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ON STANCU TYPE GENERALIZATION OF
(p,¢)-BASKAKOV-KANTOROVICH OPERATORS

KADIR KANAT AND MELEK SOFYALIOGLU

ABSTRACT. In the current paper, we introduce Stancu type generalization
of Baskakov-Kantorovich operators based on (p,g)-integers and estimate the
moments. We show the convergence of the new operators via the weighted
Korovkin theorem. Then we investigate direct results by using Peetre’s K-
functional and modulus of continuity. In addition, we give pointwise esti-
mation by the help of functions belonging to Lipschitz class. Moreover, we
demonstrate the Voronovskaya-type theorem for the newly constructed op-
erators. In the last section, we represent some illustrative graphics to show
the convergence of the constructed operators to the selected function by using
MATLAB.

1. INTRODUCTION

Quantum calculus, namely the (g-calculus), has an extensive research area in ap-
proximation theory. Varied generalizations of some linear positive operators based
on g-calculus and their approximation properties have been discussed widely for
three decades. Furthermore, quantum calculus is extended to post-quantum calcu-
lus, which is denoted by (p, g)-calculus. The new parameter p provides flexibility
to the approximation. (p,q)-calculus is used effectively in many areas of mathe-
matics, such as neural network, Lie group, field theory, hypergeometric series and
differential equations. Mursaleen et al. [15] initiated the research of (p, ¢)-calculus
in approximation theory. Further, they defined (p, ¢)-analogue of Bernstein-Stancu
operators in [16]. The application of (p, ¢)-calculus to well known operators mag-
netizes great attention of researchers. We can refer some of the recent papers as
[1], (2], [6], [8], [10], [11], [14], [18] and [19].

Let us briefly mention some notations and definitions of (p,q)-calculus. For
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0 < ¢ < p <1 and nonnegative integer m, the (p, q)-integers of m are described by

m o qm

m == 1
[mlp.q PR (1)

The relation between g-calculus and (p, g)-calculus is given by [m], , = p

The (p, q)-factorial is defined by

mil[m]qm'

m

[m]p,q! = H[i]p,qv m 21,

i=1

where [0], 4! = 1. Moreover, 0 < s < m nonnegative integers,

are the (p, ¢)-binomial coeflicients. The (p, ¢)-binomial expansion is represented by

(ml ml).

(zay)y, = (@ +y)pz+q) P’z +¢%y) ... T+q

The (p, q)-derivative of the function f : R — R is given as

_ flo) — flaz) o
(Dpgf) = b0z 70, (Dpef)(0) = f(0).

The (p, q)-integral of the arbitrary function f is defined by Acar et al. [3]

/f dp g = (p —q)(b—a>zp§;f(a+<b—a>p§;),

where a is a positive real number. More details about (p, ¢)-calculus can be read
from [12] and [17].
In 2016, Aral and Gupta [4] introduced the (p, ¢)-analogue of Baskakov operators

ol f:2) Zb f (L), 3)

WheremE[O,oo),0<q<p§1and

Z’ <1, (2

S

m—+s '’ (4)

B () = { m+s—1 } prtmm=1)/2s(s=1)/2 x
" 5 P:q (1@ x)pyg

)

The moments of (p, ¢)-Baskakov operators are defined by

mflx
B pql€o;x) =1, B pqler;z) = @, By pgle2; z) = 2? + . <1 " pz) . (5)
[m]p,q q
where e;(z) = 27,7 = 0,1,2. If we take p = 1, we obtain ¢-Baskakov operators [5].
The (p, g)-analogue of Baskakov-Kantorovich operators is given by Acar et al. [3]

0o [s+1]p.q
s Im]p.q pmilt
Biupalfi) = s S 0@ [ 5 (Bt @

Ip.q q

s=0 Tmlp,q
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where z € [0,00), 0 < ¢ < p < 1 and b};% () is as given by (4). We present the
moments of (p, ¢)-Baskakov-Kantorovich operators as follows:

gp™ !
B* eo;x) = 1, By, (es2) =pr+ ———i,
mop,q (€05 ) mpq(€138) =P (p+q)mlpq
perlx P
B (esw) = <P2I2 T (1t-=
mp,g T [M]p.q q
Sqp s g2p2m2

)

(p+a)mlpq  P*+pa+¢*)ml3,

where e;(z) = 27,7 =0,1,2.

