that

do < 1(do), (11)
then the sequence {T™xo} converges to a fized point z of T. In addition if
t <(t) for allt e P*, (12)

then z is the unique fized point of T, and the sequence {T™x} converges to z for all x € X.

Proof. Let xg € X such that (11) is satisfied. If z is a fixed point of T" then it is done. We assume that z
is not a fixed point of 7. We obtain from (11) that Ao := do)(dg) ™" € (0,1) and deduce from (C4) that

Y(d1) < do = Ao ¥(do).

Thus, by monotony and the homogeneity of v, it follows that ¥ (d1) < Ao 1(do) < (Ao dp), which implies by
the monotony and the homogeneity of v that d; < A\gdo = A\?¢(dp). By induction, we obtain d,, < Ag+11/1(d0)
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for all n € N. Hence, we deduce the sequence {d,,} converges to 0. Next, by using the triangle inequality, it
is not difficult to see that

m—1
d(n, mm) < (do) > AGT.
k=n
Hence, it follows that {z,} is a Cauchy sequence, and so converges to some z € X. If there exists an integer
N > 0 such that z, = z for all n > N, then clearly z is a fixed point of T. Otherwise, if there exists a
subsequence {xy)} such that @, # z for all k¥ € N, then it follows from (C4) that
Y(A(Txppy, T2)) < d(@pr), 2)-

We deduce from the regularity of ¥ at zero that z is a fixed point of T. The rest of the proof is similar to
that of Theorem 3.5. 0l

4. Control functions of Boyd-Wong type

In this section, we extend the Theorem 1.1 by relaxing the conditions on the control function.

Theorem 4.1. Assume that there exists a function p: P — RT such that (C1) holds. If there evists zg € X
such that

limsup(s) <t for allt € P N (0,dy], (13)
s—tt
supt(s) <t for allt € (0,do], (14)
s<t

then the sequence {T™xz} converges to a fized point of T.

Proof. Assume that xg is not a fixed point of T, otherwise nothing to prove. Now, from (C1) and (14), we
deduce that the sequence {d, } is decreasing and hence converges to some d, > 0. Assume that d, # 0, then
by (C1) and (14), we get dy+1 < ¥(d,) < dp < dy for all n € N. Hence, from (13) we obtain

d, <limsupv(d,) < ds,

n—oo
which is a contradiction, so we have d, = 0. Hence, for ¢ € (0,dp], there is p € N such that d, <
€ — supg<. ¥(s). Define the set B(wy,¢) = {x € X : d(x,z,) < €}, which is nonempty since z,41 € B(xp,€).
Let z € B(zp,¢), then it follows from (C1) that
d(Tz,xp) < d(Tz xps1) + d(Tps1, Tp)
< U(d(z, ) + dp
< sup ¢(s)+e—supy(s)

s<d(z,zp) s<e
<supi(s) +e—supy(s) =e.
s<e s<e

Thus, T' maps B(xy, €) into itself, which implies that
d(-:rn?xm) S d(xmxp) =+ d(xlhxm) S 26 fOF n,m Z b-
Hence, the sequence {z,} is Cauchy, so converges to some z € X.

Now, since {x,} converges to z, then there is an integer N > 0 such that d(x,,z) < dp for all n > N.

Using the triangle inequality, we have

d(z,Tz) < d(z,xn) + d(Tn, Tnt1) + d(Tnt1,T2)
< d(z,xn) + dn + Y(d(xn, 2))
< d(z,

(z,zn) +dn+ sup (s)
s<d(xn,z)

< 2d(z,xy) + dp.

for allm > N. As n — oo, we obtain z = T'z. O
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Theorem 4.2. Assume that there exists a function 1: R™ — RT regular at zero such that T satisfies (C3).

If

liminf(s) >t for allt € P, (15)
s—tt
11;51/1(5) >t forallt>0, (16)

then T has a unique fized point z, and the sequence {T"x} converges to z for all v € X.

