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General Multivariate Iyengar Type Inequalities

GEORGE A. ANASTASSIOU

ABSTRACT. Here we give a variety of general multivariate Iyengar type inequalities for not necessarily radial func-
tions defined on the shell and ball. Our approach is based on the polar coordinates in RN, N > 2, and the related
multivariate polar integration formula. Via this method we transfer well-known univariate Iyengar type inequalities
and univariate author’s related results into general multivariate Iyengar inequalities.
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1. BACKGROUND
In the year 1938, Iyengar [5] proved the following interesting inequality:
Theorem 1.1. Let f be a differentiable function on [a, b] and |f' (x)| < M. Then

b 7(12 B . )
[ 1@ de= g 0-a) @ s o) < ORI

(1.1)

In 2001, X.-L. Cheng [4] proved that
Theorem 1.2. Let f € C? ([a,b]) and |f" (x)| < M. Then

1.2 "t Lo D)+ = (b—a) (/' (b) — /"
(12 | H@de =500 @+ F0)+ 500 (' ()~ f (@)
M2 (b—a)
< Sib-a - Toral,
where o (F (b
A= f(a)— 2SO =F@) Ly

(b—a)
In 1996, Agarwal and Dragomir [1] obtained a generalization of (1.1):

Theorem 1.3. Let f : [a,b] — R be a differentiable function such that for all x € [a,b] with M > m
we have m < f' (z) < M. Then

b
[ t@de= 3 b= @)+ £0)
() -

fla)=m(b—a))(M(b—a)—f(b)+[(a)
2(M —m)

<

In [7], Qi proved the following:

Received: 22 January 2019; Accepted: 27 March 2019; Published Online: 29 March 2019
*Corresponding author: G. A. Anastassiou; ganastss@memphis.edu
DOI: 10.33205/ cma.543560

64



General Multivariate Iyengar Type Inequalities 65

Theorem 1.4. Let f : [a,b] — R be a twice differentiable function such that for all x € [a,b] with
M > 0 we have | " (x)| < M. Then

/f IO gy 4 CE (1) - @ 0 o
< %(1‘”)

where

(7 @+ 1 ) —2 (192’
M2 (b=a)” = (f' (b)) = [ (a))"
In 2005, Zheng Liu, [6], proved the following;:

Theorem 1.5. Let f : [a,b] — R be a differentiable function such that f’ is integrable on |a, b] and for
all x € [a,b] with M > m we have

2

DD g TOSE
Then
b a 2 9
‘/ plyde - LTI ooy () () 1 @) 0 )
2 —m)(b—a)
(12?))@1+be@3g(M Lﬁ )(17Mﬂ%
where

) (7 @+ 1 () 2 (10=£2)) |
(M52)" 0= a)" = (57 0) = S a) = (=) (b — a))”

Next we list some author’s related results, (here L ([a,b]) is the normed space of essentially
bounded functions over [a, b]):

Theorem 1.6. ([3]) Let n € N, f € AC™ ([a,b]) (ie. f~Y € AC ([a,b]), absolutely continuous
functions). We assume that f) € Lo, ([a,b]). Then
(i)

(1.3) 79 (@) (£ = )+ (=) (5) (b — )]

dx —
kz=o (k+1)!
Hf(n)HLoc([a,b])
- (n+1)!

forallt € [a,b],
(i) att = 2L, the right hand side 0f(1.3) is minimized, and we get:

[(t —a)" 4 (b— t)"“} ,

1 (b . a)k+1
(k: + 1) 2k+1

Hf(n HLOO([a,b]) (b—a)™™
R o

[0 (@) + (~1 P )] |




66 G. A. Anastassiou
(iii) if f*) (a) = f®) (b) = 0 forall k = 0,1,...,n — 1, then we obtain

(n) )
/bf(x) da| < 1 ey (0 = @)™

- (n+1)! VAL
which is a sharp inequality,
(iv) more generally, for j = 0,1,2,..., N € N, it holds

b n—1 1 b—a k+1 et .
a9 | [ r@a- Y gy (7)) B @ et (b)}‘
||f(n)|’ o ([a, b—a s -n4+1 n+1
a2 () o),