In the following section, we will give Stancu type generalization of the operators
(6)for 0 <a<f,0<qg<p<1andeach z € [0,00). Then we will calculate the
moments of the constructed operators. Further, we will present the convergence of
the operators according to weighted Korovkin theorem.

2. CONSTRUCTION OF THE OPERATOR

Definition 1. For any x € [0,00), 0 < ¢ <p <1, 0 < a < 3, we construct the
(p, q)-analogue of Stancu type Baskakov-Kantorovich operators by

[s+1]p

> B tloa . (P g 5 [ml, gt + o
K28 (Fr) = [mlpg 3 02 (2)g / s ( pal 1N 4 ()
P P ; ’ 7’[7,[:]];’3 [m]p,q + /6 P

where
S

(®)

s I ooy

Lemma 2. [3] For 0 < ¢ < p <1 and each nonnegative integer m, we have the
following equalities:

Wl (1) = { m+s—1 } psTmm=1)/2s(s=1)/2 z
p,q

[S[+]1]p,q s
mlp,q q
dy ot = 9
plslp.q P,q [m]p 4 ) ( )
mlp,q ’
[s+1p.q
[m]p.q pqs [S]P q q25
td, t = 4y 10
/ e Mg p+omi, "
[s+11p,
[m]:qq 2d o p2qs[5]]2),q 2pq2s[5]p7q q35 11
dpgt = 5 T 3 2 2 5 (11)
el [y +am, @0 +pa+a®)ml,

Proof. By using (2) and the equality [s+ 1], = ¢° +p[s]p.q, the proof is completed.
(]

Lemma 3. Let Kﬁl’g’q(.; .) be given by (7) and (8). Then we obtain the following
equalities

Kph (Liz) = 1, (12)
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m—1
Kiinaltiz) = [nI;}[:jTﬂm t TP s T T T (13)
Koia(t50) - = <[£ﬁ’qﬁ>2 ()
i (7 2w 2
2m—2 2 m—1
+([m]p,ql+ﬁ)2 (p2p+ pqiq? + 20;111(] +a2)' (14)

Proof. (i) From the definition of the operators (7), we can obviously show the first
moment (12) by using (9) and ¢° = [s + 1], 4 — p[s]p,q as follows:

[s+1]p.q

a8 o i pd (s [ T
Kolpoa(iz) = [m]p,q§ bhds(w)q , dp gt
0 I[’[S]]qu
S§= 'VYLp)q

= _s [ 8+ 1]pq —DIS]p,
oS-t (PP ) e =1
s=0 p,q

(ii) We have the following equality for the second moment (13) by the help of (9)
and (10).

[s+1]p,q

m—1_1—s

. e ¢" [t + o
m b (x)g™? ’ Ip.d!
[ }p,q Z ) ( ) plslp.q [m]p,q +5 "

s=0 [mlp,q

Koh (t; )

m,p,q

[s+1]p.q
[mlp.q

m
_ p.q Z bfﬁ?s (x)qfspmflqlfs / tdpﬂt

0
g™t o SN i
i ((p+ q)([m]p.q + B) * (Mg + ﬂ) > b ().

s=0

As we use the moments of (p, ¢)-Baskakov operators given by (5), we get
plmlp.q
KB (t:2) = 4B (e
myp,q( ) [m]p)q + A 7p7q( 1 )
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qu—l a .
' <<p F [l +8) il + /3) Brupaloni )

~— plmlpg . qgpm 1 a
T a8 0t )l + ) mlpe 8

(iii) Similarly, we will calculate the third moment K%% (t%;x) as follows:

