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ON SOME APPROXIMATION PROPERTIES OF THE
GAUSS-WEIERSTRASS OPERATORS

BASAR YILMAZ

ABSTRACT. In this paper, we present some approximation properties of the
Gauss-Weierstrass operators in exponential weighted spaces including norm
convergence of them and Voronovskaya and quantitative Voronovskaya-type
theorems.

1. PRELIMINARIES

The Gauss-Weierstrass singular integral operator

(Waf) (z) = ﬁ 7 fla+t)e ™ dt, (1)

where z € R, n € N and n — oo, was examined in [1], [3], [4], [8] for functions
belonging to the space L, and the classical Holder spaces.

In this paper we examine the Gauss-Weierstrass operators W,, for functions f
belonging to the exponential weighted spaces L¥ (R) and LL" (R) which definitions
are given bellow. We give some elementary properties, the orders of approximation
and the Voronovskaya type theorem and quantitative Voronovskaya type theorem
for these operators. Also simultaneous approximation property is obtained.

Let ¢ > 0 be a fixed number and let

ve(z) := e*q””Q, z €R. (2)

For a fixed 1 < p < oo and ¢ > 0 we denote by LP the set of all real-valued
functions f defined on R for which the p— th power of v, f is Lebesgue-integrable
on Rif 1 < p < oo, and vy f is uniformly continuous and bounded on R if p = oo.
Let the norm in L} be given below by the formula
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°° 1/p
Vq Pd 7 $ 1 S ’
£l g =15 Oy = <_J;o (z) f ()] x) b o
sup vq (z) |f (z)| ’ £ p = oo,

z€R

3)

Also, let r € Ng and LP" = LI (R) be the class of all r—times differentiable
functions f € LY having the derivatives f®) e L, 1 < k < r. The norm in LE"
is given by (3). The spaces L? and Ll-"are called exponential weighted spaces(see

[2]).

For f € Ll we define the modulus of smoothness of the order two (see [5])

wo (f,Lf;;t) = sup HA%f()H for t > 0,
|h|<t P

where

Ajf(z):=f(x+h)—f(x—h)—2f(z), z,heR
From (3)-(5) for f € L? follows

h?
IfC+, e <e™ If Oy, heR,

0=uws (f;Lg;O) < ws (f,Lg;tl) <wy (f,Lg;tg) if 0 <ty <ts.
Using the identity (see [6])

(n — k) A2 f(x + kh),

M=

A2, f ()= > kAZf(x — (n— k)h) +
k=1 k=1

z,h € R;n=2,3,..., and by (2) and (6) we can prove that

wa (fy LI M) < (14 N2 et wy (f,LY;¢) for At > 0.

2. AUXILIARY RESULTS

(4)

(®)

In this part, we shall give some fundamental properties of the Gauss-Weierstrass

integral operators W, in the spaces Ly 24 (R) .

Lemma 1. The equality

oo

. 1 1
/t’”e*"t dt = rE

om s 2

0
holds for every r € Ny and n > 0.
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Lemma 2. Let eg(x) = 1, e1(x) = z and let v, (t) =t —x for z,t € R and
k € N.Then,
Wp(eisx) = ei(z), fore e Rone N, i=0,1 9)

Wi (5 (t);2) = 2/t (10)
kbl

W (Ie O esplale, OF 1) = /2 msgr1 ()
T(n-q)

Lemma 3. Let f € L, 4 (R), with fivred 1 < p < o00,q > 0. Then forn > 2q+1, we

have
n
[Wnflly2q <4/ p— £, (12)

Lemma 3 shows that W), are linear positive operators from L,, , (R) into L, 24 (R) .

Proof. Arguing analogously to the proof of Lemma 2 in [7] we can obtain the above
lemma. (Il

Lemma 4. Let f € L, 4 (R) with fivzed 1 <p < oo and g > 0 and let n € N. Let
felLl, ,R) with a fitedr € N. Then W, f € LI, , (R) and for derivatives of W, f

there holds
el i IO

Proof.  For details see [9]. O

v g, = s

3. APPROXIMATION RESULTS

Theorem 5. Let f € L, , (R) with fized 1 <p <oo,q>0andn > qg+1. Then
we have

Proof. From (1) and (5) we get

Walrio) - 5(a) =2 a3 sage

for x € R and n > ¢+ 1. By (4) and (8), we get

(MY

IWalh) = 0y < ﬁ Flas, e a
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n ]. o0 2 —t2(n—
< \/;WQ (f,Lg;\/ﬁ>0f(1+\/ﬁt) et (=Dt

