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GLOBAL BEHAVIOR OF A THREE-DIMENSIONAL SYSTEM OF
DIFFERENCE EQUATIONS OF ORDER THREE

DURHASAN TURGUT TOLLU AND IBRAHIM YALCINKAYA

ABSTRACT. In this paper, we investigate the global behavior of the positive
solutions of the system of difference equations

A1Un—1 » a2Vn—1 w A3Wn—1
S s Untl = ¢ Wp4l =
Br+mvp_s’ By + 2wy s’ B3 + Y3y _g

for n € Ng where the initial conditions u_;,v_;,w—; (¢ =0,1,2) are non-
negative real numbers and the parameters aj,ﬁj,'yj (j=1,2,3) and p,q,r
are positive real numbers, by extending some results in the literature.

Un+1 =

1. INTRODUCTION

Recently, difference equations have gained a great importance. Most of the
recent applications of these equations have appeared in many scientific areas such as
biology, physics, engineering, economics. Particularly, rational difference equations
and their systems have great importance in applications. So, it is very worthy to
examine the behavior of solutions of a system of rational difference equations and
to discuss the stability character of their equilibrium points. In recent years, many
researchers have investigated global behavior of solutions of difference equations
or their two dimensional systems and have suggested some diverse methods for
the qualitative behavior of the their solutions. But, studies on three dimensional
systems of difference equations in the literature are quite limited. For example,
Kulenovi¢ and Nurkanovié¢ [12] studied the global asymptotic behavior of solutions
of the system of difference equations

a—+xy, C+ Yn e+ zp
Tntl = my Yn+1 = m, Zn4+1 = m
n n n

where a, b, ¢, d, e, f € (0,00) and the initial conditions xg, yo and 2y are arbitrary
non-negative numbers. Kurbanli [15] studied the behavior of solutions of the system
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of rational difference equations

Tn—1 Yn—1 Zn—1

Tn+l1 = ——= Ynt1 = y An+l — 5
YnTp—1 — 1 TnYn—1 — 1 YnZn—-1 — 1

n € Ny,

where the initial conditions x_1, xg, y—_1, Yo, 2—1, 20 are real numbers. See also
[13, 14, 16]. Yazlik et al. [34] obtained the explicit solutions of a three-dimensional
system of difference equations with multiplicative terms

nJgn— n~n— n4n—
TnlYn—1 YnZn—1 ZnTp—1

0, Yn4+1 = y Zng1 = ——————, n € Ny,
aoTn + boYn—2 a1Yn + b12n—2 aszp + baTp_o

Tn+1 =
where the parameters a;, b;, and the initial conditions z_;, y_; (i = 0,1,2) are real
numbers. extending some results in literature. Also, by using explicit forms of
the solutions, they studied the asymptotic behavior of well-defined solutions of the
system. For more works related to difference equations and their two and three
dimensional systems, see references [1, 2, 3, 5, 6, 4, 9, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 30, 29, 31, 32, 33, 34].

In [7], El-Owaidy et al. investigated global behavior of the difference equation

ATp—1

Tpi1 = ——, N € Ng, 1
i B+ yxh s ’ @

with non-negative parameters and non-negative initial conditions. Gumus and
Soykan [10] studied the dynamic behavior of the positive solutions for a system
of rational difference equations of the following form

QUp—1 v o Q1Un—1
TP Ul =
6 + YUp—2 61 + Y1Up—2
where the parameters and initial conditions are positive real numbers.

In the present paper, we investigate the global behavior of the positive solutions
of the system of difference equations

, M E N07 (2)

Unp+1 =

A1Up—1 Q2Un—1 A3Wn—1

Upp1 = Vpt1 = >—————, Wpp1 = —————, n €Ny, (3)
" Br4+yivh g " By +ywi_y " B3+ v3uy_o

where the initial conditions u_;,v_;,w_; (¢ = 0,1, 2) are non-negative real numbers
and the parameters oy, 8;,7; ( =1,2,3) and p, g, r are positive real numbers, by
extending some results in the literature. System (3) is a natural extension of Eq.
(1) and system (2). Note that system (3) can be written as

aTp_1 byn—1 CZn—1
€T = —, = " Z = ), N € N 4
n+1 1 + yﬁ_Q yn+1 1 i Z;]L_Qv n+1 1 ¥ 322_2 0, ( )
. B 1/r 8 1/p 8 1/q
by the change of variables u, = (7—2) Ty, Un = <7—i) YUn, Wy = (72 Zn
with a = %’ b= g—;‘ and ¢ = g—i So, we will consider system (4) instead of system

(3) from now.
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2. PRELIMINARIES