> [Sf+]1]p’q P g T Imp,gt + @ 2
K8 (2:2) = |m b2 (x 75/ i ( P-d ) dp gt
,p,q( ) [ ]p,qsz:% . (7)q Z[)T[,f]]g_’g [mlp.q + B P,q
2m—2 [T‘F]l]p,q
_ qu D,q —s 2 L mlp,q o
= (m]pq B Zb [ ]p,q g2 ﬁ[s]p,q t°dp,qt
[mlp.q
pm_l [S[+]1]p,q [S[Jr]llp,q
mlp.g 5 mlp.a
+2a[m]p,qF/p[S]p‘q tdp ot + o /p[s]p,q 1dp 4t
[m]p,q [mlp,q
2m—2
_ bE (
( m]p,q + B)? Z q?s—2
% {p q [5]p,q + 2pq *[8lp,q + q33 }
[ml3,e — (0+ q)[ mlp,  (p*+pg+q?)ml3,
oS} 2s
4+ Zpa bp,q —sp {pq [8]p.q + q }
({ ]mq"‘ﬁ Z gt [ml3 .4 (p+a)[ml3
+
( mlp.q + /8 SZ [m]p,q
_ p [m]p,q i P pmt [s]p,q
(Imlp,q +8)? =0 25 2 [m]3q
co 27n 1 [S}
T — 2pa
(Im p,q+5 z:‘) q52p+q
1 oo
+ bﬁiq5 z p2m—2q2
[l ¥ 8PP 7 ) 2 o)
20417[771 P,q Zb p"” ! [8]p,q
([mlp,q + B)? L mlp,q
o0
+ 'y AN
(R E @ p,q+62z o
_ p [m]p q i am—2 [s]p q
([m]p,q + B)? = 2S 2 [ml3

[ ]p 2047 p,q p,q s
+(([m]p,q BRpTa) " (Ml + A2 )Zb T fmlp.g
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p2m72q2 2aqp'm71 062
*(amn@+ﬂV@wM+q% (W%g+ﬁy@+@)+ﬂmbg+ﬂV)
x> bhi, ().

After that, we take into consideration the moments of (p, ¢)-Baskakov operators (5)
and we obtain

OB 2.0 pz[m]fo,q oo 1
Km,p,q(t ’ ) ([m]p,q +B)2 BmvP#I( 2 )
2p" q[mp,q 2ap[m]p,q er:x
* (([m]p,q—i-ﬁ)Q(p—i—q) ([m}p,q+6)2> Brpa(eriz)
+ ( p2m,—2q2 2aqpm—1 + a2 )
([mlp,q + B)*(pTpg + ¢?) ([m]p,q +B8)*(p+q) ([mlp,q + B)?

X B, p,q(€0; T)

= il + B2 < Tl (1 Ty ))
ZPWQ[m]p,q 2ap[m]p,q
(s s )
+ ( p2m72q2 + 205(][)”7'71 + 062 )
([m]p,q +5)2(p+pq+q2) ([m]m +,6)2(p+q) ([m]p,q +/6)2
_ pz[m];q p" 22
= [lpa + B2 (1 * q[m]p,q)

[m]pq m41 2p™q
—_t Pt 2 = 7
Tl + 92 P 2P )"

1 p2m—2q2 2aqp'm—1 2)
+ + +a” ). 15
([mlp,q + B)? <p2 + pg + ¢* p+q (15)

O

Corollary 4. Central moments ¢ (z) = K%’g’q((t—x)”; x) forn =1,2 are given
by

qpmfl a

@B () = plmp,q _ T
: ”‘([m]p,qw 1) T T )yt B) e ts Y

and

By — P*[mlyg p" o Pmlpg 72
2" (®) (([m]p,q + B)? (1 - Q[m]p,q> 2[m]p1q + 6 " 1)

[Mmlp,q ( m+1 o 21"1)
+<([m]p,q+5>2 P 2 p+P+q

2qp™ ! 20 > .

(p+a)([mlpg+B)  [mlpg+8
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1 2m—2 2 20 m—1

+ 2 ( 2p ! 7 T v ""0‘2) : (17)
(Imlp,g +B8)* \p* +pq+4q p+q

Proof. It can be seen evidently that the operators K,‘flf, q( f;x) are linear and pos-

itive. We will use the linearity of the operators over again to show the equality of

the first central moment ¢ (z) = K8 (¢ — z; z).

m,p,q
07@) = Kbt —oKng (1)

m—1
= (p[m]p,q — 1> T+ b + a .
[m]p,q + B P+ a)([mlpg+B)  [mlpqg+ 8
For the second central moment ¢S (z) = KB ((t—x)?% ), we will again use the
linearity of the operators K%~

m,p,q
50(x) = Knh(P52) = 22Kl (6e) + 2K (1)
=y (m)a® + py(m)z + pg(m), (18)
where we briefly denote
P’ 2p[ml, 4
p(m) = (1+ ) - 2,
! mp,q‘i‘ﬂ 2 mlp.q [m]p.q + B
met 2p™q
po(m) = mpq+52<p 4—2041)4—‘2?—Jr )
2qp™m 1 200
(p +q@)([m]p,q + 5) [mlp.q + 8
1 p2m72q2 2aqpm71 2)
m = + + .
Ha(m) ([m]p,q+/6)2 (p2+pq+q2 p+gq