(@) if f*) (a) = f®) (b)) =0,k =1,....,n — 1, from (1.4) we get:

(1.5)

/abf(x)dm - (b]_va) i1 (a) + (N =) f (B)]

N ooy (2= a\™ 0
o Uil (5 o

forj=0,1,2,...N €N,
(vi) when N =2and j =1, (1.5) turns to

[r@a- (") g sm)

[EAR HLOO([a,b]) (b—a)"*™!
(n+1)! 2n ’

(1.6) <

(vii) when n = 1 (without any boundary conditions), we get from (1.6) that

b—a)?
ST U

[ 1@ (5 v o)

a similar to Iyengar inequality (1.1).
We mention here L ([a, b]) is the normed space of integrable functions over [a, b]).
Theorem 1.7. ([3]) Let f € AC™ ([a,b]), n € N. Then
(i)

1.7)

b n—1
1
[ 1@ =3 s [ @ =+ 0 ) - 0]
@ k=0 '
0 2 g
n!
forallt € [a,b],
(i) att = %L, the right hand side of (1.7) is minimized, and we get:

b n—1 _ )t
/ f (.13) dzx — Z (k i 1)] (b 2k+)1 |:f(k) (a) + (_l)kf(k) (b)} ‘
a k=0 ’

[(t—a)" +(®-1)"],

[ HLl([a,b]) (b—a)"
n! gn—1 "
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(iii) if f*) (a) = f®) (b) =0, forall k = 0,1, ...,n — 1, we obtain

Hf ||L1([ab (b—a)"

n! A

which is a sharp inequality,
(iv) more generally, for j = 0,1,2,..., N € N, it holds

n

1 b—a\"
(1.8) dz =2 oy (N) 51 @)+ (DR (N = ) (b)]‘
k=0 ’
f(n) “ h— n "
| @;« D (222 s - ),

@) if f*) (a) = f®) (b) =0,k =1,....,n — 1, from (1.8) we get:

- (5

f< at) (b—a)" "
I |LL!1[ b])( N“) "+ (N =3)",

(1.9)

)[qu (N =) £ )]

forj=0,1,2,...N €N,
(vi) when N =2and j =1, (1.9) turns to

||f(n)||L1([a,b]) (b—a)"

(1.10) p ST

e~ 2D (p@)+ r )| <

(vii) when n = 1 (without any boundary conditions), we get from (1.10) that

z)dz — <b“

We mention here L, ([a,b]) is the normed space of functions f such that |f|? is integrable over

[a, b])

<N Ny faery (0 — @) -

) (J (@) + F ()

Theorem 1.8. ([3]) Let f € AC™ ([a,b]), n € N; p,q > Lsuch that 1 + £ = 1,and f™) € L, ([a,b]).
Then
(i)
_ 1 (k) o)kt (k) k+1
(1.11) dz kZ_O(kH)![f’“(a)(t @) (—)F B ) (0 - 0]

[ [P
(n—1)! (n+ ;%) (p(n—1)+1)

forallt € [a,b],

[(t Q)" 4 (b — t)”+%] ,

S
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(ii) at t = 25L, the right hand side of (1.11) is minimized, and we get:

2
b n—1 _ )t
/ f(z)de — Z (k i 1! 0 2k+)1 [f(k) (a) + (_1)kf(k) (b)] ‘
@ k=0 ’

Hf(n)HLq([a,b]) (b—a)TLJF%
(n—1)! (n + %) (p(n—1)+1)5 2"7

(iii) if f*) (a) = f®) (b) =0, forall k = 0,1, ...,n — 1, we obtain

/abf(x)dx

which is a sharp inequality,
(iv) more generally, for j = 0,1,2, ..., N € N, it holds

||f(n)HLq([a,b]) (b—a)"ts

nfl)!(nJr%) (p(nfl)+1)% 2"

b

<
(

b n—1 _a k+1 et . L
a |f f(x)dx—kz_o(kil)!(b]v) [44179 (@) + (1) (v = ) <b>}|
||f(n)HLq([a,b]) b—a\"t? gl _ynd
(nl)!(n+§>(p(n1)+1)é( N > [J+ o ‘7)+}’

