PAPER DETAILS

TITLE: ON CONHARMONIC CURVATURE TENSOR OF SASAKIAN FINSLER STRUCTURES ON
TANGENT BUNDLES

AUTHORS: Nesrin CALISKAN

PAGES: 282-290

ORIGINAL PDF URL: https://dergipark.org.tr/tr/download/article-file/594488



Available online: November 15, 2017

Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat.
Volume 67, Number 2, Pages 282-290 (2018)

DOI: 10.1501/Commual _ 0000000881

ISSN 1303-5991

COMMUNICATIONS
http://communications.science.ankara.edu.tr/index.php?series=A1 SERIES A1

ON CONHARMONIC CURVATURE TENSOR OF SASAKIAN
FINSLER STRUCTURES ON TANGENT BUNDLES

NESRIN CALISKAN

ABSTRACT. The content of this paper is made up of conharmonic curvature
tensor K of Sasakian Finsler structures on tangent bundles. In this manner,
quasi-conharmonically flat, £ -conharmonically flat, p-conharmonically flat
Sasakian Finsler structures are studied. Some structure theorems including
Einstein Sasakian Finsler manifolds satisfying R(X™,YH).K = 0 are clari-
fied.

1. INTRODUCTION

Sinha and Yadav, constructed almost contact Finsler structure ¢ on the to-
tal space of a vector bundle in [15], then Hasegawa, Yamauchi and Shimada dis-
cussed Sasakian structures on Finsler manifolds in chapter 6 in [9]. In Yaliniz and
Caliskan’s paper, Sasakian Finsler manifolds and their principal curvature proper-
ties are studied [17]. In this study, Sasakian Finsler structures’ conharmonic cur-
vature tensor properties are characterized by using the tangent bundle approach.

Conharmonic curvature tensor is defined by Ishii [10] then studied for several
manifold structures in differential geometry: such as Riemannian, almost Hermite,
Kahler and nearly Kahler manifolds by Mishra [14], Doric et al. [6], Krichenko
et al. [12], [13], for K-contact, Sasakian, Kenmotsu and LP- Sasakian manifolds
by Khan [11], Dwivedi and Kim [7] , Asghari and Taleshian, Taleshian et al., [4]
[16], for Sasakian space forms by De et al. [5] , for N(k)-contact metric manifolds
by Ghosh et al. [8], for C'(\) manifolds by Akbar and Sarkar [1]. In this paper,
conharmonic curvature tensor is studied for Sasakian Finsler structures on tangent
bundles. In order to examine this; some characteristics of such kind of structures
are given:
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Assume, M be an m = (2n+ 1)-dimensional smooth manifold. 7'M, denotes the
tangent space to M at x where z = (z!,...,2®"*D) € M and y = ¢/ 8 ; € TM,
TM is notated as the tangent bundle of the manifold M. Thus u = (x,y) € TM.

Suppose F': TM — [0, 00[ be a Finsler function with the following properties:

(1) F is differentiable of class C!' on TM and differentiable of class C*°on
TMy = TM\{(z,0)},

(2) F(z, \y) = |\|F(z,y), (z,y) e TM, A € R,

(3) gij(z,y) = %[%] is positive definite on 7'My,
then g is called a Finsler metric tensor with g;; coefficients and F™ =

(M, F) is a Finsler manifold [2].

If (2, y*) are the local coordinates of TM, then {52, ai} denote natural bases of
TTM,, atu € TM. Thus, the complete vector field X = X’ 507 € TT My
Suppose that, 7 : TM — M is the bundle projection, then 7 = (TM7 m, M) of rank
m is called Finsler tangent bundle. So, the differential map 7 : TT' M| — T My (y)
generates the vertical distribution VI'M of TT My where HT'M and VIT'M are
complementary distributions of each other for TT'Mj.

The horizontal distribution HT'M = (N} (x,y)) of TT M, is the non-linear con-
nection on T'M where Nj = o/

8 i
NI = igjk(a?,ig;h yh — gF ). By using the linear connection V on VT'M, the pair

(HTM, V) is called a Finsler connection on M [ ] So, X = Xl(axl N/ (33 y) -2 797)F
(N (z,y)X? +X3) = X2 _7. , 52 and 7 are the
bases of HT' M|, and VTMM respectlvely Besides, their dual bases are dz’ and
Syl = dyl + Nijdxi, respectively where TT'M|,, = HT' M, ® VT M|,

The Riemannian metric G with Finsler coefficients, is called the Sasaki-Finsler
metric on T' My and its distributions are as follows:

GX,Y)=GXT YY)+ G(XV,YV)=GH(X,Y)+G"(X,Y) for tangent vec-
tors X,Y € TTM,, at u € TM and XH yH ¢ HTM,,| and XV, vVe VT My

0 0
0 2) on hTM and

are obtained via the spray coefficients notated

GH and GVare Riemannian metrics of type (g 8) and <

vT'M, respectively Thus, following properties are satisfied:
H
G(é‘fc“ 55) = G(g%,5%) = gi and G(3, 5%) = 0. (", ", 9", G™) and
(¥, €Y, nV,GY) are (2n+1)-dimensional Sasakian Finsler structures on AT'M and

vT M, respectively and the following relations hold [17]:

e =-T+n" e +n" 0" (1.1)
(") =1=n"(¢") (1.2)
(6 ) =0=1¢"(¢") (1.3)
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GX"T Y™ = G"XT, YT 4T (Xt (v )
GXV YY) = GXY,o"YV)+ 0" (X)) (YY) (1.5)

GXT, "Y'y = —G(" X7 YT, G(XY, 0 YY) = -GV XV, YY)  (1.6)

GOCT ) = (X1, GX Y€)= ¥ (XV) (17)
G(XHa QDHYH) = dnH(XHa YH), G(Xva QOVYV) - dﬁH(XH7 YH) (18)
Ve = Lot X", Ve = LoV XY (19)
(FMYT = LG YT (v X
(e = JIGXY, YV -t (vV)XY) (1.10)
REXTYMEN = L ()X — g (XY
RV YIET = )XY gV (XYY (111)
REM XY = GO Y -t (v T
RE XYY = 6KV, YN -/ (r)xY] (112
S(XM. M) = S0 (M), S(XV.¢") = Tn" (xV) (1.13)
S €)= 3,567, =3 (1.14)
ROXT €M = -2 R(XV.)e = - (115)

For all X YFH ¢ HTM)|, and XV.yVe VTM,,. Additionally, ¢ denotes the

tensor field of type <}

1), £ is the structure vector field of type <(1) (1)), 7 is the

1-form of type <(1) é), G is the Sasaki-Finsler metric structure of type <(2) g),
V is the Finsler connection with respect to G on T'M, R is the Riemann curvature
tensor field of type <:13 §)7 S is the Ricci tensor field of type (g g) .

As it is seen from above-mentioned preliminaries, Sasakian Finsler structures can
be founded either on hT'M or vT'M. In this paper, hT M is considered on behalf
of briefness.



ON CONHARMONIC CURVATURE TENSOR 285

Definition 1.1. For m-dimensional (RTM, o™ ¢ nH GH), conharmonic curva-
ture tensor is described as follows:

K(X? yHzH = p(xH y"zH + [S(YH, zH\xH — g(xH ZzH))YH

2n—1
+G(YH ZzH)Qx T — (X, ZzH)Qy H(1.16)
for X# YH 7ZH ¢ HTM,,).

2. QUASI-CONHARMONICALLY FLAT SASAKIAN FINSLER
STRUCTURES

Definition 2.1. If (o, ¢ n GH) is the Sasakian Finsler metric structure on
hT M, then hT M is quasi-conharmonically flat when the below relation is verified:
GK(XH yH)yzH oWH) =0 (2.1)
for X# YH 7ZH WH ¢ HTM,,).

For a Sasakian Finsler manifold, because of the scalar curvature tensor r = 0,

with the help of (1.13), it is possible to get the below relation:

1 1

ST, 2y = =G, ZM) + (5 + P (Y (27) (2:2)

for Y ZH ¢ HTM)|,| and that means hT'M is the n-Einstein.

Theorem 2.2. For a Sasakian Finsler manifold (hWT M, o™ e onH, G necessary
and sufficient condition to be quasi-conharmonically flat is: the below relation holds:
1
RX" yHyzH = - — — _[G(YH, ZzH)XH — q(X", z7)YH)
2(2n —1)
(2n+1)
4(2n — 1)
2 1
Lt
4(2n —1)

fOT‘ XH,YH,ZH € HTM‘M

" (Y H " (ZH)XH — pH (X (Z27) Y H)

(G, ZM)™ (X — a(x ™, 2T (v e (2.3)

Proof. Due to the Sasakian Finsler manifold is quasi-conharmonically flat with
dimension (2n + 1), using (1.16) and (2.1), it is known that »r = 0 and taking
WH = oWH the equality is herein below:
1
2(2n — 1)
—G(xM, ZM)G (Y, oW )]

G(R(XHvyH)Zchpsz) = [G(YH7ZH)G(§0XH7<PWH)

1 n
G+ NGV oW ™ (X Ty (27) = Gl XM, oW ™ (v )0 (21)](2.4)
for XH YH 7H wWH ¢ HTM,,).