Let us choose, fi(m) := max {ul(m), w, ug(m)} . Finally, we write

57 (x) < u(m) (1 + x)? (19)
as desired. O

Remark 5. For 0 < ¢ < p < 1, lim [m],, To get the convergence
m

oo 4 p—q’

results of our operators Kﬁ‘;g q(f, x), we take the sequences 0 < ¢, < pm < 1 such

that lim p,, =1, lim gy =1, lim plr =1 and lim q) = 1. Thus, we have
m— 00 m— 00 m— 00 m— 00

nézlnoom = 0. Such a sequence can be defined by taking p,, =1 — 2m2, Qm =

1—— It can be clearly seen that lzm pm =1, lzm qm =1and lim =0.

m— oo [m]pm am

Additionally, here we say that pl( ) — 0, u2( ) — 0, pg(m) — 0 as m — oo,
hence fi(m) — 0 as m — oo.
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3. WEIGHTED APPROXIMATION

First of all, we recall the definitions of the weighted spaces: C[0,00) indicates
the set of all continuous functions f defined on [0,00). Bs[0,00) is the set of all
functions f defined on [0, c0) satisfying the condition |f(x)] < M (1 + z?), where

M > 0 is constant. Then Bs[0, 00) is a linear normed space with the norm || f||2 =

sup '1-’;(?2'. In addition, C3[0, 00) signifies the subspace of all continuous functions in
x>0
Bs[0,00). Furthermore, C3[0, 00) denotes the subspace of all continuous functions

in By[0,00) for which lim L&)

oo 1422
and bounded functions f on [0,00) is denoted by Cp[0,00). The norm is defined
as || fll¢, = sup|f(z)]. Also, C3[0,00) denotes the space of the functions f, for

z>0

is finite. The class of all real valued continuous

which f, f/ and f"" are continuous on [0,00). The norm of function f in the space
C%10,00) is denoted by | fll 2 0,00) = [ lcnio,00) T s 10,000+ les 0,00 -

Theorem 6. Let Kf,“;g,q(f;:c) satisfy the conditions in Remark 5 for 0 < ¢, <
Pm < 1 and 0 < a < B. Then for each function f € C3[0,00), K&P (f;z)

m,p,q
converge uniformly to f on [0, 00).
Proof. Tt is sufficient from the weighted Korovkin theorem [9] to make clear that

lim [|[K5% o e;—ell,=0, i=0,1,2

Mmoo 17 MaPmGm 7

to prove the theorem, where e;(z) = 2%, i = 0,1, 2.
(i) By using (12), it is clear that

KobB (1;2) — 1]
. «a,f3 _ . 1: | mMy,Pmsqm N0 —
A [V a0 = o], = Jim sup e =0.
(ii) Using (13), we obtain
im [[KR5 e e,
|Kh (t'x)—x|
— i M,PrmGm \O1
plmlp.q gp™ ! @
i ‘([m}p,ffﬁ 1) TF Gl a¥B) T .o B
= lim sup 5
M—00,>( 1 +x
. plmly 4 z
< lim |—2%2_ _1|sup——
~ m—oo [m]nq_&-ﬁ 12%14-.'1}2
m—1
: qap Q 1
+ lim ( + ) sup——
m—oo \ (p+ q)([m]p,g +B)  [mlpg+ B/ 201+ 2?
1| p[m] ‘ : g™ ! a
< lim = |——294 1| + lim +
m—00 ‘ [mlp,q + B m—oo \ (p+q)([Mm]p,g +B8)  [mlpg + 8
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(iii) By the help of (14), we can write

