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ABSTRACT L

- The aim of this paper is-to obtain a most general generahzatmn of Heywood’s
theotem " [1] where a, is not uhlmauly posmve

1 P Heywood [(1) Theorem 3 (1)] has proved that 1f C is
ultnnately positive, that E Cr= o and that F (x) 5, C x

n=90 a
where the radms of convergence of power. series is unity for
o <'x <1, then (1-x) F(x) i is L (O 1) iff = C,logn converges.

The object of this note is to prove more general result of
this type, in which we do not assume that C, is ultimately positive.

2. ~Theorem£ ';If f(x) = B> C, x", where ithe series is con-{ :
L i n=0 H
¢

vergent in o <x < 1. if E C,= o, and 1f ZC lognls,
U

n=0 - f ey L ,c
f (x)

convergent, then :
1-x

dx tends to a upique finite limit
o - e i

as 0 > + 0, moreover if tkhe series 3 C, lc;gn has,) 'bound'ed

n=g

A(x) -

1-x

partial sums th«_sxi j dx is bounded as 0 - —|— 0.
1=3

Conversely, if j ‘

f (x) dx tends to & anlque fu:ute hmlt as

~
[}

g 0and if S, log n - o, as n > o5, then E‘Cn log n is'~
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==l
convergent where o is finite and S, = X Cr. Moreover
=0

1-3 ¢
fj f(x) dx is bounded as 6 - + o, and 1fS log n is ‘

bounded as n > o, then the series has bounded partial sums.

Proof: We have .,

j"s F) . _ % j“‘s Cx o
n=0 J}: 1x
e
_ S Ci(1-x")
o _nzu-:o (1—-X) dx
. .. ; L 1.._8 f
o o - E C, (1 Ax + ™) dx
n=1
S f C, [(1 6\+(1 6)2 ..;i+“—‘;§£]
n=t : : o

" Putting 1-6 = e7A, we haVe :

Cw . ~24, L igmmA ey
L=-%¢ler+ ot .+ 5 ]

n=1 n

Also, if 72 =1 - N where N is an positive integer,

. 'we have S . o
N eTTA Nt 1 .1
e L

N+1 T 1
e T [1 - T 0,‘( N )]

= Log N +4 r* + Uy +O(—%—I—)
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where t* is FEuler’s constant and u, tends to zero ‘48 n. > co.

It follows easily that, if N is fmed

m sup ———— =0

M cop . Log M

B N LA S I ) : L N i TR S

: P —NA . E
Also, we have ) IL+1+ 1 N
. a=Nyznlegm : ST e
3+ ; ; ,_I .
) N —np N2 ~nA .
Il = 2 e - Iz = ___g_____
‘, n=Nj2 L logn . A=y D log n
) —hA .
L= » 2 N [ ]
* ponNeyr nlogn! Log LogN

‘where [x] denotes the greatest integer not exceedmg x. Tt fol-

lows easily that I, ~v>log2 I —>0 1, —>0, R Now, -

we have : ‘ :

& . "A N L e TA
£c [ ] e |2 ]+
. ‘ l"—l

n=1 Tt T n=1-

-3 e TA
+ £ ¢ ive]

n=Nyt r=p o Lo

o e
= 11,1 ! II’2 say.

2

: : e 1
m= = C, 1 X

=1 | ==y T

(0 IR
2”'1‘ (- o (N)) ]

Il

5 a2
[ep)
=]

—-

o 1 1 X /1
= NZ,,ElnC"+O(T)

I
Az
e}

B

=1§]1‘Cn(logn—l—r , ,,)+O(1)

P g e
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N ‘ N SR
= X C,logn + X C,u,-r*C,+ O (1)
=], n=1 - .
N .
= X Cilogn + H 4+ 0 (1)
n=1

@ ’ B !
where H = - r* C, + X C, u,, r* is Euler’s constant and u,
n=t

tends steadily to zero as n — o Also since by hypothesis,
S,Logn > « as n > oo, we have

@ © F n "TA
12,2 = X ‘C,, Y ° ]

n=N41 r=1 T

= lim % (o | gﬂ e_m]

M- N4l r=1 r

. “ —1A
— lm ¥ (s,,_s,,_l)[ 3 L ]

M=o Nyt =1 r
% —rA : “na,
— lim (s.M g e )— lim ¥ S, S
M- r=1 r M-® Ni2 n
N+1 e_Ar
—1, SN =1 r
| pjptl
r=t r
=l . M
Jim | Gu Log ¥) —y g ]
¥ : * ' i —NA
B —71. - . : e
o Mlﬂa N%z (S"_I'L,Og n) n log n
N+1 e_rA
' . =1 T
—— N S ————————————————
(Sx Log ™ —oy

and since we have proved that
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© —nA'/' o : S,
| —;%g-; — > Log 2, as N — oo then by (2.1) it fol- -
=2 ¥ fan ; , !

lows that Z C, Log n converges or oscillates finitely,” accor .

)

dx converges or oscillates finitely as § - -+ 0

dmgasj

Since I, is 'bounded as 6 - + 0, therefore 12 , is bounded
because by hypothems S, Log n is bounded as n > oo Smce

L, + I,, it follows that Z C, log n has a bounded partlal sum

because X C, log n is bounded for all N.

This completes the proof of our theorem.

I am' thankful those persons who helped me in preparmg
this paper. ' ’

OzET ;
Bu ¢ahgmada, a  bir yerden itibaren siirekli olarak pozitif olmamak iizere, [1]
de verilen Heywood Teoreminin en genig anlamda bir genellestirilmesi elde edilmigtir,
REFERENCES

1. P. Heywood, Integrability theorems for power series and Laplace transforms, Jour. .
London Math. Soc., 30,(1955), 302-310.

2, E.C. Titchmarch, Theory of Functions, Oxford, 1939,



Prix d¢ Pabonnement annuel-

Tufquie: 15 TL; Etranger: 30 TL.

Prix de ce numéro : 5 TL (pour la vente en Turquie).
Pritre de s’adresser pour 'abonnement a : Fen Fakiiltesi
Dekanhg Ankara, Turquie.

Ankara Uniirersitesi Basumovi, Asn‘kau‘v‘-.,l‘%o :






Prix de I'abonnement anuuel

~

Turquie‘: 15 TL; Etranger: 30 TL.
Prix de ce numéro : 5 TL (pour la vente en Turquie).
Pri¢re de s’adresser pour 'abonnement 2 : Fen Fakiiltesi

Dekanhg: Ankara, Turquie.

Ankara Universitesi Basumevi, Ankara - 1980