By using (1.16) and (2.1) in (2.4), it is possible to get (2.3). O
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3. &-CONHARMONICALLY FLAT SASAKIAN FINSLER
STRUCTURES

Definition 3.1. Assume that, (@H7§H717H7GH) is the Sasakian Finsler metric
structure on AT M, then it is called £&-conharmonically flat if the following relation
holds:

K(XH yHhet = o (3.1)
for X#,YH € HTM,, .
Theorem 3.2. For a Sasakian Finsler manifold (KT M, o™, e, nf, GH) necessary

and sufficient condition to be £-conharmonically flat is: hTM is an n-FEinstein
manifold.

Proof. For a (2n + 1)-dimensional (n > 1) Sasakian Finsler manifold hT'M, (1.13)
holds. By using this in (2.4), it is possible to get

1 1
SO W) = =G W) (54 " (X w ) (32)
for X# WH ¢ H TM,, . Namely, the Sasakian Finsler manifold is n-Einstein and
vice versa. (]

4. p-CONHARMONICALLY FLAT SASAKIAN FINSLER
STRUCTURES

Definition 4.1. Let (hT'M, o™, ¢t ot G™) be a Sasakian Finsler manifold, then
hT M is said to be p-conharmonically flat when the below equality is satisfied:

G(K (X, oY M)z, oW ) =0 (4.1)
for XH YH 7H WH ¢ HTM,,).

Theorem 4.2. For an m-dimensional Sasakian Finsler manifold necessary and
sufficient condition to be ¢ -conharmonically flat is: following relation holds:

H H H Hy _ 1 H H
G(R(p X, oY P )pZ7 W) = 2(2n_1){G(90Y 0Z")
GlpX ™, W) — G(p X 02T G(pY !, W)} (4.2)

Proof. For a (2n + 1)-dimensional AT'M with the help of (1.16), it is possible to
have the below relation:

SeX ", W) = G(QpX™), oW H). (4.3)
In consequence of this relation, the equality herein below can be written:
G(E (X", oY)z oW ) = G(R(eX ™, oY )z W)
{S(eY ™, 0ZM)G (X", W) = S(pX T, 0ZM)G(pY T, W)

on—1
+G (YT, 02" S(eX M oW H) — Gl X", 0Z")S(eY 7 oW} (4.4)
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Owing to the fact that {Ef} is orthonormal basis of HT'M,,, {¢E} is ortho-
normal basis either. By taking summation over ¢ = 1,2,...,(2n + 1) in (4.4) and
changing X = WH = EH it takes the following form:

G(K(pE!", oY ")oz" oE[") = G(R(0E] oY ") p2" pE[)

5 ST ZMGPE oB]T) = S(pBI, 0 Z)G(pY 7, o BT)

+G(eY ", 0Z™)S(0E , oEI") — G(E[ 0 Z™")S(oY " oE[)}  (4.5)

for Y# € HTM,,. Due to HTM is p-conharmonically flat, (4.1) holds and by
virtue of (4.5),

S(eY ™, oz = (r — E)G(@YHMZH) (4.6)

the above equality holds for Y#, ZH ¢ HT M, lu|- Also, if we take summation over
i=1,2,...,2n + 1 in (4.6) and changing Y = Z# = EiH, it is obtained that

r =0. Using (4.1) in (4.4),we have (4.2). |

Theorem 4.3. For a (2n + 1)-dimensional (n > 1) Sasakian Finsler manifold
hT M, following items are equal to each other:

(1) hTM is conharmonically flat.
(2) KT M is p-conharmonically flat.
(3) The below relation holds:

1
2(2n — 1)
7G(XH7 ZH)G(YHv WH)]

G(R(XH, yH)zH wi) = [GYH, Zzha(x T wH)

(2n+1) H vy HY, HyHY, H( o H
- [-G(X", W Y Z
L G W () 2
+GY W (X Tyt (21)
=G, 2N (XM (W) + GXT, 2T (v )y (W) (4.7)
Jor XH YH ZH WH e HTM,,).
Proof. 1 = 2: Due to the Sasakian Finsler manifold hT'M is conharmonically flat,
K(XH YHZH = for XH YH 7H ¢ HTM,,|. Therefore (4.1) holds, namely
G(K(pXH oY)z pWH) =0. Then manifold is ¢-conharmonically flat.
2 = 3 : If the Sasakian Finsler manifold hT'M is ¢ -conharmonically,(4.1) holds.
By using (1.11) and (1.12) in (4.1),
GR(P?XMT, Y221 *WH) = G(R(XT, Y ZH, W)
1
+ =G Wy ™ (27) + GO W (X )™ (21)