(@) if fF) (a) = fF) (b)) =0,k =1,....,n — 1, from (1.12) we get:

(1.13)

/abf(m)dx— (b;]a> [ (@) + (N = j) f (b))

17 2 1oy (b - a)"+’1’ {jnﬁ (N _j)n+%}
(n—l)!(n—k%)(p(n—l)—kl)% N

forj=0,1,2,...N €N,
(vi) when N = 2and j = 1, (1.13) turns to
Hf(n)HLq([a,b]) (b—a)"t>

(n—l)!<n+%) (p(n—l)—f—l)% 2"

(vii) when n = 1 (without any boundary conditions), we get from (1.14) that

/ab fle)dz = <b ; a) (f (a) + £ (b)) JElL;([laij) (b ;;Hé .
We need

Remark 1.1. We define the ball B(0,R) = {z e RY : |z| <R} C RN, N > 2, R > 0, and the
sphere

b —a
a14) | [ -5 @+ o) <

)

I
<

SN=1 .= {IGRNI|£E|:1},

where |-| is the Euclidean norm. Let dw be the element of surface measure on S™ 1 and

N
w :/ dw = 27>
MRS NE
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is the area of SN ~1.
For z € RY — {0} we can write uniquely x = rw, where r = |z| > 0and w = £ € SN, |w| = 1.

Note that f B(O.R) dy = “NA},%N is the Lebesgue measure on the ball, that is the volume of B (0, R), which
N
exactly is Vol (B (0, R)) = =28~

—R(TH)
Following [8, pp. 149-150, exercise 6], and [9, pp. 87-88, Theorem 5.2.2] we can write for F :
B (0, R) — R a Lebesque integrable function that

R
— N-1
(1.15) /B(O)R)F(x) dx = /SN_1 (/0 F(rw)r dr> dw,

and we use this formula a lot.
Typically here the function f : B (0, R) — R is not radial. A radial function f is such that there exists

a function g with f (z) = g (r), where r = |z|, r € [0, R], forall x € B (0, R).

We need

Remark 1.2. Let the spherical shell A := B (0,Ry) — B(0,R;),0 < Ry < Ry, AC RN, N > 2,
x € A. Consider that f : A — R is not radial. A radial function f is such that there exists a function
gwith f (z) = g(r), r = |z|, 7 € [Ry, Ra], for all x € A. Here x can be written uniquely as x = rw,
wherer = |x| > 0and w = T € SN=L |w| = 1, see ([8], p. 149-150 and [2], p. 421), furthermore for
F : A — Ra Lebesgue integrable function we have that

(1.16) /AF(x) dx = /SM (/RTQF(W) erdr> dw.

Here

wy (RY —RN) 7% (RY — RN
Vol (4) = N a ) _ F((1\2[+1)1)
2

In this article we derive general multivariate Iyengar type inequalities on the shell and ball of
RN, N > 2, for not necessarily radial functions. Our results are based on Theorems 1.1-1.8.

2. MAIN RESULTS

We present the following non-radial multivariate Iyengar type inequalities:
We start with

Theorem 2.9. Let the spherical shell A := B (0,Rs) — B(0,R;1),0 < Ry < Ry, ACRYN, N > 2.
Consider f : A — R that is not necessarily radial, and that f € C* (A). Assume that ‘%‘ < M,

forall s € [Ry, Ry, and for all w € SN =1 where M; > 0.
Then

Ry — R
[ TR (w0 [ g reao e m = [ )
Mir (B~ B fonos (F (Raw) RY ™ — £ (Raw) RY ) do
= T w o |
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Proof. Here f (sw) sV =1 € C! ([R1, Ra]), N > 2, forallw € SN~1. By (1.1) we get

