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Invariant Amplitudes of SU(3)*f

Z. Z. AYDIN

Department of Physics, Faculty of Sciences, Universily of Ankara, Ankara
(Received 20 January 1966) l

All the scattering amplitudes of SU (3) can be built up in terms.of the infinitesimal
operators of the representations of the group. By the recursion formula for three-particle
reactions, C - G. coefficients belonging to higher dimensional representations are obtained
from simple ones. :

I. INTRODUCTION

The aim of this work is to construct the amplitudes of SU(3) which
are used in S-Matrix Theory. The construction is done by a similar
way to that of isotopic spin amplitudes [1]. This systematic group
theoretical method gives all the amplitudes for arbitrary isotopic
spin and hypercharge values. The important point in this work is that
the amplitudes of any group can be constructed in terms of the gene-
rators of the representations of the group. Indeed in the reference
[1] the SU(2) amplitudes are in terms of -the generators of the cor-
responding representations although this was not specified.

II. SU(3) AMPLITUDES

Ny N,

\

N, N,
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Let us consider, for simplicity, a four-particle reaction: N, |-
N,> N, + N, Let (I, I,, Y)) and (I,, I,, . Y,) be the quantum num-
bers of two incoming particles (or outgoing anti-particles) which belong
to the representations N, and N,,and (I,, I5,, Y,) and (I,, I, Y,) be
those of two outgoing particles (or incoming anti-particles) which
belong to the representations N, and N,, respectively. A scattering
amplitude of SU(3) will be denoted by

Rowp 2 4]
where the indices are
y., = (I

i

Iiz ’ Yl)

i

According to the SU (3) invariance (the conservation of U-spin)
and unitarity condition, the amplitudes (1) transform invariantly
under the product of four unitarity representations D(p,q) = N of the
group SU(3):

“ a,a,
N:"%a, Rag, @)

R v3v4v1v2 = Ny, % Ny, % szlal
Since we always consider the incoming and outgoing particles indivi-
dually, we must distinguish them by some convention. The convention
was given in (2). It says that the incoming particles or outgoing anti-
particles transform according to D(p,q)= N* and the outgoing particles

or incoming anti-particles according to D(g,p)=N.

The number of the linearly independent solutions of the trans-
formation eq.(2) is equal to the number of the unit representations
D (0,0) = 1 included in the C-G. series of the product

N3 X N4 X NIT X N2T

That is also the number of the possible U-spin channels. The coeffi-
cients in the most general solution of (2) are also called “scalar amp-
litudes” under the group SU(3).

There are two ways of finding the solutions. As it is known, one
" of these is the recursion formula (6) given in the reference [1]. This
method was applied to SU(3) in the sec. V. The second is as follows:
For the three-particle reactions N*-+N->8 and N'* 4 N'—8* the
corresponding transformation equations can be written respectively

as :
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Nx N ¢ =38P ¢ 3
x a a /3 (3.a)

N x N ¢ = 85" ¢h « (3.b)
From these equations we obtain
NxN*xN'xN’*GaxG’“z'ﬂxG'ﬂ (4)

Here, G and G’y are generators of the N and N’ dimensional repre-
sentations of SU(3). We took by convention the G&’s in the same
order as the corresponding N-particle basis and G'®’s as the corres-
ponding N‘anti- particle basis. This is in agreement with de Swart’s
convention for the order of particles such as

P0 = (p, n, 2+, 2°, X7, A, B°, E7) for the baryon octet and

2 =(p, n, 2", 2o, XF, A, B°, ,§°) for the anti-baryon octet [2].

OI. THREE-PARTICLE REACTIONS

For three-particle reactions the following amplitudes are obtain-
ed by using the Clebsch-Gordan coefficients:

)3 +3 —»>3%; RN M )

2)3* +3* 3 : R —c

) V¥, YV, (6)
i) v

3) 3* 3 8 : R 2 =H ? 7.

)3* +3 av, a, (7.2)

Where ¢’s are the totally anti-symmetrical tensors and H,, ’s are the
infinitesimal operators of the fundamental representation D(1,0) = 3
in the following order:

Hy = (-K_,L_, -I_,/21, ,1.,4/2M,Ly,K}) (1.b)

a v a v
4) 3* + 3 —»8*: Rylzszlz (8 .a)
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T

Here, Ho’s are H2 = H,,

i e.

