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A Theorem on tbe Integrability of Power Series

By
Ş. Zahid Ali Zaiui (AJigarh) 

(Received 18 January 1979, and accepted 3 Mai 1979

ABSTRACT

The aim of this paper is to obtain a most general generalization of Heywood’s
tbeoıem [1] where ‘n İS not u2tima%^y positave,. .

1. P. Heywood [(1), Theorem 3 (i) ] has proved that if C„ is
00 90

ultimately positive, that S C„ o>and that F (x) = S x"
n=o n=o

where the radius of convergence of power series is unity for 
o < X < 1, then. ^“x)’'‘ F(x) is L (0,1) iff S C„ log n converges.X

The object of this nbte is to prove more general result of 
this type, in which sve do not assume that is ultimately positive.

00
2. T/ıeorem: If f(x) == 2 G„ x“, where ıthe series is con- 

■ ■ ■■ n-o j

vergent in o :: 1. if S C 
n»o

00
Öç and if S log n is

n“i

convergent, then f (x) 
l-x dx tends to a uxıique finite limit

X n

ı~S

O

• OO"
as d 4^ 0, moreover if the series S C„ logn has bounded 

■ J ■ n=ı
ı-S

partial şnms then
' ^1-8

f(x) 
l-x dx is bounded as

Conversely, if J f(x) 
l-x dx tends to a anlque finite limit as

ö -> + 0.

O

6 -> + o and if Sa as n -> eo , then 2 C„ loğ n is
n^o
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convergent where is finite and S,
9S
S Gr. Moreover 

r=o

1-8 
if f f(x) 

l-x dx is bounded as ö + o, and if S„ log n is
o 

hounded as n os, then the series has bounded partial sums.

a n

Proof: We have ,,
1-8

f (x) 
l-x

co 
dx = S 

n=o

X'

l-x
n

— dx
O

1-8
00 r

n=»o

09
S..-.
n-ı

O

1-8

Ca(1-x") 
(l-x)

dx

c„(1 .+t- X + ... 4 ) dx

00'

n=ı

O

= - s

O

L C,« 2 n

Putting 1-d = e^, we haVe

L = - S C,o
co

n=l 'n
e
“T”

-“A
e n

Âlso, if e = 1 - where N is an positive integer,

we have

n+1s N+1 1
= 2 -

r»*ı v[r
L - -

n+1 1- 2 -i r + o1 -r

N+1 1n+1 1 /I + ®(n

r» .= Log N H- 4- Un+1 M-
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where r* is Euler’s constant and 
It follo^s easily thât, If N is fixed

«« lends to zero as n 03.

-fAM p 
s

rr-ı
lim sup

, M -» » Log M = 0

co
Also, we have 2 , ,

tt-N-t.2 log = I. + 1, +; ].
n

N
Ij

n^N+2
—i-------- • I. -n log n

N’ 
s

11

I3
CO 
s

I>=:N2+1

e""^
n log n f ■N = Zıog Log N J ’

e~"-^
“ ^og

N"

where [x] denotes the greatest integer not exceeding It fol-
lows easily that I, 
we have

log 2, -> 0, Ij -> 0, as n -> oo. Now,

e~^A

T

co

n=^ı
= s cj -s..

n^ı.

,-fA
s c ■ n N n e

n
r^l .

c©+ > s • Q

I

- I

n e
'n r

•İJİ

bl + 'I:•b2 say.

NS c n=l r=l

1^-

[-il]
N s c, 
n^l r=-l W) ]
NS c

n=ı

n 
s
r=ı

-i-i
n=ı

C„+ o

n

n

n

T

i i r
r

r
n

1
N

N ' ' :
s C„ (log n + r* + u„) + O (1)

“*•1 • ■ E !■ . jy,
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N N •
s Cfl log n + S G„ u

n=«ı n=l
- r* C, + O (1>n

s C„ log n + H + o (1) 
n=ı

where H = r'* c„ + î c„
11=1

r* is Euler’s constant and u„U

tends steadily to zero as n -> « Also since by hypothesis, 
S„ Log n -> « as n -> oo, we have

I252
co
s G

n-N+l

e~^^ 
r

n
2 
f“l

n

= lim
M-*co N+1

s c.r
<+ı L

n2
r»! r

M
= lim L (S„ - S

M->eo N+1
w_ı,

e-'A
r

n 
s

e~^A

r= lim
M-»» Sm

M
S 
r“i

A - lim â S„ j 

J N+2

Sn
N+1S
r=ı

e"^^
r

e^°A?

n

M p“Ar
S —.r

— lim (Sm L«g Log M

—- lim (S„_xLog n)
M"* «o N+2 n log

- (S^ Log

n+12
r=ı

.-»■A

Log N

e
r

n

and since 'we have proved that



A THEOREM ON THE INTEGRABILITY OF POWER SERİES 31

eo 
S 
n:2

e~°^
n log n » Log 2, as N os then. by (2.1) it föl-

00
lows that S C„ Log a converges or oscillates finitely, accor

diag as J
1-S

f (x) 
l-x dx converges or oscillates finitely as d -> + O

O

Since lo îs boanded as 5 4- 0, therefore 1^,2 is bounded
because by hypothesis S„ Log n is bounded as n oo. Since

CO

Ij2 it follows that S C„ log u has a bounded partial sum
n«=ı

N
because S C„ log n is bounded for ali N.

11 «*1

This completes the proof of our theorem.
I am thankful those persons who helped me in preparing 

this paper.

Bn çahşmada, a,n

■ ÖZET < . 2 .

bir yerden itibaren sürekli olarak pozitif olmamak üzere, [1]
de verilen Heywood Teoreminin en geniş anlamda bir genelleştirilmesi elde edilmiştir.
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