Ra
(sw) sV ~tds — % (Ry — Ry) (f (Riw) RY ™ + f (Row) RY ™)
Ry
L MR (R BT R Y

4 4My

forallw e SN-1,
Equivalently, we have
Ro 1
-1 (w) < (sw) sN1ds — 3 (Ry — Ry) (f (Ryw) R{V_l + [ (Row) Rév_l) <A (w),
Ry

forallw e SN-L
Hence it holds

Ry
- / M (w)dw < / ( (sw) sN_lds> dw
SN-—-1 SN-—-1 Rl

1

— 5 (Ra— R (R{V‘l/SNlf(le)dw+R§V_1/SNlf(RQw)dw)

< / A (w) dw.
SN-—-1

That is (by (1.16))

C [AEM (B = R fow (f (Row) RY ™~ (Riw) BV do
o (3) i

Ry — R
< [roa- T (e [ e [ ) o)
A SN—-1 SN—-1
< 73 M (Ry — Ry)?  Jow (f (Row) Ry — [ (R1w) R{\Ll)de
S () i, ’
proving the claim. O

We continue with

Theorem 2.10. Let the spherical shell A := B (0,R2) — B(0,R1),0 < Ry < Rp, A C RN, N > 2.
Consider f : A — R that is not necessarily radial, and that f € C* (A). Assume that ‘%’ < M,

forall s € [Ry, Ry, and for all w € SN~ where My > 0.
Set

f(Row) RY ™" — f (Ryw) RY 1)
Ry — R,

Al (w) := (f (sw) SN_l)/ (Ry) — 2(

+  (f (sw) sN_l)/(Rg), Vwe sVt
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Then
py— I (g [ o RY [ f (e o)
n Bb;fﬁ)LLNl(f@w>f“*Y(Rﬁdw—léNl(f@w>#“4Y<Rndw}
< 7&) Mo Ry~ Ry - (R126;\4§1> /SIH A? () dw.

Proof. Here f (sw) sV =1 € C? ([R1, Ra]), N > 2, forallw € SN~1. By (1.2) we get

R2
[ (sw) s tds — % (Ra = R1) (f (Raw) RY ™" + f (Raw) Ry ™)
Ry
+ HmeaﬂwnNUWMwwmwlﬂmn\
M. Ry —R
< P r-ry' - A ) = ),
forallw e SN-1L.
Equivalently, we have
e N-1 (R — R1) N-1 N-1
— A (w) < ; f(sw)s™ ds — 5 (f (Riw) Ry ™' + f (Raw) Ry 1)
b5 B = B (7 (59) ¥ (o) = (£ () sV ) (B)) < @),
forallw € SN—1.
Hence it holds
- / Ag(w)dwg/ ( f(sw)s™N— 1ds> dw
SN-—-1 SN-—-1
- (RQ;R” <R{V—1/Sle (Ryw) dw + RY~ 1/SN (Raw) dw>
(R — R1)’
N, R T

A‘Z w)aw.
< /SN . ( )

] Mg (Rz — R1)
- [F )12 (Ra — R1)” — 16Ms /SN,IAQ( w) dw

/f( ) dy _ - Ry) (Rfl/sN_lf(le) dw+R§V*1/SN_1f(R2w) dw)

+Ejf“[LNgﬂwnMﬂ%&Mw3/ <ﬂwn“ﬂ%&w@

SN-—1

M. Ry — R
g ) = S [ At

IN

vz

™

I (

IN
N4
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proving the claim. O
We give

Theorem 2.11. Let the spherical shell A := B (0, Ry) — B(0,R1),0 < Ry < Ry, ACRN, N > 2.
Consider f : A — R that is not necessarily radial, and that f € C* (A). Let M > m and assume that
< W < M, forall s € [Ry, Ry|, and for all w € SN—1.

