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REPRESENTATION NUMBER FORMULAE FOR SOME
OCTONARY QUADRATIC FORMS

BULENT KOKLUCE

ABSTRACT. We find formulae for the number of representation of a positive
integer n by each of the quadratic forms

x% +z§ +:c§+a:?1 +2a:§ +2x(23+6:c$+6:c§,
x% + x% + 2:1:% + 2:@21 + 2w§ + 2:1:% + 3:133 + 333%,
1‘% + x% + 3:1:% + 3@21 + Gxg + 61‘% + ng + Gxg,
x% +$§ +$§+$i +2$§ +2$§+3$$+3$§,
:1:% + x% + 2:1:% + 2:1:421 + 2w§ + 2:1:(25 + 6:133 + 693%,
1‘% + 230% + 290% + 2903 + 295% + 4x§ + 6:5% + 6x§,
23:% + 2$§ + 3a;§ + 6:1:421 + 6:5% + Gxg + 6:5% + 123552;,
by using some known convolution sums of divisor functions and known repre-

sentation formulae for quaternary quadratic forms. Formulae for some other
octonary quadratic forms of these type are given before in [4, 5, 6, 11, 17].

1. INTRODUCTION

Let N, Ny, Z and C denote the set of natural numbers, non-negative integers,
integers and complex numbers so that Ng = NU {0}. For k& € N we set

Y d* , neN,

or(n) = tﬁll\l

0 , n¢N.
We write o(n) for o1(n). For ai,...,as € N and n € Ny we define

N(ay,...,as;n) = card {(z1,...,zs) GZan:CLlIL'%-f—"'-i-agl'g}. (1.1)
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If I of aq,...,as are equal, say,
A; = Qj41 = -+ = Ai4]—1 = @, (12)
we indicate this in N(ay, ..., ag;n) by writing a' for a;, a;v1,...,a;4—1 as in [4, 6,
11].

It is clear that the number N(18;7) is just the number of representations of n
as the sum of eight squares. The problem of evaluating N (18;n) was considered by
earlier mathematicians. An Implicit formula for N(18;n) is given by Jacobi [10].
Explicit formula are obtained in [5, 17]. The representation numbers N (11,47;n),
N(1%2,45:n), N(13,4%;n), N(1%,4%n), N(15,4%n), N(15,4%n), N(17,4%;n) are
evaluated in [6]. Alaca and Williams [4] have found formulae for N(12,3%;n),
N(1*,3%n), N(1°,3%;n). Alaca, Alaca and Williams [5] have determined N (1%;n),
N(19,2%n), N(15,2%,4%;n), N(1%,2%;n), N(1%,2%,4% n), N(1*,4%;n), N(1?,24,4!
in), N(13,22,4%n), N(12,2%n), N(12,2%,4%;n), N(12,22,4%n), N(11,25,4%;n),
(1%,2%43;n), and N(1',22,45;n). The author has derived formulae before for
(1%,6%n), N(2%, 3% n) and N(1*,3% n) in [11] and for N (12,22,32,62;n), N(1*, 32
,62:n), N (12,22, 3% n), N(2%,3%2,6%,n) and N(12,22,6%n) in [12].

In the present paper, we use the representation number formulae for the quater-
nary quadratic forms 22 +z3+z3+23%, 23 +23+223+223, 23 +23+323+327 and some
known convolution sums to derive formulae for seven octonary quadratic forms. We
explicitly find formulae for any of N (14,22 6%;n), N(12,2%,3%;n), N(12,32,6%;n),
N(1%,22,32%:n), N(12,2%,6%;n), N(1,2%4,6%;n) and N(22,3,6%, 12;n).

The formulae are given in terms of the function o3(n) and the numbers c¢; g(n),
c1,8(n), c1,12(n), cs.4(n), c1.24(n),c35(n), which are defined in next section. After
some preliminaries we prove the following theorem in section 3. In our calculations
we use the software Pari GP.

