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ABSTRACT. In the present paper, we define a new kind of MKZD operators
for functions defined on [0, by,], named Chlodowsky type MKZD operators and
give an estimate, by means of the techniques of probability theory, on the
rate of convergence of operators M for functions of bounded variation on the
interval [0, bn], (n — c0) extending infinity.

1. Introduction

For a function defined on the interval [0,1], the Meyer-Konig and Zeller operators
M., (f,x) [1] are defined as

- k
M, (f;z) = N L 1.1
(512 = Yo (01 p) (1)
where my, ; (z) = < " +]]§ -1 ) zk(1 — z)™. In 1989 Guo [2] introduced the inte-

grated Meyer-Konig and Zeller operators M, by the means of the operators (1.1),
to approximate Lebesgue integrable functions on the interval [0,1], are defined as

M (i) = 3 i (o) [ £6)de (1:2)
k=0 i

n+k+1
k

of pointwise convergence of operators (1.2) and some other integral modifications

of the MKZ operators defined by (1.1) has been studied for functions of bounded

variation on [0,1]. We refer to the reader [3]-[8]. We also mention some of the

important papers on similar type of operators are due to Zeng and Cheng [10],

ki] and ﬁznyk (z) = (n+1)

k k n
R ntktl x(1—x)™. The rates

where I}, = |
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Bojanic and Vuilleumier [11], Cheng [12], Gupta and Gupta et al. [13,14]. It is
useful to mention very recent papers by Karsli and Ibikli [15-16], which were dealt
with the rate of pointwise convergence of the Chlodowsky-type Bernstein operators
and its Bézier variant in the space BV[0,b,,] respectively.

Recently, Ibikli and Karsli [17] have defined Chlodowsky type Durrmeyer operators
D,,, for a function defined on the interval [0, b,], as: D,, : BV[0,00) — P,

by
L+ O <x) < t )
D,(f;z) = Porl| — F@®)Pur|— ) dt, 0<z<b, (1.3)
by ; "\ bn O/ "\ bn

where P := {P : [0,00) — R}, is a polynomial function, (b,,) is a positive increasing
sequence with the properties

lim b, = oo and lim b—n =0

n—oo n—oo M,

and P, p(x) = < " 2¥(1 — 2)""* is the Bernstein basis. They also estimated

k
in the same paper, the rate of convergence of the operators (1.3) for functions in

BV[0,0).

In the present paper, we define a new kind of MKZD operators for functions defined
on [0, b,], named Chlodowsky-type MKZD operators as

b
k=0 "

[e%e) b
M) = 5w () [ s () @t o<e<h. o)
0

where (b,,) is a positive increasing sequence with the properties
bn

lim b, =ocoand lim — =0
n—oo n—oo n

and by (t) = n ( " Z & ) th(1 —t)n1.

The aim of this paper is to study the behavior of the M) operators defined by
(1.4) for functions of bounded variation and give an estimate, by means of the
techniques of probability theory, on the rate of convergence of the operators (1.4)
on the interval [0,b,], (n — 00) extending infinity.

For the sake of brevity, let the auxiliary function f, be defined by

f@&) = flz—) , 0<t<x.

The main theorem of this paper is as follows.

fx(t) =
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Theorem. Let f be a function of bounded variation on every finite subinterval of
[0,00). Then for every z € (0,00), and n sufficiently large, we have,

n w+l’tﬁ
k=1 x— ’T
1

+1f(@+) = fz—)]

T (1.6)

ﬁ‘

where

4zb, 202 N 4z
n—1 (n—l)(n—2) n+1

An(z) =

b
and \/(f,) is the total variation of f, on|[a,b].

2. Auxiliary Results

In this section we give certain results, which are necessary to prove our main
theorem.

Lemma 1. For s ¢ N

. s n+k)' (k+s)!
M (5 *bzm”k B (ktstn) (2.1)

Proof. We have

by,
%[4S = n+k z t S
My (t%z) = Z b mn,k(b*) /b'n,k(bi)t dt
k=0 " " LO "
oo & [ bn
n+ T n+k—1 t . [
= — —)* (1 - —
St | [ (") ot e
k=0 L0
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Setting u = t , we see that

1
o0 k: _
YT R gL )bs+1<"+’“ 1) [
'n 0

b
k=0 "

_ Z(n—i—kmnk( )8(’”]’; >B(k+s+1,n)

S°° n+k—1!(k+s)!(n—-1)!
= b'LkZO(n+k)m”k(bn)((n1)!k!) ( (k+)s(+n)!)