Then
Rl) (Rf"l /SN f (Raw) dw + RY! /SN f (Row) dw> ‘
< s /S [(f (Row) RY ™" = f (Ryw) BY ™4 = (R, — )
x (M (Ry—Ry) — f (Row) RY ' + f (Riw) RY 1)] dw.
Proof. Similar to the proof of Theorem 2.9 by using Theorem 1.3 and (1.16). O
We give

Theorem 2.12. Let the spherical shell A := B (0, Rs) — B(0,R1),0 < Ry < Ry, ACRN, N > 2.
Consider f : A — R that is not necessarily radial, and that f € C* (A). Assume that ‘%’ < Ms,

forall s € [Ry, Ry, and for all w € SN~ where M3 > 0.
Set

Qf (w)
N—1\172
|:(f (sw) SNfl)’ (Rl) + (f (sw) SNfl)’ (R2) _9 (f(sz)R Rz*é(lle)R ):|
(M (R — Ra)? = ((f (s) 5% (Bo) — (f (s) 81 (Ru))’]

forallw e SN—1.

Then
Rl) <R{V1 / F(Ryw) deo + RY 1 / F(Row) dw)
SN—-1 SN—-1
(Ry — R / /
QT” /S Q@) (£ () sV (Re) = (£ (sw) sV (R)) do
3
< MR [ g )
24 N1
Proof. Similar to the proof of Theorem 2.10 by using Theorem 1.4 and (1.16). O

We continue with
Theorem 2.13. Here all as in Theorem 2.9, and let M, > mq. Assume that

(f (sw) sV 1) (@) = (f (sw) M) (Ry)
CC—Rl

my < < My,

and
(f (sw) s¥ 1) (R2) — (f (sw) s¥ 1) ()
R2 — X

mi S SMla

forall x € [Ry, Ry), forall w € SN—1,
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Set
P} (w)

Ro—R,y
(Ma5m)® (Ry — Ry)? — [(f (sw) sN=1) (Ro) — (f (sw) sN=1) (Ry) — (M4M0) (R, — Ry)]”
forallw e SN-1.

[(F () s91Y (R # (1 (o) s () — 2 (Lo f 2y

Then
Ry — I N-1 N-1
fy)dy — 5 Ry f (Riw) dw + Ry [ (Row) dw
A SN-1 SN-1
Ry — Ry)? - -
- % /SM (14 P () ((f (s0) 8™ 1) (Ba) = (£ (sw0) %) (B1)) o
Ry — Ry)’
- B R g, +M1)/ (1+3P] (w)) dw
48 SN—-1
3
< (My —my) (Ry — Ry) / (1- 3P (w)) dw.
48 SN-—-1
Proof. Similar to the proof of Theorem 2.10 by using Theorem 1.5 and (1.16). O
We present

Theorem 2.14. Consider f : A — R be Lebesgue integrable, which is not necessarily radial. Assume
that f (sw) sN=1 € AC™ ([Ry, Ry)) (ie. (f (sw) stl)(nfl) € AC ([R1, R2)) absolutely continuous
functions), for all w € SN=1, N > 2. We assume that (f (sw) sN‘l)(") € Lo ([R1, Ra)), for all
w € SN There exists K1 > 0 such that H (f (sw)sN 1 < Ky, where s € [R1, Rs),

forallw e SN-1.

) (n) H
Lo ([R1,R2])

Then
(i)
(2.17) / fy)dy— Zl . [( / (f (sw) sV 1) <R1)dw) (t— Ry)**
A o (k + 1)‘ SN-1
k

+ (-1

QU
S

_ (f (sw) SN_l)(k) (Ry) (Ry — )k

< T K
- (§) n+1)

forallt € [Ry, Ra],
(i) at t = $1EB2 the right hand side of (2.17) is minimized, and we get:

77171 1 (RQ—Rl)kH sw) V1 (k) w0
[ w3 g g [, s )
k

[ (s ) () ] \

Kl (R2 _ Rl)n—i-l
) (n+1)! on—1 ’

[(t —R)"™ + (Ry — t)"“] ,

+ (=1

~—

<

vo|z| =

r
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. k sw SN—I
Gii) i (f (50) s )Y (Ry) = (f (sw) sV )P (Ro) = 0, forall w € SN, (e, ZUE0"7)
vanish on 0B (0, Ry) and 0B (0, R2)) forall k = 0,1, ...,n — 1, we obtain
s Kl (R2 — Rl)n+1
dy| <
/Af(y) y‘_r(g) w1 S ;

which is a sharp inequality,
(iv) more generally, for j = 0,1,2, ..., N € N, it holds