Let Iy, Iy, I3 be some intervals of real numbers and f : IFT! x I6T! x [5F1
L, g P 5T < Y — Lo, b IPP < 15T x I5TY — I3 be continuously
differentiable functions. Then, for every initial conditions (z_;,y—;, 2—;) € Iy X I X

I3,1=0,...,k, the system of difference equations
Tn+1 = f (:Cna s Tn—kyYns - -y Yn—krZny -y Zn—k)
Yn+1 :g(x’ru'-'yxn—kyyna'--7yn—kaznv--~72n—k) for n € I\IO (5)
Znt1 =W (T, ooy Tnks Yny e - oy Yn—ks Zns « + + 5 Zn—k)

has the unique solution {(x,,¥Yn, 2n)} -

e - Also, an equilibrium point of system
(5) is a point (T, ¥, Z) that satisfies

j:-]c(x7 '75753 '7?727"'72)’
y:g(i’ 75’?7 "y)z7 "75))
E:}}I(ZE7 7§7y’ '7?’27"'77)5
We rewrite system (5) in the vector form
Xn+1 =F (Xn), n e N07 (6)
where X, = (T, oy Tk Yns -« s Yn—ks Zny - - - ,zn,k)T, F' is a vector map such

that F: IFF o 50 s 5+ — I ;7 5 5T and

Zo F(Tos o Ty Y05 Ykr 205 - - - 5 Zk)

Tk Tk—1

Yo g(x(),"'7mk7y0,"'ayk,207"‘azk)
F : = :

Yk Yk—1

20 R0y oy Thy Y0y - s Yy 205 -+ 2k)

2k Zk—1

It is clear that if an equilibrium point of system (5) is (%, 7, Z), then the correspond-
ing equilibrium point of system (6) is the point X = (%,...,Z,7,...,7,2,... ,E)T

In this study, we denote by ||.|| any convenient vector norm and the corresponding
matrix norm. Also, we denote by Xy € ]{”1 X Ié““ X I;f“ a initial condition of
system (6).

Definition 1. Let X be an equilibrium point of system (6). Then,

i) The equilibrium point X is called stable if for every e > 0 there exists § > 0
such that HXO —YH < 0 implies HX,L — YH <€, for all n > 0. Otherwise
the equilibrium point X is called unstable.
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ii) The equilibrium point X is called local asymptotically stable if it is stable
and there exists v > 0 such that HXO —YH <7 and X, —» X as n — oo.

iii) The equilibrium point X is called a global attractor if X,, — X as n — oc.

iv) The equilibrium point X is called globally asymptotically stable if it is both
local asymptotically stable and global attractor.

The linearized system of system (6) evaluated at the equilibrium point X is
Zn+1 =JrZ,, n € Ny, (7)

where Jr is the Jacobian matrix of the map F' at the equilibrium point X. The
characteristic polynomial of system (7) about the equilibrium point X is

P()\) = ao/\g(kJrl) + al)\?’k” + -+ a3k+2)\ + A3(k+1), (8)
with real coefficients and ag > 0.

Theorem 2. [11] Assume that X is a equilibrium point of system (6). If all eigen-
values of the Jacobian matriz Jp evaluated at X lie in the open unit disk |\| < 1,
then X is locally asymptotically stable. If one of them has a modulus greater than
one, then X is unstable.

3. STABILITY OF THE SYSTEM

In this section, we investigate the stability of the equilibrium points of system
(4). When a,b,c € (0,1), the point (%1,7;,%1) = (0,0,0) is the unique nonneg-
ative equilibrium point of system (4). When a,b, ¢ € (1,00), the unique positive
equilibrium point of system (4) is

(T2, 7, Z2) = ((C _ 1)1/r (a— 1)1/1;) (b 1)1/(]) '

In addition,
(i) if a = b = ¢ = 1,then

(T3ay3323) = (01,070)7 (f47y47§4) = (OaCQ;O) and (55,?5755) = (anac3)a
(ii) if e = 1 and b, ¢ € (1,00), then

(71,71,71) = (0,0,0) and (76,7, %) = (= 1)"/7,0,¢5) ,
(ii) if a # 1, b =1 and ¢ € (1,00), then

(@1,71,71) = (0,0,0) and (77,77,77) = (1, (@~ 1)'/7,0),
(iv) if a,b € (1,00) and ¢ = 1, then

(71,7:,71) = (0,0,0) and (7, s, %) = (0,2, (b= 1)),
(v)ifa=b=1 and c € (1,0), then

(537?3733) = (Cla0a0)7 (§4ag4az4) - (070270) and (fﬁvy67zﬁ) = ((C - 1)1/7"70’83) )
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(vi)ifa=c=1and b € (1,00), then

(79,73 %8) = (1,0,0), (75,5, %5) = (0,0,¢5) and (T, T, %) = (0,2, (6= 1)'/7),
(vii)if b=c=1and a € (1,00), then

(F4,74,%4) = (0,¢2,0), (5,Y5,%5) = (0,0,¢3) and (T7,Y7,27) = (017 (a—1)"7 70) )
where c¢1, ¢ and c3 are real numbers.