|K7”7Pma‘1m (t27 .’If) B .'I:2|

2003

; a,B3) _ 1
B I R
2,12 m
m—00,>0 |\ ([M]p,q + B) q[mlp.q
[m]pq < +1 2p™ Q>
t—ms (P 200+ ——
([m]p,q+6)2 p+gq
2m—2 .2 m—1
1 < P g 2aqp a2> /(1 T a?)
p,q+6 2+pQ+q pP+q
2
< lim p’q 1+ —1|su
S omooe qurﬁ ( x>%1+$2
. 2p™q T
+ hm 4 9ap + > su
m—oo ( p,q+52 <]0 b p+q m2%1+$2
2m—2 2 2 m—1 1
+ lim 72 < P aqp + a2> sup——
m—oo ( p,q+ﬁ p? +pq+q p+q >0l +x
21m]2 m
< lim p[ ]”*q2<1+ P )—1
m—o0 \ | ([m]p,q + B) qa[mlp.q
1 [m]p.q ( m+1 2p™ Q>
torm s +2ap+ ——
2 ([m]p,q + B8)? p+q
. 1 ( pZm 2q2 QO(C]p —1 N a2>)
([mlpg + 82 \ P> +pg+¢* pt+q

= 0.

Thus, the proof is completed as desired.

4. DIRECT RESULTS

In this section, we will give an auxiliary lemma to prove the main results and
then discuss the local approximation properties in terms of Peetre’s K-functionals
and modulus of continuities. Peetre’s K-functionals are defined as follows:

inf
g€CE[0,00)

KQ(f7 6) =

The modulus of continuity of the function f € Cg[0,00) is given by

w(f,0) = [f (@ +h) = f(x)].

sup sup
0<h<d z,z+h€[0,00)

{If = 9lley0,00) T6 ||g||C]23[O,oo)}'
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The second order modulus of smoothness of the function f € Cg[0,00) is defined
by

wa(f,8) ;= sup sup  |f(z +2h) = 2f(z + h) + f(z)],
0<h<\/g $7I+h6[0700)

where § > 0. By [7], it is known that for M > 0
K2(f)5) < MCUQ(f, \/g)

Before we mention the local approximation properties, we will give the following
lemmas.

Lemma 7. For f € Cp[0,00), we have
Kb (Fi0) < £l

Proof.
d Lo+ 1p.g m—1,1—s
a,f — p.q —s [ e P"Tg Emfp gt + o
‘Km,[hq( )| - ‘[m]l):q Zo brn,s($)q /I[;[S]]p.q f ( [m]p q + 6 dp#lt
5= mlp,q ’

e . [m,]qu pm—lql—s[m]p qt +a
< Bl YWt [ 17 ( ’ ot
i ZO ’ rlelp.g [mlp.q + 8 7
< IFI1KR . (152)
1111
O
Lemma 8. Let f € Cp[0,00) and g € C%[0,00). We define the auziliary operators
K3, . such as
K polgi7) = Kb o(g:2) + g(2)
[ ]pq qpm—l a )
(P o Ts * hars) @

And then, for all g € C%[0,00), we obtain
K pa(gim) — 9@ < Nlg" |l ¢, (B(m)(1 + )% + 5, (v, B,2))

where
_ ((p=Dmlpg —Bz+a gp™ !
o 0::2) mlpa + 0 ot D)l 4 5)
Proof. By using the auxiliary operators K, ,, ,, we have
K pq(i2) = Kl o(g:2) + g(2)
o [ Pmlva g™ a > 21
(L G Ts) @



ON STANCU TYPE GENERALIZATION 2005

It is apparent from Lemma 3 that

K* m,p, q( x) = ]"

K';knpq( SC;LE) = 'nﬁpﬁ,(); (t—LE) )—I—(ZE—ZL‘)

(
< [ p][m]p,q - gp" ! L x>

m (p+a)([mlp,g+B)  [mlpq+B
_ p[m v B . qpm—l a
- ([m}p,q 8 1) 0T 0l B | il B
~(_plmlp, ™! .
<[m]p,q + 5 v (p+ Q)([m}p,q + ) " [ }p,q + >
= 0. (22)

So, we can say that the operators K, (f;x) are linear. For a given function

g € C?[0, ], we write the Taylor expansion as follows:
t
9(t) = g(z) + (t — ) (x) +/ (t —w)g"(w)du, t € [0,00). (23)

x

If we apply K

m.p.q Operators to both sides of the equality (23), we obtain

t

Kpal052) = K (300) + =20 @)+ [ (=g )i )

(@) + Ky (- 2)g (@) >:K;qu</:<tu)g“(u)du;x>.
Thus,
Kypa(99) — 9(8) = ' (2) Ky ((E = 2); >+K:;W(/;a—u)g"(u)du;z).