Proof. Let x¢g € X such that dy > 0, otherwise if dy = 0, then xg is a fixed point of T" and it is done. From
(C3) and (16), we deduce that the sequence {d,} is decreasing and hence converges to some d, > 0. Assume
that d, # 0, then by (C3) and (16), we get dy, < infs>q, ¥(s) < ¥(dyn) < dp—1 for all n > 1. Hence, from
(15) we obtain
d < liminf(d,) < dx,
n—oo

which is a contradiction, unless d, = 0. Hence, for € > 0 there is p € N such that

d, < min{inf ¥(s) —¢,¢e}.
s>e

Define the set B(zpt1,¢) == {z € X : d(x,zp+1) < €}, which contains z,. Let z € B(xp41,¢€), then it follows
from (C3) that

instd(Tz,athq) ¢(8) < w(d(T’Z?l‘p+1)) < d(z7xp)
< d(z,2p41) + d(Tps1,7p) <€+ dp
<e+ ir>1f¢(s) —e= igfw(s)

Using the monotonicity of the function ¢ — infs>; ¥ (s), we deduce that d(T'z,z,+1) < €, which implies that
T maps B(xpy1,¢) into itself and this means that

d(zp, Tm) < d(xpn, Tpt1) + d(xpi1, Tm) < 2€ for n,m > p.
Hence, the sequence {z,} is Cauchy, and thus converges to some z € X. Now, from (C3), we deduce

w(d(l'n-H, TZ)) < d(l’n, Z),

for all n > N. Hence, as n — oo we deduce from the regularity of ¢ at zero that {z,} converges simultane-
ously to z and Tz, which is possible only if z = T'z. If there exist two fixed points z; and zo of T, then from
(C3) and (16), we infer a contradiction. Then, we may take zp = x for every x € X and deduce as above
that {T"x} converges to the unique fixed point z. O

Remark 4.3. Theorem 4.2 extends [5, Theorem 2].

5. Control functions of Matkowski type
In this section, we present three fixed point theorems of Matkowski type.

Theorem 5.1. Assume that there exists an increasing function ¢: Rt — R such that (C1) holds. If there
exists xg € X such that

Jim 4" (do) = 0. (1)

then the sequence {T™xo} converges to a fized point of T.
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Proof. There is nothing to prove if xg is a fixed point. We assume therefore that zq is not a fixed point of
T. Observe that from (C1), we deduce that d,, < ¢¥"™(dp) for all n € N, then lim d,, = 0. Thus,
n—oo

Y(s) < s for all s e (0,dy], (18)

otherwise we obtain 0 < s < ¥"(s) < ¥™(dp) which contradict (17) as n tends to infinity. Hence, for every
e € (0,dp] there is p € N such that d, < e — ¢(¢). Define the set B(z,,¢) = {x € X : d(x,z,) < e}, which
is nonempty since it contains z,11. Let z € B(z)p, ), then using (C1) and the monotony of ¢ it follows that

d(Tz,xp) < d(Tz, xps1) + d(Tpt1, Tp)
< (d(z,2p)) + dy
<Pe) +e—(e) =e.

Thus, T maps B(zp, ¢) into itself and this means that
d(xp, Tm) < d(xn, zp) + d(Tp, T) < 2€ for n,m > p.

Hence {z,} is Cauchy sequence and so converges to some z € X. If there exists an integer N > 0 such that
xy = zforn > N, then z = Tz. Otherwise, assume there exists a subsequence {x,,(;} such that z,,y # 2 for
all integer k& > 0. It follows from the convergence of {x,,} to z that there is N € N such that d(x,),2) < do
for all kK > N. Hence, we obtain from (C1) and (18) that

(k)15 T2) S Y(A(@np)11,T2)) < d(Tpr)s 2) < do.

Thus, as k — oo, the subsequence {xn(k)H} converges to Tz, where the subsequence {xn(k)} converges to z.
So, we deduce that z = T'z, since {z,} converges to z. O

Theorem 5.2. Assume there exists an increasing function ¢: RY — R such that (C3) holds. If

lim ¢"(t) = oo for allt >0, (19)

n—oo
then T has a unique fizved point z, and the sequence {T"xo} converges to z for all zy € X.

Proof. First, observe that ¢ < v(t) for all ¢ > 0. Indeed, if there exists s > 0 such that ¥(s) < s it follows
that ¢"(s) < s for n € N, which contradict (19). Using the previous observation and (C3), we deduce that

dng1 < ¥(dps1) < dp, forall n € N.

Thus the sequences {d,} is decreasing, so converges to d, > 0, say. Assume that d, > 0. Now, it is not
difficult to see that ¢"(d,) < dp for all n € N. Using the monotonicity of ¢ and d, < d,, for all n € N, we
obtain "™ (d.) < ¥"(d,) < dp, which contradict (19). We conclude that d, = 0. Hence, for ¢ > 0, there is
p > 0 such that
d, < Y(e) —e.
Define the set B(zpt1,6) = {z € X : d(z,zp41) < €} that contains z,. Let z € B(zpi1,¢), so it follows
from (C3) that
P(d(Tz,2p11)) < d(z,2p) < d(z,2p11) +dp <e+1(e) —e =1P(e).
Hence, by monotonicity of ¢, we deduce that d(T'z,zp41) < e. Therefore, T' maps B(zp+1,¢€) into itself and
this means that
d(xp, Tm) < d(xn, Tpr1) + d(@py1, Tm) < 2€ for n,m > p.