IR dy:Z_: i () e ([ ) )
b - ([ ) N—1><k><32>dw>H

2 Kl (Rg — R1> n+1 _ .)n+1}
T (X) (n+1)! J ’

vz

(2.18)

v|z

<

(@ if (f (5) ¥ (R1) = (£ (s0) ¥ )N (B) = 0, forall w € 551, (ie. U270
vanish on 0B (0, Ry) and 0B (0, Rs) )fork—l wn—1, from (2.18) wgggt

- (B b ([ e

+ (W—j)RQPl (/Sle(ng)dw)H < 1??5)

2
K Ry — R \""'r — nt1

forj=0,1,2,..,N € N,
(vi) when N =2and j =1, (2.19) turns to

R, — R
y)dy—( 2 5 1) (R{Vl/SN_lf(le)dw—i—Rév1/SN_1f(R2w)dw>’

< 71'% Kl (RQ — Rl)n+1
S Tt 2t
(vii) when n = 1 (without any boundary conditions), we get from (2.20) that

y)dy — <R2 ;R1> (R{V_l /SN?1 [ (Rw) dw—i—Rév_l /SN?1 f (Row) dw)‘
W%Kl

Sm

Proof. Similar to the proof of Theorem 2.9. We apply Theorem 1.6 along with (1.16). O

(2.19)

(2.20)

(Ry — Ry)?.

We continue with

Theorem 2.15. Consider f : A — R be Lebesgue integrable, which is not necessarily radial.
Assume that f(sw)s™ ' € AC™([Ry,Ra]) (ie. (f (sw) stl)(nfl) € AC([Ry,Ry]) abso-
lutely continuous functions), for all w € SN-1 "N > 2. Here there exists Ko > 0 such that

)SN71)(") < Ko, where s € [Ry, Ry), forall w € SN—1.
Li([R1,Rz2])

i

Then



General Multivariate Iyengar Type Inequalities 75

(i)
7n71 1 sw) V-1 R n _ k+1
@21) |/Af(y)dy > @ ([, e ) o) - )
+ (-f (/SN_1 (f (sw) sN_l)(k) (RQ)dUJ) (Ry — t)k“}
27‘('% KQ n n
< @H[@_Rl) + (B2 —1)"],

forallt € [Ry, Ro],
(i) att = BB the right hand side of (2.21) is minimized, and we get:

R, — Ry k+1 )
Vb (k+1>( = US (f (sw) )™ (Ry) do

(f (s0) sV 1)V <R2>dw}

\

+ _
SN-1
< 7'('% (RQ_Rl)
SEme e

| =

(i) i (f (s0) sV )P (Ry) = (F (5w) sV )P (Ry) = 0, forall w € SN, (e, ZUE0"7)
vanish on 0B (0, Ry) and 0B (0, Rz)) forall k = 0,1, ...,n — 1, we obtain

Y Kz (RQ—Rl)n

which is a sharp inequality,
(iv) more generally, for j = 0,1,2, ..., N € N, it holds

e2) ’ 1w dy:;j i () e (L ) o)
bt =) (s )|

< 2m &(RQ_Rl)n[j”-y(N—j)n},

k)

@ if (f (sw) sN )P (Ry) = (f (sw) s8) P (Ro) = 0, forall w € SN, (ie. LUEDT)

vanish on OB (0, Ry) and 0B (0, Rz)) for k =1, ...,n — 1, from (2.22) we get:
Ry—R
/Af(y)dy—( = 1) [ij“ (/SN 1f(R1w)dW>
o @-m ([ rmew)| < 2y
};f(RQJ_VRl) i+ (- 0)"].

forj=0,1,2,..,N € N,

(2.23)
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(vi) when N =2and j = 1, (2.23) turns to