Using (21) and (22), we get

Kopalg2) —9(x) = K5, o </;(f - U)g"(U)dU;x)

— K% ( / t(t — u)g" (w)du; z)

plmlp,qzt+a qp™ 1

/ (mlpg 6 1 0F0) (mlp,q 75
T

p[m]p,q‘r +a me—l N
" ( Ml + B (0t @) [y + B) )9 (u)du. (24)
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Furthermore,

/ (1w ()

and

t t
< [ le-ulg"@ldu < ", [ ft=uldu < (¢~
(29

plmlp,grt+o

m—1
/ gt T Fa) (mlpq P <p[m}p T+ a g™t
: +
z [mlpg +6 @+ a)([mlpq +5)

- u> g (w)du

plmlp,grto

m—1
o8 BT et [ plmly. gz + o g™t
< " o / < p.q + —u | du
lg%lles | g +8 T 0+ ) ([mlpg )
2
plmlpe® + gp™ "
<1lg"lle ( " s
? [m]pq + B (p+ q)([m]p,q +B)

[mlp,q — Bz + qp™ ! ?
)

B (p—1)
= 19"llcz ( [mlpq + 5 (p+q)([mlpq + 5
)i

Here, we rewrite (25) and (26) in the absolute value of (24). So, by the help of (19)
we obtain

K pa(952) = 9(2)] < 119" |, (R(m)(1+ ) + 07 (e, B, @) - (27)
It completes the proof. O

Now, we will calculate the rate of convergence of our operators Kﬁ‘;i (f32) b
means of Peetre’s K-functionals.

Theorem 9. Let f € Cp[0,00), 0 < gy < pm < 1 and 0 < « < . Then we have
for all x € [0,00), there exists a positive constant M such that,

(Kb (fi2) = f(@)] < Muwo(f, VE(m) (L +2)2 + 02, (a, B, )

Fw(f, (@, B, ). (28)
Proof. From the auxiliary operator (20), for every g € C%[0, 00)
K o (f50) = F@)] = | Kiupg(fi2) = f(2)

p[m]p’qx + a qp'm—l B .
*f( iyt B (p+q)([m]p,q+ﬂ)> /@)

K a(9:9) = K0 (950) + 9(2) = g(a) |
‘ ,p,q(f_g;x)_(f_g)( )|+| mpq( .’L‘)—g(.’L‘)‘

‘f < Z,Zx++ﬂa+ (p+q>q<p[:;}pl,q+ﬁ)> AR

IN
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By using Lemma 7 and Lemma 8 we have
(Kb (fi2) = f@)] < 4llf = glles
mlp . + a g™t ) B
‘f ( mlpq+ " (p+a)([m]p,q + B) f(@)
Hlg"llew (Alm)(1 +2)? + 7, (. B,2)) - (29)

Then we take the infimum on the right-hand side. Finally, using the property of
Peetre’s K-functionals, we get

(Ko a(fs2) = f@)] < 4Ka(f, alm) (1 +2)* + 15, (@, B, 2)) + w(f, 0, (0, B, 2))
< Mws(f, Vi(m)(1+ )% + 02, (o, 8, 7))
Fw(f N, B, 2)).
Thus, the proof is completed. O

We will estimate the rate of convergence of the operators K. %’g q( f; ) by means
of the modulus of continuity on the finite interval.

Theorem 10. Let f € C3[0,0), 0 < g < P <1, 0 < a < B and way1(f,9)
be the modulus of continuity on the finite interval [0,a + 1] C [0, 00), where a > 0.
Then we have the following inequality for all x € [0, 0),

(Kb a(f2) = f(@)] < 4Mp(1+ a®)a(m) (1 + 2) + 2we i1 (f, (1 + 2)y/i(m)).
There exists a positive constant My, which is independent of m and fi(m).

Proof. We have known that wg41(.,d) satisfies the following inequality

P - @l < @22+ (14550 e, 550 @0

We apply Kﬁ;i o operators to both sides of the last inequality. After that, by

choosing § = (1 + x)+/fi(m), using (19) and applying Cauchy-Schwarz inequality,
we obtain

03" ()

AM(1+a?)py” (x) + | 1+ 5

(Koo (fi2) = f(2)]

IN

wa+1(fa 6)

< AMp(1+ a)(m)(1 4+ 2) + 2001 (f, (1 +2)y/(m))

and this completes the proof as desired. [
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5. POINTWISE ESTIMATES
In the current part, we compute the rate of convergence locally by using func-

tions, which belong to Lipschitz class.