B n+k)' (k + s)!
Zm”k Ko (k+s+n)

For s = 0,1 and 2 in (2.1), we get respectively

M} (1;x) Zmnk (22)
My(tz) = by Zmnk n n+!k) (k(ﬁi)!n)!
= (1- %)nbn ;) (?n—ir_kl;!li!)!(%)kk iJlrJlr n
= (- zf)"b”g (n(ﬁ)]f(x)i)!(%)kk i?in“fi =
= (1;)%”2 (n(zj;)]f(lzf)i)!(%)kkiiin[l7 n+i+1]
= (1- bi)"bng <n(7j>]f(;i)i>!(%)kk -krlelen[l S+ i 1
> (1- zi)"b"g (n(z—;)]f(lzf)i)'(%)kk—]T-—;—lkn[l7 n—2i-1]

%
ey
\

2 (n+k-=2)! =z,
n+1 Z(n—l'(k—l)(b )
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2 x (n+k—1)!

- [1_n+1](1_i)nb”k R (o
- nZ(’Z,ff[,,i,' Iy oy
- n+1xi<n+k_1>(m)k(l_;)n
- Din—zi—l]x

and

bQZm,Lk( (B! Gk 2)!

M (1%
(#52) K (k+2+n)

B T 1m0 m+k-1! z ,(n+k)! (E+2)!
“‘E) b Z (n — 1)k! (F)k kK (k+2+n)

k=0

B T o= (ntk—1)! z (k+2)(k+1)
= (=g, (n — 1)k! (E)k(k+2+n)(k+1+n)

n k=0

B T o= (n+k—1)! z E(k—1)+4k+2
= (- (E)k(k+2+n)(k+1+n)

by " (n— D!
. (1_bn e 'Z(Hk_g'bi)k
41— )Wz(mk 3)'(7),v
i)nbgzm SEa
. an Z(n+k—';') 7)“2 nflz(?n_l—fkl_'l;l')' (e

(n—l—k:—l)'
(nfl (n—2) Z (n—1)k! n)
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(n+k-1)! =z r.,  A4xby = (n+k-1! = z .,
= Y T G e S R G

n
k=0 0
202 S (n+k—1) x
n - 11— —\"
+(n71)(n72)]§) CESTR
5 4zb, 202
=z = .
n—1 (n-1)(n-2)
(2.3)
From (2.2), (??) and (2.3), an easy computation gives
2z
My((t—x);z)| =
M0 - i) = 2
and
4xb 202
* o 2, < 2 n n o _ 2 2
Mi((t=a)%e) < o e ey o) 2 e T
4 2b2 42
_ Azbe b 2T An(a). (2.4)

n—1 (n—-1)(n—-2) nt+l
Recently Zeng [9] estimated the exact bounds for Bernstein basis functions and
Meyer Konig Zeller basis functions.For k € N and ¢ € (0, 1], the author [9] obtained
the inequality:
1

n+k—1 k 1

t"1-t)" < ——. 2.5
( k > U= < e Ut 29

Replacing the variable ¢ with é, in eq.(2.5) we get the following result:

Lemma 2. For all ¢t € (0,b,] and k € N, we have
n+k—1> t ok t., 1 1
(=) 1=7)" < Z=——. (2.6)
< k bn bn 2e /né

In the following statements (and throughout the paper), we use the notations;

T u > n+k T u
Kn(—, )= —— M k(7 )bk (—
5.5, b, kg el )
k=0
and
¢
r t T U
)\n(aaa) -—/Kn(aya)du- (2.7)
0
Here we note that
bp,
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Lemma 3. For all z € (0,b,,), we have

Y

)\n(%, b%) = /Kn(bﬁn, b%)du < %, 0<y<az  (28)
01
1- A,L(i, i) = /Kn(i, %)du < %, z<z<1 (2.9)
where A,,(z) is defined in Theorem.
Proof. We first prove (2.8) as follows:
y y
M) = [ K< [ KGR
0 0

1 * 2
= (LL‘ 7 y)gMn((u $) .T)
By (2.4), we have
r Yy Ap ()
MG 8 = G-y

The proof of (2.9) is analogous.

3. Main Result
Proof. For any f(t) € [0,b,], from (1.5) it is clear that

O = L+ e+ o+ LI I g

+6.00) [ 10) - 5 (1) + )] (31)

Applying the operator (1.4) to (3.1), we have
M3 (f) = 3 (Fat) + (=) M3 (12) + My (fui )

I TED g g~ a)se) + [ 10 - () + 0| 24306550,

Hence

V(i) = 5 () + F) M (1)

< M (fa;2)]

# [T gz sgnte = 2ol + |10 - 5 (Fab) + o) M3 G0

1
2
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For operators M (f;z), it is obvious that M (d,;x) = 0. From this fact, we can
write

Mifin) — 5 e + 1@ < M)+ [T IO i sane - a)io).

(3.2)

In order to prove the main theorem, we need the estimates for M*(f,;z) and
M (sgn(t — x);x) in (3.2).