(2.24) y) dy — <R2 g Rl) <R{V—1/SN1 f (Ryw) dw+R§V_1/SN71 f (Row) dw)‘

(vii) when n = 1 (without any boundary conditions), we get from (2.24) that

y) dy — (RQ;R1> (R{Vl/SN_l f(Riw) dw+R§V’1/SN_1 f(Ryw) dw)’

213 Ko
< (Ra — ).
r(3)
Proof. Similar to the proof of Theorem 2.9. We apply Theorem 1.7 along with (1.16). O

We continue with

Theorem 2.16. Letp, g > 1: %‘Fé > 1. Consider f : A — R be Lebesgue integrable, which is not nec-
essarily radial. Assume that f (sw) sV~ € AC™ ([Ry, Rs)) (i.e. (f (sw) stl)(nil) € AC ([R1, R2))
absolutely continuous functions), for all w € SN=', N > 2. We assume that (f (sw) sN‘l)(n) €
Ly ([R1, Ra)), for all w € SN=1. There exists K3 > 0 such that H (f (sw) stl)(n) < K3,

Lq([R1,R2])
where s € [Ry, Ra), forall w € SN-1L.

Then
(i)
= 1 BENG! ki1
(2.25) —kZ:O ] K/SNI (f (sw)s™ 1) (Rl)dw> (t—Ry)

+ (_1)k (/SNI (f (sw) SNfl)(k) (Rs) dw) (Ry — t)k+1:|
ot . R
< (%) PETTY PR FPPETRTE (= R™5 4 (R, — )" *3]

forallt € [Ry, Ro],
(ii) att = BtB2 the right hand side of (2.25) is minimized, and we get:

1 (Ry—Ry)"!
(k +1)! 2k+1

. [/SNJ“S“)SN YY) ok (0F [ (7008 () ]

n¥ Ky (Ry — Ry)"™'¥
T (%) (n—1)! (n+ %) (p(n—1)+ 1)% gn—1-1

)
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3k(f(sw)sN’1)

(i) if (f (sw) N 1) (Ry) = (f (sw) sV 1) (Ro) = 0, forall w € S¥=1, (ie. -

vanish on 0B (0, Ry) and 0B (0, R2)) forall k = 0,1, ...,n — 1, we obtain
K3 (Ry — R)"™'?

1 —1-1

- (n+ ) pm-nni 2

Tz
y) dy’
r(3)
which is a sharp inequality,
(iv) more generally, for j = 0,1,2, ..., N € N, it holds

| 1w dy:Z; i () e (L ) )
b0 - ([ e )Y )]

Ks Ry~ RO\™F [ is o~ as
Fg)(”_l)!(“i)(p(n—l)ﬂ)i( N ) [+ (N =5)"],

(2.26)

<

@ if (f (sw) s8N P (Ry) = (1 (sw) sV )P (RQ) — 0, forallw € SN, (e, LU
vanish on 0B (0, Ry) and 0B (0, Rz)) for k =1, ...,n — 1, from (2.26) we get:

e[ rwa- () iy /S LR

o e (f smw)]<
R

x K ( —
(n—l)!(n—f—%)(p(n—l)—l—l) N

forj =0,1,2,..,N € N,
(vi) when N = 2and j = 1, (2.27) turns to

(228) ‘ [rway- (g (m [ g a7 [ f ) dw)]

W% K3 (R2 7R1)n+%
P2 n-1t(nt ) pm-n+1)r 2778

(vii) when n = 1 (without any boundary conditions), we get from (2.28) that

'/Af(y)dy— (RQ;R1> (R{VI/Sle(le)dw‘FRév1/SN1f(R2w)dw>’

D=

)

2ir¥ K. 1
N’]T 31 (RQ_R1)1+‘"
r (%) (1 + 5)
Proof. Similar to the proof of Theorem 2.9. We apply Theorem 1.8 along with (1.16). O

We continue with results on the ball. We present

Theorem 2.17. Consider f : B(0,R) — R be Lebesgue integrable, which is not necessarily ra-
dial. Assume that f (sw)sN~1 € AC([0,R)), for all w € SN=Y, N > 2. We further assume
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that %LSN% € Lo ([0,R]), for all w € SN=1. Suppose there exists My > 0 such that
| e < My, forallw € V-1,