Definition 11. Let 0 < a <1 and E C [0,00). Then if f € Cp[0,0) is locally in
Lip(a),

[f(y) = f(@)] < My — x|,y € E,z € [0,00) (31)
is hold.

Theorem 12. For every x € [0,00) and 0 < o < 3, we have
K (F32) = ()] < M (f(m)*? (1 + 2) + 2(d(=, E))*), (32)

where M is a constant depending on a and f. Here, d(x,E) = inf{|t —z|: t € E}
defines the distance between x and E.

Proof. Suppose that zo is in the closure of E such that |z — z¢| = d(z, E). We
write by the help of the triangle inequality

[f@t) = f(@)] < [f(8) = f@o)| + [f(z) = f(o)]- (33)
If we use the inequality (31), we get
K g (F32) = f@)] < KD o (L) = f(zo)|s )
K o (1f (@) = f(z0)|;2)

< M{KRP (It =0l x) + & — 0"}
< M{K g (It —2|* + [ — w0l 2) + |2 — o[}
= M{K‘l,pm7qm(|t—x\a;x)—|—2|a:—x0|a}.

After that, we use Holder inequality with p = 2/a and ¢ =2/ (2 — a)
K (Fi0) = f@)] < MA{KRS (1t —a]*52)]P + 2(d(x, E))*}

K s
= M{[K ,pm,qm(|t_x|25x)]a/2+2(d($aE))a}
< M{(u(m)(1+ 2)*)""* + 2(d(x, E))"}
= M{(i(m)*?(1 4 z)*) + 2(d(z, E))"}.

O

Now, we will obtain local direct estimation of the constructed operators by using
the Lipschitz type maximal function of order a. Lenze [13] gives the definition of
Lipschitz type maximal function w, as follows:

@o(f,z) = sup M,x €10,00) and a € (0,1].

t#xz,t€[0,00) |t - :L.|a
Theorem 13. Let 0 < a <1 and f € Cp[0,00). Then for all x € [0, 0),

K85 o (Fi2) = F(@)] < Galfya)a(m)™/2(1 + 2)". (34)
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Proof. By using the inequality (34), we see
Ko g (F32) = [(@)] < @alfo ) K5 o (
Using Holder inequality with p =2/a and ¢ =2/ (2 — a)
|Ka,pm qm(f;x) 7f(IE)| < (Da(fr )[K&’ﬁmﬂmqt*l‘|2;l’)}a/2
< @a(frm)m) (1 + ).
Thus, the proof is successfully completed. O

t— x| ).

6. VORONOVSKAYA TYPE THEOREM

Theorem 14. Let Kﬁ‘f;  (f3z) satisfy the conditions in Remark 5 for 0 < g, <

Pm <1 and 0 < a < B. Then for each function f € C5[0,00) such that f', f" €
C5[0,00), we have

i bl (K50 (Fi2) = £@) = (moa+3) £

m—0o0
e
2

~—

+((u+1)2% + ) (35)
uniformly on [0, A] for any A > 0.

2
Heren = Tim mly g (2ot 1), 5= T ., (2o 1)

m—oo MIpm.am

Proof. For a given function f, f/, f” € C3]0, 00|, we can write by the Taylor expan-

sion
(t —z)*

£l = @)+ (=) f (@) +

where r(t,z) is Peano form of the remainder term and tlim r(t,xz) = 0. Applying
—x

(@) +rtz)(t—z)® t,x €[0,00), (36)

K5 . operators to (36), we obtain
Kg;f)m qm(f;x) _f( ) f ( )Kg{gm,qm((t_x);x)
f”( ) g8 o8 >
Kmpm,qm((t_ ) )+Kmpm qm( (tvx)(t_x) ,.’E)