Ha — (-K,,L,,-I., \/21.,I_A/2M,L_,K) (8.bh)

56* + 68 : R*T2 =% " . (9.a)
€} ¢}
‘Gua ’s are the generators-of the répresentation D (2,0) = 6in the

same order as (7. b) :

U = KL F VI T VI L) OB

) v_ v - ,‘ T
6) 6* + 68 : Ry 2=1," . (19

Here, the order of U, ’s is like (8.b).
e 488 KL —ag® 4 B oY (11)
1 1

H®s are the generators of the ‘fepresentation D(1,1) = 8 in the same
order as (7. b) and (9. b). Those are constructed by the C-G. table

* . *
(8*88, )v,,lvl. Q%5 are constructed by the table (8*8 8 )”vlvz .

. v p— ¢ 4
88 +8-8: R, V=dJ, "+ B 0,7 (12)

Here, as one expects, we have ﬂ(fa = é’]faT and 'Qa - 0 T,

9) 10* 410 > 10*: R%* %2 = G% ™2 - (13)
(ST 41

G*’s are the generators of the representation D (3,0) = 10 in the
order (7.b) and (9.b). B

. . v, __ Yo :
10) 10* 4 10 — }0 : R(W1 2 = Gow1 2 (14)

1V. FOUR - PARTICLE REACTIONS

The amplitudes of four-particle reactions are obtained as follows:
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1) 3 + 3 — 3 4 3: There must be two linearly independent amp-.
litudes. According to Schur’s Lemma and eq. (4) we find four amplitudes:

§%8% . H "WH*" , H v, g% i
LEE ar, V4 ay; Vs

» 61)”1 d

Y,
3 Y

But two of them are linearly dependent :

Y a.v v, 5 V v, 5V
Hav3 + H v, 2 51}3‘2 5"}4 1 5 61/}»1 61)4 2‘ (15.a)
1 .
V a v Vs YV, _ v v _ .
Hav3 2 H », 1 = 51}3 151}4 2 5 61}3 2 5114 1 (15.b)

So we obtain the exact amplitude in the following form :

Y, Y..g ¥ p v
Rv e ;A‘a% 1 5v4 2 4 B(Sv3 2,5?41 (16)

¥4
2) 3* 4 3* —»3*  3*: Similarly we get the following amplitude:
R ;""v e o :
R”s 41/1'u2 =A0 31}1 d 41}2 + B 31)2 é 4”)1 . (17)
3)3 4+ 6 >3 + 6 :

Y, v ¥ : Y. 9/ ¥ :
Rvsv“lz_A‘évalav‘tz +BHav31u v42 (18)

4)6 + 6 > 6 + 6 :
.vv_‘ v, s ¥ Y, sy a7 Vg0 ¥
R% 1”2 fAévs 1 61)4 2+Bav3 2 61,41 +C d% 1Y % (19.a)

The possible fourth amplitude for the last reaction is linearly dependent:

E Y, 910 Vv, s v, 90 v y v
Uy U2 = U, U7 g 0,720,

C(19.b).
5)3 + 8 —~ 3:4“8:
va,, Y2 = Aé,,a 1 5,,4 2 + B Hav3 4 ‘1,4\2 *}Y_CH‘“’ail .Q ” (20)

6) 8.+ 8> 8 -+ 8 : We:rcan find ten amplitudes aceording to
- Schur’s Lemma and eq..(4); but two of these must-be linearly depen-
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dent. Here, we shall write the resulting amplitude with ten parts:

VY, v Y V, 5 ¥ 0 v v,
R v, o= A6v316v42 + B 6v326v41+cg€av31;€ 1142

”3_ 4
+ D "%avsvz geav:/l +E ‘Qav;)l Qav4v2 + Fgabsvz Qav:ll
+ 6 “%ow:l Qav:lz 4+ ‘%av;}z _Qav:}l +J Qav:)l E%av:lz
K Q7 9%, % e

7) 10 +10 — 10 + 10 :

R "2 —A35 "1 ™2 v, s Y Y, g ¥,
Y, 5v3 61:4 +B'Sv3 61:4 +cC gav3 Iy,

+D Qows”z g% (22)

4.

V. THE CONSTRUCTION OF AMPLITUDES BY RECURSION FORMULA

V.¥ ] rr a ’ 7] ’ 17 4
Rv3v4 "2 = (N",N 3N3)113 3Ps (N ,N 4N4)v4a4184 (NN N3} 1(11/31

N.N".N 4 ’ a.a R /3 ﬁ 23
{ 2 2 2} Zazﬂz Ra}a 172 '8354 172 ( )

4
It can be shown that the eq. (23)ksatisfies the fundamental eq.(2).

Here, ( )vaﬂ and { }vaﬁ are the C-G. coefficients of SU(3). By

that recursion formula all the amplitudes for arbitrary isotopic spin
and hypercharge values can be built too. We have done it for the reac-
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tions (IIL.7), (IV. 3), (IV. 4), (IV.5) and (IV. 6), and we found the
same results. That is also a check up. As an example, we shall make it

explicitly for the reaction (IV. 6).