Theorem 3. The following statements hold:
i) Ifa,b,c € (0,1), then the equilibrium point (Z1,7,,21) = (0,0,0) of system
(4) is locally asymptotically stable.
ii) Ifa,b,c € (1,00), then the equilibrium point (T1,7,,21) = (0,0,0) of system
(4) is unstable.
iii) If a,b,c € (1,00), then the positive equilibrium point (Ta,Yg, Z2) =
((c — DY (a=D)VP (b - 1)1/q) of system (4) is unstable.

Proof. First, we can write system (4) in the form of system (6) such that

X = T
n = (-rnyxn—laxn—%ynayn—hyn—%znazn—l,zn—Q)

the map F is
o ax1/(1+y3)
z1 Zo
T2 T
Yo byr /(1 + 23)
F Y1 = Yo
Y2 Y1
20 ez /(1 + 25)
21 20
22 21

i) The linearized system of (4) about the equilibrium point
Xo =(0,0,0,0,0,0,0,0,0)T is given

Xn+1 = JF(YO)X’I’M

where

Tn 0O a OO O0OO0OO0OO0

Tp_1 1 0 000 0 O0OTDO

Tp_o 01 00 0 O0OTO0ODTO

Un 0000 Db 0OO0OTO0OTO 0

X, = Yn—1 and Jp(Xo)=] 0 0 0 1 0 0 0 0 O
Yn—_2 00001 O0O0TO0TO0

Zn 000 0O0O0OO0 - c o0

Zn-1 0000 O0OO0OT1TTGO0OFO

Zn—2 0000 O0OO0OO0OT1FO
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The characteristic equation of Jr(X() is given by
PO =)\ — (a4 b+ c) A"+ (ab + ac + be)\® — abed® = 0 (9)

or
PA) =X (N —a) (A =b) (N> —¢) =0.
Tt is easy to see that if a, b, ¢ € (0,1), then all the roots of the characteristic
equation (9) lie in the open unit disk |A\| < 1. So, the equilibrium point
(Z1,71,21) = (0,0,0) of (4) is locally asymptotically stable.

ii) It is clearly seen that if a,b,c € (1,00), then some roots of characteris-
tic equation (9) have absolute value greater than one. In this case, the
equilibrium point (Z1,7;,%1) = (0,0,0) of (4) is unstable.

iii) The linearized system of (4) about the positive equilibrium point

(C*l)l/r
(c_l)l/r
(C_l)l/r
(a—1)"7
Ya,b c = (a — 1)1/p
(a—l)l/p
(b—1)"1
(b—l)l/q
(b—1)"1
is given by
XTL+1 = JF(Ya,b,c)Xna
where
Ty 01 0 00 AO0O0OTDO
Tp_1 1 0 000 0 0 O0 O
Tp_o 01 0 00O O OO O
UYn o 00 0 01 0 0 O0 B
X,o=1 Yn-1 v Jr(Xepe)=1 0 0 0 1 0 0 0 0 O ,
Yn—2 00 0 01 0O OO0 O
Zn 00 C 00 O0OO0OT1T0O0
Zn-1 00 0 00O O 10 O
Zn_2 00 0 00 O O0O 1 0
with
e _p(a _ 1)(:0*1)/17 (c— 1)1/7“ B q (b— 1)(!1*1)/(1 (a — 1)1/17
a ’ b
and
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The characteristic polynomial of Jp(X, ) is given by

P(A) =A% — 37 13 - A3 4 P20 l)c(f;; D=1, (10)

It is clear that P () has a root in interval (—oo, —1), since

_pgr(a—1)(b—1)(c—1)
abc

P(-1) > 0 and )\lim P(\) =—o0.

So, from Theorem 2, we can say that if a,b,¢c € (1,00), then the posi-
tive equilibrium point (Tz, ¥y, Z2) = ((c DY (a=D)YP (b- 1)1/q) of
system (4) is unstable.

([

Theorem 4. If a,b,c € (0,1), then the equilibrium point (Z1,7,,%1) = (0,0,0) of
system (4) is globally asymptotically stable.