Using the Cauchy—Schwarz inequality for the remainder term, we obtain

K0 (1 (02) (¢ = 250) <\ K85 (2000050 KR, (0= 2)%50)
(37)
By using r(t,z) € C5[0,0) and lim r(t,z) = 0, we observe that
W}EHOOK ol . (r(t,z);x) = r*(z,2) =0 (38)

uniformly for each z € [0, A]. Hence, by using (37), (38) and positivity of the linear

operators K;y@m am> W€ have

lim [m]pwquO"B (r(t,z)(t —2)%z) = 0. (39)

m— 00 mM,Pmdm
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Therefore,
0 Bl (G5 52) — F) = 0 [ R (£~ 20
+ 7r}i_l}’loo[m}17m7%n f”2(x) K,?‘;,f,,,,“qm ((t—z)%2). (40)
Consider
i [mly, g, S @Ko o (=2)i0) = f'(2) lim [m],, 4,677 ()
= fl(=) (nx+a+ ;) (41)
and
Jim o0 S5 K (600 = D i o, 087@)
- fT(x) (n+1D)a*+a),  (42)
where

: p[m]pm dm )
n= lim [m mqdm < - -1 )
m_’oo[ b [Mp g + B

2
: p[m]pm, dm
= lim e 1)
H 7n1—>oo[m]p"“qm ([ ]p"“qm +5

Then by using (40), (41) and (42), we obtain

B [l g0, (K5 (f:2) = F(@) = (m et ;) F@)-+ (g + Da? 4 2) L

m— oo 2

as desired. O

7. GRAPHICAL ANALYSIS

In this part, we work on the convergence of Stancu type (p, ¢)-Baskakov-Kantorovich
operators to the selected function f(z) = 2022 — 302 + 4. Just now, we give Matlab
algorithms. Algorithm 1 is given to define (p, ¢)-integers of m.

Algorithm 1.
function y=pginteger (m,p,d)
y=(p" (m}-q" (m) ) / (p-q) ;
end
Algorithm 2 is presented to show the convergence of the constructed operators
KB (f:z) to the function f(x) = 2022 — 30x + 4.

m,p,q
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Algorithm 2.

m=100; alphal=[ 2.7,

inf=100; b=inf;

- Eor: =133
| alpha=alphal (j)
pl=[0.97, 0.98,
subplot(1l,3,3)
i=1:3
p=pl{i}:; g=gl{i}):; u=l;
for x=0:1:b
te=0;

3.5,
syms ©

4.5]; betal=[ 8.5,

beta=betal (j):-
0.%9]; gl=[0.%, 0.91,

;-for

for s=0:inf
z=1r
for j=l:m+s
z=z* (P (3-1))+(g” (3-1}) .*x):
end
hi=1;
for al=0:mt+s-2
hl=hl*pginteger (mt+s-l-al,p,q):
end
if (m=—1)
h2=1;
end
if (m~=1)
h2=1;
for a2=0:m-2
h2=hZ2*pginteger (m-1-a2,p,d) s
end
end
h3=1;
for a3=0:3-1
h3=h3*pginteger (s-a3,p,q9)’
end
fact=hl/ (h2*h3) ;
for m=0:b

fl2z=0;

i

0.92];:

2011

9.1]:

x1=(p" (m-1) *q" (1-8) *pginteger (s, p, q) +alpha+ (p™ (-2} ) ...

*{g™(m+l)) )/ (pginteger (m, p, g) +theta) ;
f1=20*x1"2-30*x1+4; fll=(g"m)/ (p~(m+l))*£1;
end
ft=(p-aq) *£12; z:

fl12=f12+f11:

B=fact* (p~ (s+m* (m-1)/2) ) * (g~ (s*(3-1)/2) )} * (x"3) *ft;

ts=ts+B/z;
end
a(u)=ts; u=u+l;
end
x=0:1:b;
if (i=1)
c=plot(x,a,'g"}:
elseif (i==2)
c=plot (x,a, "
[1i=3)
c=plot (x,a, 'm'");

hold on

; hold on
else
end
end

x=0:1:b;

v=20%x."2-30.%*x+4;
plot (%, ¥, "--p")

legend('p=0.97, g=0.9',

- end

0.92', 'function')

Additionally, in Figure 1 we have plotted illustrative graphics of the operators

Kb

oo.q(f3x) for different values of parameters p, ¢, a and f3.
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FiGure 1. Convergence of Kf,‘;gq(f;x): Stancu type (p,q)-

Baskakov-Kantorovich operators for fixed m = 100.
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