3 3 6 6 8 &
Rvsv:ﬁ”z = (363)1);13/33‘ (368)1,4(1454 {368}"’1(11 B, {368}1}2‘12/32

Maga:llaz Nﬁs /34ﬁl ﬂz (24)

In the eq. (24) we know the amplitudes M, N and the C-G. coeffici-
ents. Using them we obtain the amplitude in this form:

‘R ’Vl?/zzAé’Vla’Vz_‘_Ba'Vza’Vl
v, v, V4 Yy Y,

+C(368), "P1 (368", 5 (368)v4a1/32 (368”2, 5.

3

+D (368),,3“1/32 {368}”2(12 8, (368)1}4“2/31 {368}”1(11 8,

+E (368), 1Py fsssp, o (368),,4“254 (368”7, g,

4 ﬁl Qra ﬂz

Upp P

+F (368)1)3“253 (368”2, 5 (368), 1 As (368”1, 5.
@Maﬁfl U 452 (25)
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Some properties of the C-G. coefficients were given in the Appendix.
Using them and the relations

T H, x HF —5F (26 .2)
T U, x UP —=s55f (26 .b)

we get back the eq. (20). In addition one can get the same result star-
ting by the following product :

(3+3 >3 43)x (3 £3* 3% £ 3% = (8 +8->8 +8)

By the recursion formula for three-particle reactions, C-G. coef-
ficients belonging to higher representations are also obtained from

simple ones. Consider the following product as an example:

*

3 3 8*

» R
3 3 3" 3 8" 8
Its recursion formula is

. . i
R%, % = (330 84% P (33% 7) T psvga k) cobe o

" Jay c ijk 27
Using the relations '
a b c
0; 61’ 6;
abc abe a b c
P = . . 2
e &g 6ijk 6] 6]. 6] (28)
b
o O o

and
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3 i
ifl (337 8)” i =0 i

I e

(33*8%) ", =0 (for ally) 29)

one gets R* (o =1,2,..., 8) matrices. The decomposition of R®’s into
two parts is done by the complex conjugate operation which is not

involved by SU (3): ' _
R — a J° + b QY e (30)
Thus we find l/\/—6— J* and \/%/10 0% matrices as the tables
(8* ’88:) and (8* 88) resp‘ec‘tively. This wa); may | be usgful4 for
SU (4) and SU (6).
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APPENDIX
We give some C-G. coefficients that are used in the paper. -

1) The C-G. table (33* 8)1}1}11} :
2

D = —yp D, =y, p!

D, =—yp, ¢ D = \;—6—(1/)11/)%%'/)2—2%1/)3) (A1)
Dy = — vy y? O =y

0, = — W vy, 9?) Dy = y, !

V2
2) The C-G. table (33* gy
) 2
P = —y, p! D> =y p
‘ 1

Ve

D= —y,p P == ' eyt -2p9) (A2)
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o =—w2 p! P = — yp’

Dt = 5 —= ' -py’) P =y’

\/

3) The C-G. table (333*)""1":

1
Po= =y, —vsw,)
A2

1
Yy = _2— ("/)1"/)3 -p,) (A.3)

1
Y= — (9, -y

12

4) The C-G. table (336)""

2 S Py “\72— "/"1'/’3 +'/’31/J1)

1 A
P, = \72—‘(’/"1"/’2 +v.9) ¥s = \/2 W9, + ¥,9,) ( '4)‘
Py =Y, 9, Ps — Y3 Y

5) The C-G. table (368) %"

12—\/%—%% \/-wm @5:\;—3—%% ‘\723—"’3"’3
VBT vz v
(A.5)
@, = \;—3_ 1/)1%—5—6—%% P, = \—jg—‘l’l%“ \/1_3—’”3"’4
o, = L_zpl(ps + I—_«pz%— 2%—%% ®, = —2=w2%— —1—_%%
3 NG \/6 /6 %

6) The C-G. table (6*6 8*)"1"2
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Pl = Y ole —
\/5( V2P @ - @0 ~/2 ¢ gy

o = V5 CP 0 -V20 0, —-4/2 ¢° @)

@ = \—/g(— \/th P - V2 ¢ g, -0t @)

Pt = \/5 W2 ¢'g, - \/pr @, +

—<p¢4——¢¢s) | (A.6)

V2 V2

P° = 5(\/2¢%+\/2¢%+¢%)