Theorem 1.1. Let n € N then,

(i)

7 7 n 27 n 28 n 27 n 448 n
N(1%. 22 62 - L (Y A (YL (B LB - 22
(14,2°,65m) = Losn) — Tos(2) — Hos(m)+ pos(D)+ Hos(3) ~ Lloa(D)
108 n 1728 n 4 16 n 64 n
5 oolag) T g oslgg) Fgere(n) = ene(g) — (g
22 61
—2c1.8(n) — 5o 12(n) + 5 24(n),
(i)
7 7 n 27 n 28 n 27 n 448 n
N(1%. 2% 32 = ° g2 — (DY o (E) + Llga(2) — 225 ( 2
(0%258%5m) = Lo~ Loa(2) ~ Dou(®)+ Bos(@) + Lou(B) - Loou(l)
108 n 1728 n 4 16 n 64 n
5 7l T g melyg) Fpaetpas(y) m ey



(iii)

N(1%,3%,6% n)
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14 14 n 54 . n 28 n 54 n
1570 ~ 15735) = Fos(3) + os() + gosl()

448 n 108 n 1728 n 6 16 n
—?03(5)_?03(5)4' 5 0-3(%)_561,6(”)_ gclﬁ( )
_%01,6(%) + 2c1,8(n) + %01,12@) + %03,4(71) + 203,4(3)
—%03,8@),

2

7 7 n 27 n 28 n 27 n)

N(1%,2*,6%n) = -——o3(n)— 503(7) - —0 (g) + Eag(z) + Eag(g

(vi)

N(1,2",4,6%n) = Spoa(n) - 550a(35) — S50a(5) +

2 10
448 n 108 n 1728 n 2 8 n
—5 oslg) g oslig) H T os(gg) Fgere(n) + gens(3)
4, 11 22 4
+€8C1,6(%) —c1,8(n) — 301,12(71) — 301,12(3) — 503,4(3)
61

10

10

c1,24(n),

7 T os(2) — 2 os(M) + 2 oy(R) + Doy

20°%'37 T 207%\% )
108 ,n. 1728 .n. 1

~5 o3g) — 5 lgg) T 5 o) F geneln)

8 n 64 n

1 n
- 501,6(1) — 361,6(§) - §Cl,s(n) + 201,8(5)
n

11 1 n 8 n
——c1,12(n) — 301,12(5) + 563,4(5) + 503,4(2)

61 1 n
- 363,8(5)7

2

0'3(
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(vii)

N(22,3,64’12;n) = %03(71)—%03(%) %03(3)+%03(%)+§03(§)
~Hos(e) - Hoa(g) + S aa(ge) - eere(n)
_%cl,e(g)+%016(%) %Clﬁ(%)""gCl,S(g)—ﬁclg(%)
_%01,12(3) %61,12(%)4-%03,4@)—1—%03’4(3)
+%Cl,24(%) 617063’8(11)

2. SOME KNOWN FORMULAE FOR CONVOLUTION SUMS OF DIVISOR FUNCTIONS

In this section we give a short history and a list of necessary convolution sums
of divisor function which will be required to find the representation numbers of the
above mentioned quadratic forms. Most of the known convolutions sums are given
by the authors Alaca, Alaca and Williams. To see the detailed calculations of the
convolution sums see the cited articles. For r,s,n € N with r < s we define the
convolution sum W, s(n) by

(1,m)eN?
rl+sm=n

The convolution sum
5 n

2 o) — 2o(n) + —o(n) 21

first appeared in a letter from Besge to Liouville [5]. It has been evaluated also in
[8], [9] and [15].
The following three sums are given in [9]:

Wl,l(n) =

Wia(n) = s5os(n) + 3os(5) = Bo(n) = Jo(3) + o)+ 20(5), (22)
Wig(n) = gi00(n) + S03(5) = 15no(n) = 1n0(5) + soo(n) + oi0(5),  (23)
1 1 n n
Wia(n) = g5o0(n) + 150s(5) + 3o(}) — 1eoln) — Ha(3)  (24)
1 1 n
+ﬁa(n) + ﬂa(z)

The convolution sum Wj 3(n) was also evaluated in [13], [14], [16]. Alaca and
Williams [3] have proved that
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1 1 n 3 n 3 n 1 n
Wig(n) = mas(n) + %03(5) + Eas(g) + E%(g) + (ﬂ - ﬂ)o(n)
1 n n 1
‘*‘(ﬂ - Z)U(E) - mcm(n), (2:5)
and
1 1 n 3 n 3 n 1 n n
Was(n) = m%(n) + %03(5) + Eﬂs(g) + TOUS(g) + (ﬂ - ﬁ) (5)
1 n n 1
+(ﬂ - g)o'(g) — mcl,ﬁ(n)v (2'6)
where
Y oesma” =g [T —a")7(1 -1 —¢*")(1 - ¢*)% (2.7)
n=1 n=1
It was shown in [18] that
1 1 n 1 n 1 n 1 n
Wis(n) @03(71) + 6*403(5) + T603(Z) + gas(g) + (ﬂ - ﬁ)a(n)
1 n n
- _ =z 2.
g~ D03~ seas(n), (2.9
where
> eustma =g [L0 -1 g 29)
n=1 n=1

Evaluation of the following two convolution sums are due to Alaca, Alaca and
Williams [1].