Hence {x,} is Cauchy sequence and so converges to some z € X. If there exists an integer N > 0 such that
Tpy1 = Tz for all n > N, then z and Tz become limit of the same sequence, which implies that z = T'z.
Otherwise, there exists a subsequence {z,,)} such that z,,;) # Tz for all k from certain order, and we have

A(Tr (), T2) < P(d(Tr(), T2)) < d(Tp ()15 2)-
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Thus, as k — 00, {7k} converges to Tz and {z,;)—1} converges to z, and we deduce that z = T'z, since
the sequence {z,} converges to z. The uniqueness of the fixed point follows immediately from (C3) and the
first observation. 0

Theorem 5.3. Assume there exists an increasing function v : RT™ — RT such that (C3) holds. If there exists
xg € X such that
lim ¢"(t) =dy for allt € (0,dp), (20)
n—oo

then the sequence {T™xzo} converges to a fized point of T.

Proof. There is nothing to prove if xq is a fixed point. We assume that zq is not a fixed point of T. Observe
that ¢ < 4(t) for all ¢ € (0,dp). Indeed, if there exists t € (0,dp) such that ¥ (¢) < ¢, then by monotonicity
of ¥, we deduce that ¥"(t) <t < dy. So by taking n to infinity, we obtain from (20) a contradiction. The
proof of convergence of the sequence {z,} to some z € X is exactly the same as that furnished in the proof
of Theorem 5.2. If there exists an integer N > 0 such that z,41 =Tz for all n > N, then z and Tz become
limit of the same sequence, which implies that z = T'z. Otherwise, there exists a subsequence {xn(k)} such
that ) # Tz for all k from certain order N, we have d(zy,,2) < dp for all n > N and so we obtain

d(Tp k), T2) < Y(d(@ppy, T2)) < d(@py-1,2) < do.
Thus, as k — oo, the subsequence {z,)} converges to Tz and the subsequence {z,)—1} converges to z.
So, we deduce that z = T'z, since {x,} converges to z. O
6. Application to integral equations of Fredholm and Volterra type

In this section, we discuss the existence of solutions to certain integral equations of Fredholm and Volterra
type, and furnish new sufficient conditions ensuring the existence of such solutions. These equations have
been studied by many authors using various fixed point theorems, see for example [9, 11, 10, 7, 3]. Firstly,
we consider the integral equation of Fredholm type:

b
ac(t):f(t)+/ k(t, s, 2(s))ds, t € [a,b]. (21)

Based on Theorem 2.4, we obtain the following result.
Theorem 6.1. Consider Eq. (21). Suppose that the following properties hold:
(i) k: [a,b] X [a,b] x R™ = R™ and f: [a,b] — R™ are continuous;

(i1) there exist a continuous function p: [a,b] x [a,b] — R and an increasing subhomogeneous function
such that

|k(tv 5y U) - k(tv 8, v)| < p(t, 5)1/1(\” - UD’
for all (t,s,u,v) € [a,b] X [a,b] x R™ x R™;
(i#1) suprcge Jy p(t; 5)ds < 1;
(iv) there exists xg € C([a,b],R™) such that ¥(dy) < do, where

do '= sup
tela,b]

b
xo(t) — f(t) —/ k(t,s,zo(s))d s|.

Then the equation (21) has a solution in C([a,b],R™).
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Proof. Consider X = C([a,b],R™) endowed with the supremum norm; that is,

|z|| == sup {|z(¢)|} for all z € X.
te(a,b]

Noting that (X, d) is a complete metric space, where d(x,y) = ||z — y||. Define T': X — X by

b
(Tz)(t) == f(t) —|—/ k(t,s,z(s))d s.

It follows from (i7) and (iiz) that
b
(T)(t) — (Ty)(#)| < / k(t, 5,2(5)) — k(t, 5,5(s))[ds
ab
< / p(t, $)e(|z(s) — y(s)|)ds
b
< (- o) / Pt 5)ds

< (= —yl),
for all t € [a,b]. Hence, | Tx —Ty|| < ¢(||z—yl|) for all z,y € X. Moreover, (3) follows from (iv). Therefore,
we conclude by Theorem 2.4 that Eq. (21) has a solution in C([a, b], R™). O

Remark 6.2. Theorems 6.1 extends [9, Theorem 4.1].
We furnish an example to highlight the utility of Theorem 6.1.