Using Lemma 1, we obtain

3
n 2n n2z

1 1
IWalF) = Fll g =2 (1.2 2 ) [2 et D T
Thus the theorem is completed.
Corollary 6. Let f € L, , (R) with fizxed 1 <p<oo,q>0 andn>qg+1. Then
T [ Wo(f) = £l 00 = 0 (13)
U

Applying Corollary 1, we shall prove the Voronovskaya-type theorem for W,.

Theorem 7. Let f € L2°’2 (R) has second derivate at a point x € R and with a
fixed ¢ > 0.Then we have

lim n[W,(f;z) — f(x)] =

n—oo 4

Proof. For f € L;’O’Q and z € R. Then we can use Taylor formula in the form
’ 1 1"
Ft) = f@) + f @)t =)+ 5f (@) —2)° + p(t;2)(t - 2)* for t € R,
where p(t) = p(t; ) is a function belonging to Ly and
lim pu(t; 2) = p(z) = 0.
Using the operator W,,, (9) and (10), we get
Wa(F(t)iz) = @)+ @)Walt - z;2)
]_ 1"
o f (@Wal(t = 2)%; @) + W (p(t)$2 (1) )
1 "
= fl@)+-f (@) + W ()@ (t); ) (14)
and by the Holder inequality and (10), we have
W (D@3 (0):2)| < (Wl (2):2) W (o (8);2) 2

3
= o (Jmaeeeno)
From properties of 1 and (13) there result that
lim W, (p?(t);z) = p*(z) = 0.
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Thus we have

n—oo

friom (14) we have desired result. (]

Theorem 8. Let f € L(‘;‘“z (R) with a fixed ¢ > 0.Then

"

1 n H 1 n o\’
w01 = (7o) [1(25) v ave (525 |
(15)
Proof. For f € L;"”Q and z,t € R there holds the Taylor-type formula
78 = F@) + £ @) =)+ 5 @)~ )+~ ) (1),
where
1
/ (1= |f (z+ult—2z)—f (a:)} du. (16)
0

Using operator W,,, and (9)-(11), we get
1
Wa(f(t);z) = f(z) + @f (@) + W (2201t )5 ),
which implies that

"

A [Wa(fiz) = f(@)] = [ (x) = nW, (02D |1(t,2)];2)
for € R. Now, applying (4), (7) and (8), we get

IN

(f s Ly ,|t—:c|> et

(f = ¢16> (1+ v/t — xf)es= Falt=al’

and next by (2) and (11), we can write for x € R and n > ¢ + 1,
12 1
WO 0ka) < G (10
X {Wn((t - m)2eqlt_“”|2;x) + VW, (|t — z? eqlt—I‘Q;x}

- (f 7 ;ﬁ) li (nﬁq>g+2\1/7? (niqﬂ

Now the estimate (15) is obtained by (16), the last inequality and (3). O

IN

1
I(t,2)| < /1—uw1 FLeu |t—x|>eqw du
0
1
2!
1
2!
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Theorem 9. Let f € Ly>",with fized ¢ > 0 and r € N. Then
< (k)'Loo' !
50.2¢ S w2 f y Mg 7\/5

" (W—Tzﬁ Qe A <nfzq>g>(”)

Proof. If f € Lg>", then for 1-th derivative of W,,(f) we have by Lemma 4, (9) and
(10):

Wi -

forn > 2q+1.

Wi (i) = f7(@) = \/f / O @+t = @) et

_ 5 AZFO) (@ — )| e dt.
2 Tl

0

from this and by (4),(8) and Lemma 1 we deduce that

n
|wor(gia) — fO@)| < \[T / ws (05 15%50) e 0Py
0

1 o
= (f LS \/ﬁ> \/Z [ vape coa
0

x \/ﬁ /e**("*?q)dt + 2\/ﬁ/te*f2(”*2<ﬂdt + n/tze*ﬁ(”*”)dt
™
0 0 0

1
—on (1555 )

g <\/E+(n—;q)ﬁ+i(nf2q)g>’

for n > 2q + 1, which yields the estimate (17). O
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