1 n 3 n 1 9
W1,12(n) = @Uﬁ(ﬂ)"‘ﬁ (5)"‘@0’3(3)4‘% ( )+ﬁg3(6) (2 10)
3 n 1 n 1 n n 11
+TOU3(E) + (ﬁ - E) o(n) + (ﬂ - Z)J(E) T 12(n),
where
11) " eraz(n)g" (2.11)

10q H(l — )*1(1 _ q2")2(1 _ q3")3(1 _ q4n)3(1 _ q6n)2(1 N q12n)71

n=1

+q 1 _ q 2 2n)8(1 _ an)—Q(l _ q4n)—2(1 _ qﬁn)S(l _ q12n)—2
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and
1 n 3 n n 9 n
Wsa(n) = 130 ( )Jrﬁ 3(§)+@U3(§) 30 (Z”ﬁ”?’(é) (2.12)
1 n n 1 n n 1
+TO 3(12)+(ﬁfﬁ) (3)+(ﬂ E) (Z) @634( )
where
Z csa(n)q" (2.13)

= 10 H 1= =)A= (1—¢") (1 - )1 —¢"™")?

+q H (1=¢") 21 =*)*(1 =" 2 (1= ¢") 21 = ¢")P(1 = ¢**") 2

Here 11¢1 12(n) and ¢z 4(n) are integers, see [1].
Recently Alaca, Alaca and Williams [2] have shown that

1 1 n 3 n 1 n 9 n
W)= 3995730+ 515705) + 57 (3) T 16072 00) ¥ 5497 (6
1 n 9 n 3 n 1 n
+%03(§) + ﬁag(ﬁ) + Eas(ﬂ) + (ﬂ - %) a(n)
1 n n 61
— ey - 2 2.14
g1~ 7)) ~ 1g0c () (2.14)
where
613 c124(n)q" (2.15)
n=1
=34 [T+ ¢ = )1 = ¢*)3(1 = ¢")3*(1 = ¢") (1 = ¢ )
n=1
(o)
+30 [T+ (1 = ¢®)°(1 = ¢*)(1 = ¢*")*(1 — ¢°")(1 — ¢"*"0)?
n=1
—3q H 2n 1 1+q ) (1 o q4n)2(1 _ qﬁn)G(l - q12n76)6

+4q° H(l ") (14721 = g*)P (1= g™ (1 +¢*)(1 — ¢**")

n=1

_2q2 H(l + qn)2(1 2n) (1 +q3n) (1 _ q4’n)(1 _ q6n)3(1 _ q12n)’

n=1
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and
1 1 n 3 n 1 n 9 n
Wasln) = 355073 + 53573(5) + 657 (5) + 16073 + G107 (6
1 n 9 n 3 n 1 n n
t3073(8) T 16073(1) T 1075 t (g~ 39)73)
1 n n 1
— - )o(3) — = 2.1
Hog ~ 12)7(5) ~ Togpces(): (2.16)
where
> ess(n)g" = (2.17)

n=1
[eS)

q H(1 _ q2n—1)2(1 + q3n)6(1 _ q4n)2(1 _ q6n)6(1 _ q12n—6)6
n=1

+2q2 H(l _ qn)2(1 + q2n)5(1 + an)G(l _ qﬁn)ﬁ(l _ q12n76)3

n=1

+42¢° [T(1 - ¢")(1 = ) (1 +¢*) (1= ¢*)°
n=1

—30(]2 H (1 _ qn)<1 _ q2n)3(1 + an)S(l _ q4n—2)2<1 _ q6n)2(1 _ q12n)2

n=1

+4g° [+ =)0 = ¢ = gy
n=1

_52q3 H (1 _ q2n)2(1 _ q4n—2)2(1 _ q12'n,)6
n=1

It is obvious that 61c; 24(n) and c3g(n) are integers. In any formula n € N and
q e C.