Proof. From Theorem 3, we know that if a,b, ¢ € (0, 1), then the equilibrium point
(Z1,71,z1) = (0,0,0) of system (4) is locally asymptotically stable. Hence, it
suffices to show that

lim (2, Yn, 2n) = (0,0,0). (11)

n—oo

From system (4), we have that

0< W1 o 0< bun—1 0< Fnl <
Tn = ATn—1, > Yn = > n—1, S Zn = S CZp—
= +1 1+y§:_2 = 1 Yn+1 1+Z%_2 Y 1 +1 1+$;_2 1
(12)
for n € Ng. From (12), we have by induction
0<z2,— <a"z_j, 0<y2p— <Oy, 0< 22, <2y (13)

where z_;, y_;, z—; (i =0,1) are the initial conditions. Consequently, by taking
limits of inequalities in (13) when a,b,c¢ € (0,1), then we have the limit in (11)
which completes the proof. ([l

4. OSCILLATION BEHAVIOR AND EXISTENCE OF UNBOUNDED SOLUTIONS

In the following result, we are concerned with the oscillation of positive solutions
of system (4) about the equilibrium point (Ta, ¥y, Z2) = ((c — DY (a=D)VP (b - 1)1/q) :
Theorem 5. Assume that a,b,c € (1,00) and let {(xpn, Yn, 2n)}re_o be a positive
solution of system (4) such that

T_2,%0 > Ta, To1 < T2, Y-2,Y0 > Yo, Y-1 < Yo, 2-2,20 > 22, 2-1 < 22 (14)
or

T_2,0 < Tz, To1 2Tz, Y-2,Y0 < T2, Y=1 =Y, 2-2,20 < Z2, 2-1 > Za. (15)

Then, {(Tn,Yn,2n)}re o oscillates about the equilibrium point (T2,7s,Z2) with
semi-cycles of length one .
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Proof. Assume that (14) holds. (The case where (15) holds is similar and will be
omitted.) From (4), we have

ar_q

alo

S T
_ by—1 by, _ -
n 1127, S1+2 %
cz_q CZ2 _
= < =
“ l+ar, 1tz 2
and
azxg S aTo _
Ty = =7
2 1 + ygl = 1 + yg 23
byo by, _
frd > frd
y2 1 + Zgl = 1 + Eg y2?
Cc2o CZo _
frd > frd
2 1tz .~ 1tz 2
then, the proof follows by induction. O

In the following theorem, we show the existence of unbounded solutions for
system (4).

Theorem 6. Assume that a,b,c € (1,00), then system (4) possesses an unbounded
solution.

Proof. From Theorem 5, we can assume that without loss of generality that the

solution {(@n,Yn, 2n)},r o Of system (4) is such that zo,—1 < T2, Yan—1 < Yo,

Zon—1 < Z2, Tan, > T2, Yan > Yo and za, > Zo for n € Ny. Then, we have

T2n+2 azin aw?fp = “an = T2n;
L+ys, 1 1+7 1+(a—1)

Yan+2 Oyzn by2ﬁ = Byzn = Y2n,
1+25, , 1+z% 1+(b-1)

22n+2 CZon CZQi _ CZon, = 2,
L+ab, 1+75 14(c—1)

and

Tonis aAT2n+1 aanirl _ AT2n41 = Zoni1
1+y5, 1+75 1+(-1) ’

Yomss by2n+1 by2ni1 _ _byanr Yo,
142z, 14z 1+(0b-1)
CZon+1 CZon+1 CZon+1

22n+3 = Z2n+1

1425,

1+7, 1+(c-1)
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from which it follows that

lim (Tan, Yan, 22n) = (00,00,00) and 752”30(x2n+1;y2n+1;22n+1) =(0,0,0)

n—oo

which completes the proof.

5. PERIODICITY

In this section, we investigate the existence of period two solution of system (4).

Theorem 7. If a = b = ¢ = 1, then, system (4) possesses the prime period two
solution

et (07 07 (p)7 (07 07 {ll))’ (0?07 (p)? (07 07 ’l/))’ A

with @, > 0. Furthermore, every solution of system (4) converges to a period two
solution.