Firstly, we evaluate M (f,;x) as follows:

oo k L_\/% z-i_b:l/%I 2
. n-+ x t
k=0 " " 5 s b "
VE  TTS
., L
n x
< X ) [ b0
k=0 A
I+b7\],/—;z
“n+k
HE S (D) [ b e (33)
k=0 S
(e k b
n+ T t
Y T ) [ b e
k=0 n n o n
J:+"7

= [h(n2)| + [ Ia(n, 2)] + [I3(n, )] .

We shall evaluate I1(n,z), I2(n,z) and I3(n,z).

First we estimate Iz(n,x). For ¢t € [w — %,1‘ + b”:f} , we have from (2.7)

m+b%z y z+b"%
o) < 100 - £ o (D)) < V(60
s n Un acfﬁ
1 n z+b/,:,/%7:
< >V (3.4)

k=2 z— =

n
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Next, we estimate I;(n,x). Using partial Lebesque-Stieltjes integration, we have
again from (2.7)

r—

€T
T Uw
r— 2

hin,2) = fo(o= s 5~ Fa O )

Al i)dt (1))

Bl

o

Since

fo(o — %)

fo(x — ) fa LE)‘ < \/ (fz), it follows that

\/E

= Jn
x {L‘—L x
vn Tz 1
|I1n9£§\/ bn)+/A;; (\/ )
N 0
By (2.4), it is clear that
x T 1
= < A
Ml = g

- V) (A"f( s [ (xlt)th< \/(fz))

T
/ e ( Vi ) = o VU T / @y Vi

xr

1 2 *
- (22 \/ (fz) + \/(fz)Jr / (:L'—t)?’\t/

Vil e- g 0

x

Taking t = x — N in the last integral, we get

/ 3\/(fz)dt / \/ (fu)du = Zzn: \/ (F.).

v k=12
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Consequently, we obtain

n x

=2 (Vi + XV @) (35)

k=1x— T

|11 (n,z

Using a similar method, for evaluating |I3(n, )|, we find that

L+bn z

n

IIg(n,x)IS% \/fL +Z \/ (fo) |- (3.6)

Substituting (3.4), (3.5) and (3.6) in (3.3), we obtain

My (fo; o) < [Li(n, @) + H2(n, 2)| + [Is(n, z)]

x+b7«, x z+bﬂ x

x2 \/<fw>+Z Vo =P
k=1 azfﬁ 7%
On the other hand, note that
. $+b,, z
\/ f2) <> \/ (3.7)

k=1 xfﬁ

From (3.7), we can rewrite |M(f,;x)| as below;

+b7,,—zt x+bn—x

. 24,@) 8 [ 1 &\
|Mn(fx;l’)\_ by — 2)? Z \/ +mz \ ().
=1 JJ*LI‘ k=2 xfﬁ

Note that ﬁ < An@) by

S (-0

for n > 1, ;= € [0,1].

Consequently

2 n N
043 (i) < @V L™ () | (3.9

Now we estimate M (sgn(t — z); z).



k
Using the fact Y- my, j(;) = %

|M; (sgn(t — x);
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By direct calculation, one has

11

[ bn T
N n+k x t t
Misgn(t=oio) = S i) | [bua = [
k=0 n n o n 0 n
0 i [ bn T
= Zn+ Mp, k(i) bn k(i)dt*Q/bn,k(i)dt
2 b, b b /T

= 1—22n+kmnk( )/ nk

by, k(3 )dt, one has

bn

85

=0

My (sgn(t —z);z) =1— ZZmn,k(%)

k
T
1- Z mn,j(b*)
=0 "

From (2.6), we obtain

(o) k
X X
D = =2 marGo) 1= Y ma(o)
k=0 n j=0 n

o k
x T
= _1+22mn’k(b7)zmn’j(b7)
k=0 "j=0 "

1

< mp( Mk
n nZn( \/—

Acknowledgments

Ozet: Bu makalede, [0,0,] aralig: iizerinde tanimh fonksiyonlar
igin Chlodowsky tipi MKZD Operatorii olarak adlandirilan yeni bir
tip MKZD Operatérii tanimliyoruz ve olasilik teorisinin teknikleri
vasitastyla, [0,b,] (n — oo0) iken sonsuza genisleyen aralik iizerinde

= [ty Zmnﬂ >—Z(mnvk<§;>)2

(3.9)

Finally writing the estimates of (3.8) and (3.9) in (3.2), we get the result, given by
(1.6). Thus the proof of the theorem is completed.

The author is thankful to the referees for their valuable remarks and suggestions
leading to a better presentation of this paper.
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sinirl saliniml olan fonksiyonlar igin M operatoriiniin yakinsaklik
hizi iizerine bir tahmin veriyoruz.
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