3. PROOF OF THEOREM 1.1

We just prove part (i) in details. The proofs of the remaining part are similar.
We firstly consider the following three quaternary quadratic forms.

fi= a7 + a3 + 23 + 2] (3.1)
fo:= 2% + 23 + 223 + 223 (3.2)

f3 =% + 23 + 322 + 322 (3.3)
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fa =2 + 222 4 223 + 4a? (3.4)

For I € Ny we set 1;(l) = card {(acl, e, my) EZA = fi($1,$2,$3,$4)} . Obviously
r;(0) =1 for i € {1,2,3,4}. It is known (see for example [7]) that

ri(l) = 8o (l) — 320&), l€N, (3.5)
ra(l) = 4o (1) —40(%) +80(£) —320%), leN, (3.6)
ra(l) = 4o(l) — SG(é) = 1za(é) + 160(%) + 24a(é) = 480(5—2), 1€ N(3.7)
ra(l) = 20(1) — ga(é) + 8a(é) = 32"(1%)’ leN. (3.8)

Proof. (i) The form f := 2% + 23 + 23 + 23 + 222 + 222 + 622 + 622 can be obtained
from the sum of the quaternary quadratic forms f; := 2% + 22 + 2% + 22 and
f3 := 2% + 23 + 323 + 323. Tt is clear that

N(14, 2% 6% n) = E ri(D)rs(m) =r (O)’I‘g(g) + r1(n)rs(0) + E ri(l)rs(m).
1,meNg I,meN
+2m=n I+2m=n
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Thus by using the equations (3.5) and (3.7) we have

N(14,22,62;n)—(4a(g)—80( )—120(6)4—160( ) +240(<5 )—480( )

24
+80(n) — 320(%))

= Z (8a(l) — 320(&))(40(771) - 80( 5 ) —120(— 3 ) + 160( ) )+ 240( G )

I,meN
I+2m=n
m
— 480 (=
)
m
=32 Z o(l)o(m) — 64 Z a'(l)a(;)—96 Z
l,meN l,meN l,meN
+2m=n l+2m=n I+2m=n
+128 Y o )+192 > o(l)o(-)—384 > o
I,meN I,meN I,meN
l4+2m=n I+2m=n I+2m=n
-128 > o )—256 Y o )+384 > o
I,meN I,meN I,meN
I+2m=n I+2m=n I+2m=n
l
-512 > U(Z) —)-T18 > o )+1536 > o
I,meN I,meN I,meN
I+2m=n l+2m:n l+2m:n

= 32W172 (n) — 64W1,4( ) — 96W1 6( ) + 128W178 (n) + 192W1 12 (n) — 384W; 24( )

—128W1,2(g) — 256W1’1(Z) + 384W5 3( ) — 512W1,2( 4) — 768W1 3( ) + 1536W; 6(
Using (2.1)-(2.6), (2.8), (2.10) and (2.14) and adding 40(%5) — 80 (%) — 120(%) +
160(g) +240(75) —480(55) +8a(n) — 320(%) to both sides we obtain the asserted
formula

(i) N(12,24,3%n) = Z r1(l)rs(m). Using equations (3.5), ( 3.7) and then

RIS\
2l4+m=n

(2.1)-(2.6), (2.8), (2.12) and ( 2.16) we obtain the asserted formula.

(iii) N(1%,32%,6%n) = Z r1()rg(m). Using equations (3.5), ( 3.7) and then

l,meENyp
6l4+m=n

(2.1)-(2.6), (2.8), (2.10) and ( 2.14) we obtain the asserted formula.
(iv) N(1%,22,3%n) = Z ro()rg(m). Using equations (3.6), ( 3.7) and then

l,meNy
l4+m=n

(2.1)-(2.6), (2.8)), (2.10), ( 2.12) and (2.16) we obtain the asserted formula.
(v) N(12,2%,6%n) = Z r2()rg(m). Using equations (3.6), ( 3.7) and then

l,meNy
[+2m=n

(2.1)-(2.6), (2.8), (2.10), (2.12) and (2.14) we obtain the asserted formula.
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(vi) Clearly N(1,2% 4,6%;n) = Z r3(1)r4(m). Using equations (3.7), ( 3.8)

1,meENy
2l+m=n

and then (2.1)-(2.6), (2.8), (2.10), (2.12), (2.14) and (2.16) we obtain the asserted
formula.
(vii) N(22,3,6%,12;n) = Z r3()ra(m). Using equations (3.7), ( 3.8) and

1l,meNg
2l4+3m=n
then (2.1)-(2.6), (2.8), (2.10), (2.12), (2.14) and (2.16) we obtain the asserted for-
mula. (]
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