Example 6.3. Consider the following integral equation:
1
x(t)+t= t2/ s2xz(s)ds, te[0,1]. (22)
0

This equation follows from (21) by taking a =0, b =1, f(t) = —t and k(t,s,u) = t>s*u for all t,s € [0,1]

and all u € R™. Clearly, (i) holds. Define p: [0,1] x [0,1] — RT by p(t,s) = 3t>s> and : R* — R+

by Y(t) = %t(l + t2), which is an increasing subhomogeneous function. Moreover, (ii) holds, since for all

t,s € [0,1] and all u,v € R™ we have
|k(t75>u) - k(ta 57U)| < t252’u - U’ < p(t’ 8)1/)(|U - U|)

Further, (i) holds. It is not difficult to see that (iv) is satisfied for xo = 0. We conclude by Theorem 6.1
that (22) has a solution in C([0,1],R™).

Now, consider the integral equation of Volterra type:

2(t) = F(t) + / k(t, s,2(s))ds, t € [a,b]. (23)

Based on Theorem 5.1, we obtain the following result.
Theorem 6.4. Consider Eq. (23). Suppose that the following properties hold:
(i) k: [a,b] X [a,b] x R™ — R™ and f: [a,b] — R™ are continuous;
(i1) there exist T > 1 and an increasing function ¢: RT — R such that
|kt 5,u) = k(t, 5,0)] < ¢(|ju—v|e™O7),

for all (t,s,u,v) € [a,b] X [a,b] x R™ x R";
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(i) there exists o € C([a,b],R™) such that
lim ¢"(dg) = 0, (24)

n— o0

where do = SUPye[q,p) {‘ﬂfo(t) — f(t) = [} k(t,s, :Uo(s))ds’ e—T(t—“)},
Then the equation (23) has a solution in C([a,b],R™).

Proof. Consider X = C([a,b],R™) endowed with the Bielecki-type norm; that is,

|z||p == sup {\JT(t)!e*T(t*a)} for all z € X.
tela,b]

Note that (X, d) is a complete metric space, where d(z,y) = ||z — y||g. Define T : X — X by
t
(Tx)(t) = f(t) +/ k(t,s,z(s))ds, t¢€ Ja,b].
From (i7) it follows that
t
(T2)(0) = (To)(O)] < [ bt 5,2(5)) = bt 5,5(5))ds
t
< [ 0lats) — y(s)le s
t
< [ e ullals) — ylole s

t
<(lz — yls) / -0

<771 Y(|lz —yllp)
< ey (|le -yl ),

for all t € [a,b]. Hence, ||Tx—Ty| g < ¢(|lx —y| p) for all z,y € X, that is, (C1) is satisfied. Moreover, (17)
follows from (7ii). Therefore, we conclude by Theorem 5.1 that equation (23) has a solution in C([a, b], R").

O
Remark 6.5. Theorem 6.4 extends [9, Theorem 4.2] and [11, Theorem 5.2].
Example 6.6. Consider the following integral equation:
t
2z(t) =€ +/ e *x(s)ds, te]0,1]. (25)
0

This equation follows from (23) by taking a =0, b =1, f(t) = €' and k(t,s,u) = e 5u for all t,s € [0,1]
and all w € R™. Define ¢: RT — RT by o(t) = %t(l +12), which is clearly an increasing function. Moreover,
for T =1, (ii) holds, since for all t,s € [0,1] and all u,v € R™ we have

k(t,s,u) — k(t, s,v)| < e *|lu—v|ds < Fe~5|u—v|(1+ |u—v|?e™%)

= (lu — vle™).

Now, we shall show that for xo = 0, (24) is satisfied. For xo =0, we have dy = % and 1/1(%) = 1% < %, thus
by the monotonicity of ¢ it follows that the sequence {w"(%)} 1s decreasing and then converges to c, say.
Clearly ¢ < % Assume that ¢ > 0. Using the continuity of ¥, it follows that ¢ < %c(l + ¢2), which implies a
contradiction, thus ¢ = 0 and (iii) holds for zo =0 . We conclude by Theorem 6.4 that equation (25) has a

solution in C([0,1],R™).
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