S

o0,(s€[0,R])
Then
(i)
(2.29) / f(y)dy — (/ f (Rw) dw) RN-Y(R—1t)| < 73 My [tQ +(R—1)°
. — N )
B(0.R) SN r(3)
forallt € [0, R],
(ii) att = &, the right hand side of (2.29) is minimized, and we get:
RN| _n% MR?
s ([ froa) Tl < TR
/B(O,R) ) sN-1 (Re) 2 2r (§)

(iii) if f (Rw) =0, forallw € SN~ (i.e. f (-w) vanishes on OB (0, R)), we obtain

©% My R?
FWdy| < ———7
I 1)
which is a sharp inequality,

(iv) more generally, for j = 0,1,2,..., N € N, it holds

RN .
Lo @l (i) [ s

(v) when N = 2and j = 1, (2.30) turns to

RN
Lo F 0= [ s <

Proof. Same as the proof of Theorem 2.14, just set there Ry = 0 and Ry = R and use (1.15). O

(2.30)

We continue with

Theorem 2.18. Consider f : B (0, R) — R be Lebesgue integrable, which is not necessarily radial.
Assume that f (sw) sN=t € AC ([0, R)), forallw € SN=1, N > 2. Suppose there exists My > 0 such

that HM < My, forall w € SN

)
Os

L1 ([0,R])
Then
(i)
(2.31) / Fy)dy — (/  (Rw) dw> RN-U(R 1) < 2”7]]\52]%,
B(0,R) SN-1 (?)

forallt € [0, R],
(ii) if f (Rw) = 0, forallw € SN=1, (i.e. f (-w) vanishes on B (0, R)) from (2.31), we obtain

27'(% MsR
/ £ () dy 2
B(0,R)

r)

<

which is a sharp inequality,
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(iii) more generally, for j = 0,1,2,..., N € N, it holds

RN 272 MyR
(2.32) / Fly)dy— (W _])/ f (Rw) dw| < 222 ARE
B (0,R) N g1 (%)
(iv) when N =2and j =1, (2.32) turns to
RN 273 MyR
f)dy— — f(Rw)dw| < “—~=—
Lo 2 Jona = TR

Proof. Same as the proof of Theorem 2.15, just set there Ry = 0 and Ry = R and use (1.15). O

We continue with

Theorem 2.19. Let p,qg > 1 : % + % = 1. Consider f : B (0, R) — R be Lebesgue integrable, which
is not necessarily radial. Assume that f (sw)s™~t € AC([0,R)]), forallw € SN=1, N > 2. We

further assume that af(*f’]v_l € L, ([0,R)]), for all w € SN=1. Suppose there exists Ms > 0 such

Of (sw)sN 1 < N—1
that Hias L) S Ms, forallw € S .
Then
(i)
(2.33) / £ (y) dy - / f (Rw)dw ) RNV (R — 1)
B(0,R) SN-1

2% My

(5 (1+3)

[t“% + (R - t)”ﬂ :

forallt € [0, R],
(ii) att = &, the right hand side of (2.33) is minimized, and we get:

RN| 2ix¥ MR
/ f(y)dy—</ f(Rw)dw> <
B(0,R) SN-1 2 r (?)

(iii) if f (Rw) =0, forallw € SN~1, (i.e. f (-w) vanishes on OB (0, R)), we obtain

[ twa
B(0,R)

which is a sharp inequality,
(iv) more generally, for j = 0,1,2, ..., N € N, it holds

1 1
2ar> MyR'™»

reE)

<

(2.34)

N 141 ) - N

27712M3N (R) {j1+5+(N—j)1+‘1”],
(1+1)T %)

(v) when N =2and j =1, (2.34) turns to

293 MaR"™o

(+5re

RN
[ rwdy- T [ f(Re)de <
B(0,R)

SN-—-1
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Proof. Same as the proof of Theorem 2.16, just set there Ry = 0 and Ry = R and use (1.15). O
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