G ZMy (X (W) + GXT, 2T (W)} (4.8)
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the above relation can be calculated for X# ,Y# ZH WH e HTM,,. Changing
XH YH 7H WH with o X, oY H pZH oWH respectively, following relation is
obtained:
1
2(2n—1)
~Gx", zhey !, wh) — X, win (y ")y (z™)
FGH, W (X Tyt (21)
G,z (Xt (W) + (X, 2T (Y (W) (4.9)
With the help of (4.8) and (4.9),

G(R(pX T, oY)z oWH) = — (GYH, zH)G(XH WH)

GR(XH YH)zH WHY = fﬁ[a(yfﬁ ZHYG(xH WH)
—G(XH zZHG(y " wh)]
= GO0 W (P (21) - GO (0 27

=G, ZM )t (X T (W) + G(xXH, ZM)n™ (v )n™ (W) (4.10)
is obtained for X# ,Y# ZH WH € HT M), . Thereby (4.7) holds.

3 = 1: Accept that (4.7) holds for Sasakian Finsler manifold hTM . By taking
summation over i = 1,2,...,2n + 1 in (4.7) and taking X¥ = W = EH_ the
below relation is satisfied:

n 1

5t E)UH(YH)WH(ZH) (4.11)
for YH, ZH ¢ HTM,,,. If (4.11) and (4.7) are used in (1.16), K(XH yHYZH = 0is
obtained. Namely the Sasakian Finsler manifold hT'M is conharmonically flat. [

S(ri, 2%y =~ 16V, 2%) +

5. EINSTEIN SASAKIAN FINSLER STRUCTURES SATISFYING
R(XH YH)K =0

Theorem 5.1. Let hT'M be a (2n + 1)-dimensional conharmonically flat Einstein
Sasakian Finsler manifold and the relation R(XH YH).K = 0 is satisfied, then it
is locally isometric to S™(1).

Proof. Due to Sasakian Finsler manifold hT'M is Einstein, with the help of (1.16)

2\
K(xH vyt zH = R xH vz + ﬁ[G(YH, ZHXH —q(XH, zH)YH)
n —
(5.1)
holds for X# YH 7H ¢ HTM,, and A € R. Then the below equality is satisfied:

2n2i 1 i][G(XH, 2%t () = G, 2" (X
(5.2)

(KX Y2 = |
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for X#,YH ZH € HTM,,. Taking X7 = ¢ in (5.2),

2 1

(Y ZM) = [ - e (2 - GOtz (53)

is obtained. Changing Z" = ¢ in (5.2), it is possible to get

(K (X7, Y M)e) =0 (5-4)

for X# YY" € HTM),. If R(X*",Y*) is considered as the derivation of the tensor
algebra at each point of the Sasakian Finsler manifold hTM for X and YH,
following relation holds for conharmonic curvature tensor:

[RXH YO\ R|(UH, vVEYWH = R(XH, YH)KUH, v YywH
~K(RX" vy uH yvihwH — kU RXH, vy yvEyWH
~KUH VIO YRXH, vy ywH, (5.5)

Owing to R(XH ,YH).K = 0, by taking X = ¢ in the last equality,

G(RE", Y KU, vIYWH ¢y = —G(K(R(E™, YT U v YWH ¢
—GKUM, RET Y )WWHYWH ) — G(E(UT VIR, Y YWH ) (5.6)

the above relation holds for the tangent vector fields that are orthogonal to 7. By
using (1.11) and (1.12) in (5.6),

0= i{G(YH KUH v ywHy — pf(yHpH (g, v ywH)

) (
—GY " Ut (K @ v YWH) 4 g (U ) (K, V)W)
(K@M, ¢MHwH) 4t (v T (KU yHwH)
)

_G(YH7 VH)UH
=G W (KU VI + T (w g™ (KU, VY
(5.7)
is obtained. With the help of (5.2), it is possible to get
G VW ¥ = [ 2 G, v G, W)
-GYH v, wh) (5.8)

for UH, VH WH YH ¢ HTM),. By using (5.1) in (5.8), the below relation is
obtained:

1
(5.9)
for UH, VH WH YH ¢ HTM,,,. 0

GRUH, vEYWH yH) =
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