%

2 2 1 4
o5 = \ﬁ %wwﬁvgwq)ﬁ——¢3¢3———¢5¢5————<P6%)

NG NIV

P = — (—(P Py~ \/i— (p5¢3—\/-2— P°p;)

\/5
@8
\/5 WZ ¢¢,+¢ 9, + V2 ¢°p)

'7) The C-G. table (8* 88" )” 72
a’'V

3 1
o - 2l oo 3 oo _ow oo _ 1 oo,
\/2 /\/2 4 '\/6 6 5 7 /\/2 8
2 oo,
4/6
1
D2 = __¢1Q5 @ZQ———;@Z@—-——;(D“¢—@5® -+
GO O e P g T,
\76-¢6¢7)

1 — —
@ = 7 (- DD, - /2 D D,-1/2 DD~ D'D,)
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1 1

o= (Lo we 7o, 7 oo,
NV
oo, L ey (A0
\/2 \/ ‘
o5 — V1_6 (@20, + /T PD, /T DD, | D D)
o= (oo, > _wo - —q§8q5)
BV RSV ARV
o — L (@0, +—<p4cb_—q>6<1>—— VD, + -
1/ V2 1/6 % \/6
P, — 0D
o= (oo voe oo o0+ oo
TR0 OO OO+ 00, 1 00
_6_q>8¢6)

8) The C-G. table (888" )", "2
: RIOE

\{zo (% DD, __\/_ DD+ @2455—‘@3@‘7—\—;'2—‘ D4D-
_1—; ¢6¢g)
Ve
¢2-‘/30( q)ldi_—qbzq)__qsqu__@@ -
V2 a
— O
x/ !

D3 _\/30 (_¢1¢+_¢3Q) f_2:¢6d§ + D7'P)
Ve ve

V30(_— 1¢>~__q§2q>+-_q>4¢+__@6<15_
V2 V2 V6 /6
L e L DP)  (A.8)

V2 7 \/2
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» =VE (o0, +Qz_6‘¢5 0, —— D, D)

4/6
@:\%)(Aiqmqs__qmw—¢3¢'v—¢4¢+
V6 /6 Vo Ve

_2__'(1;5@_1_@@_' q57¢—;-¢8¢>)

VBT VE TR ve o

@7—\/30( ¢3¢__¢4¢_ 1_¢6®— :£=¢)7¢)—"1‘=
2 4

V2 NG V2 2/6

I ¢7¢6—¢8¢5)‘ .

P = V30(__¢,4¢, ¢¢+_¢6¢+@7¢+_—¢>8¢_
107 /2 V6 \/

" Some properties of the C-G. coefficients of SU (3) (say, semi-orto-
“gonality relations) are given as follows
a 1’2

(33*8), 715 {33+8y2 P —5 8,7 8,% +— A

3

1
il Y. 0 ¥, (A
+2Hav1‘sz (A-9)

3 4

1 1 .
V4 W . v v Y. v
(336),, B 1336) Vg =g %0 T Hav3 1%, (A10)

(368’)1}4”1/3 {3682 ﬁ__ (S 15 Y, _|_ v, gea v,
1
— Y. 00 ¥ 11
5 H 319 ’1142 (A.11)

Similar other relations can be built up easily. For example, we

guess
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1 . ) v a 1}2
( 368 )7461,1 {368}v2ﬂ"’3 - ? 6731)1 6’”4’”2 +a dav.’r ' ge Vs T b

U, 2%%  (Al2)

3 4
oo . 1 1
and when verified one finds a = i b=-——.
2
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Ozet

Bu caligmada, SU(3) grubunun S-Matrisi Teorisinde kullamlan saglma genlik-
leri, grubun temsillerinin infinitesimal operatérleri cinsinden kuruldu. Bu teorik grup
metodu, keyfi isopotik spin ve hiperyiik degerleri i¢in biitiin genlikleri vermektedir.
Caligmanin 6nemli sonucu sudur: Elemanter par¢aciklann kuvvetli interaksiyonlan-
mn SU(4) ve SU(6) gibi herhangi bir' iiniter simetri grubuna gére invaryan sagilma
genlikleri, o grubun generatér temsilleri cinsinden yazilabilir. Gergekten belirtilme-
mis olmasma ragmen, referans [1] deki SU(2) genlikleri uygun generator temsilleri
cinsindendir. Diger bir sonug da, iig - parcacik reaksiyonlarna ait rekiirsiyon farmii-
liinii kullanarak, basit temsillerden hareketle yiiksek boyutlu temsillerin Clebsch—
Gordan katsayilarim hesaplama yoludur.
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