Proof. Assume that a = b = ¢ = 1 and let {(z,,yn,2n)},_, be a solution of

system (4). Then, from system (4), we have

T2n—1 Ton

and xop42 =

€T =
2n+l 1y+y§n—2 145, 4
— _Yon-—1 — Y2
Yont1 = 77— and yant2 = T (16)
_ Z2n—1 _ Z2n
Zontl = 1+z5, o and Zomt2 = 1+zy,
for n € Ny. From (16), we get
n—1 1 n—1 1
Ton—1 =21 1_‘[0 (1""?/;7172) and T2n = %0 0 (1""3!2171)
i= =
—1 —1
)] ! d § ! (17)
Yon—1 = Y-1 H 1427 and Yon = Yo H 1422
i=0 i—2 —0 2i—1
n—1 ( —1

H
Jr
NHQ Ll
|
M
N——
&
=
[}
N
[~
3
|
N
o
3
/N
[
+
w5~
|
L
SN—

N
I
=)
S
Il
=)

for n € Ng. If (x_1,20) = (0,0) and (y_1,y0) = (0,0), then (x,,y,) = (0,0) and
(22n—1, 2an) = (2-1, 20) for n € Ny.Therefore,

et (07 07 (p)? (07 07 {ll))’ (0707 (p)? (07 07 {l/))’ A

is a period two solution of system (4) with z_2,20 = ¢ > 0 and z_; = ¢ > 0.
Furthermore, from (16), we have

36271—13/5“,2 <0

Loant1 — Xon—1 = — 1,7 =
Yop—
y2n_12zzz 22
p— n—
Yant1 — Yan—1 = ——pr o <0, (18)
=

_ P21,
Zon41 = Z2n—1 = gy <0
o
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and .
- Z2nYs, _1
Tant2 = Ton =~ p S 0,
n—
q
o . YanZop g <0 19
Yon+2 — Y2n 71“%”71 =V (19)
Z2nTop_1
2 — 29y = — 2= < 0.
2n+2 2n 1+x§n—1 =~

From (18) and (19), we get

Tont1 Toan—1, Yo+l < Yon—1, Zont1 < Zop—1 and

<
<

Ton42 Ton, Yont2 < Yon, Z2nt2 < Zon.

That is, the sequences (21, Y2n—1,22n—1) and (T2, Yon, 22, ) are non-increasing.
Hence, while the odd-index terms tend to one periodic point and the even-index
terms tend to another periodic point. This completes the proof. [

6. NUMERICAL EXAMPLES

In this section, we support our theoretical results related to system (4) with some
numerical examples.

Example 8. In the following figures, we illustrate the solution which corresponds
to the initial conditions x_o = 0.1, x_1 = 1.2, o = 0.17, y_o = 0.11, y_; = 1.12,
Yo = 217, 2.0 = 3.1, 21 =212, 20 =01 and p = 3, ¢ = 2, r = 4 of (4) for
difference values of the parameters a , b, c.

Plot of x(n), y(n) and z(n)
x(n) v(n) 2(n)

)

[x(n), y(n), z(n) ]

" T 1
0 20 40 60 80 100

FiICURE 1. a=0.7,6=04,c=08andp=3,g=2,r=4
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Plot of x(n), y(n) and z(n)

x(n) y(m) z(n)
3
2
=
o
=
=
B
A
1
v
T
0 20 40 60 80 100

FIGURE 2. a=b=c=1landp=3,9g=2,r=4

Plot of x(n), y(n) and z(n)
x(n) y(n) #(n)

25% 10
2. % 10|4,

15% 10" 1

14 ]

[x(n). ¥(n),2(n) ]

1.x10

5% 10177

T T
0 50 100 150 200 250

n

FiICURE 3. a=2.1,b=13,c=11landp=3,g=2,r=4
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Plot of x(n), y(n) and z(n)

X(n) y(m) 2(n)
3
2
=
®
=
1
TI1YY
T T T T T d
0 20 40 60 80 100

FIGURE 4. a=1,0=04,c=08and p=3,q=2,r=4

Plot of x(n), y(n) and z(n)

X(n) — y(n) z(n)]
I
2
B
F
=
=
=
E
1
AAAAA‘
WA AMAMAAAAMANMAAAAMMAAAMA
0 20 40 60 80 100

n

FIGURE 5. a=0.7,b=1,¢c=08and p=3,q=2,r=4
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Plot of x(n), y(n) and z(n)

x(n) ¥(n) z(n)

[x(n), ¥(n). 2(n)]

FIGURE 6. a =0.7,b=04,c=1landp=3,9q=2,r=14

Plot of x(n), y(n) and z(n)
x(n) ¥(n) #n)

204

O
L

=
I

[x(n).y(n). z(n) ]

FIGURE 7. a=0.7,b=1,c=11landp=3,9g=2,r=4



14

DURHASAN TURGUT TOLLU AND IBRAHIM YALCINKAYA

Plot of x(n), y(n) and z(n)
y(n)

x(n)

z(n)

\
0 20 40 60 80 100

FIGURE 8. a=1.1,b=1,c=1landp=3,q=2,r=4
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