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Strong Converse Inequalities and Quantitative
Voronovskaya-Type Theorems for Trigonometric Fejér Sums

JORGE BUSTAMANTE* AND LAZARO FLORES-DE-JESUS

ABSTRACT. Let o, denotes the classical Fejér operator for trigonometric expansions. For a fixed even integer r, we
characterize the rate of convergence of the iterative operators (I — o, )" (f) in terms of the modulus of continuity of
order r (with specific constants) in all P spaces 1 < p < co. In particular, the constants depend not on p. Moreover,
we present a quantitative version of the Voronovskaya-type theorems for the operators (I — oy)"(f).

Keywords: Fejér operators, iterative combinations, rate of convergence, direct and converse results, quantitative
Voronovskaya-type theorems.
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1. INTRODUCTION

Let Cy, denote the Banach space of all 2r-periodic, continuous functions f defined on the
real line R with the sup norm

[flloo = max | f(z)].

z€[—m,7]
For 1 < p < oo, the Banach space LL? consists of all 2r-periodic, p-th power Lebesgue
integrable functions f on R with the norm

= (55 [ 1@ P )™

In order to simplify, we write X? = L for 1 < p < co and X*° = Cy,. As usual, forr € N,
by W) we mean the family of all functions f € X? such that f,...,D"~!(f) are absolutely
continuous and D" (f) € X?. Here D(f) = D'(f) = f' and D"*L(f) = D(D"(f)).

For f € X!, the conjugate function is defined by

o L M fa+t)y—fla—t), 1 [Tfla+t)—flx-1)
J@) ==52 | tan(rj2) = lhmor ) tan(t/2)

dt,

whenever the limit exists. It is know that if f € X? with 1 < p < oo, then f € XP, and that is
not the case for p = 1 and p = oc.

For r € N, function f € X?, and h > 0, the usual modulus of smoothness of order r of f is
defined by

(1.1) wy(f;t)p = sup [(1 =Th)"(f)llp,
[h|<t
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54 Jorge Bustamante and Lazaro Flores-de-Jests

where T},(f,z) = f(xz + h) is the translation operator. We also use the notations A} f(z) =
(I —Tn)"(f).

Let T,, denote the family of all real trigonometric polynomials of degree not greater than n.
For 1 <p < ocoand f € XP, the best approximation of f by elements of T,, is defined by

Enpl(f) = inf I =Tl

Recall that for f € L' and k € Ny, the Fourier coefficients are defined by

ar(f) = L f(t)cos(kt)dt and bi(f)= L f(¢t) sin(kt)dt,

L — -7

and the (formal) Fourier series is given by

f(x) + Z (ar(f) cos(kxz) + br(f) sin(kz)) = ZAk(f,x).

Forn € Nand f € X!, the Fejér sum of order n is defined by

NE

oulfir) =3 (1= ) au(r)

+1

~
Il

0

We also consider the conjugate operators

n=3(1- VB,

k=
where By (f,z) = —bi(f) cos(kx) + ar(f) sin(kx).

In what follows the following notations are used: o0 = I (identity operator), o (f) = o, (f)
and o/t = o, (a7 (f)).

In [3], it was proved thatif 1 <p < oo,n > 1,and f € X?, then

,_.

(12 S =Dl <K (£.2) <4t =Pl

where
K(fat)p:lnf{Hf_g”p—’_t”D(g)”P : gGXp,§€AC7D(§) GXP},
here D(h) = h/. Moreover, for 1 < p < oo, it was given a constant C), such that, for each f € X?,

(1.3) 2épnf oDl < (£) <87 = o)l

On the other hand, in recent times there have been some interests in studying quantitative
Voronovskaya-type theorems, but almost all the papers concern with positive linear operators
in spaces of non-periodic functions. For instance; see [1], [2], [11], [12] and the references
therein. The methods used in those papers are not useful in dealing with periodic functions
for two reasons (at least). First, they use different kinds of Taylor’s formula and second, in the
non-periodical case do not appear conjugate functions.

It is known that the Voronovskaya-type theorems are related with the saturation class of
some families of operators. We have noticed that in the case of trigonometric polynomial
approximation process the Voronovskaya-type theorems depend on particular properties of
the operators. In this paper we consider the Fejér operators (other approximation methods will
be studied in forthcoming papers).
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In this paper, two different kind of results are presented. First, we extend equation (1.2) by
proving that, for an even integer r, f € X? and n € N,

O (17) <M =) (Nl < Cor(£.7)

Second, we verify a quantitative Voronovskaya-type relation in the following form: 1 < p < oo,
r is an even integer, f € Wy, and n > r, then

417 =) (1) = (072D ()| < O (D7 ().

Here C;, C; and Cj5 are positive constants which will be given in an explicit form. These
tasks will be accomplished in Sections 2 and 4, where other results are included. In order to
present the estimate in Section 4 with specific constants, we need some results related with
simultaneous approximation that will be proved in Section 3.

2. STRONG INEQUALITIES FOR COMBINATIONS OF FE]ER OPERATORS
First, we recall some known results that will be needed later.

Proposition 2.1. (i) Ifr € N, ¢ > 0and f € X?, then w,(f,t), < 27| f||,-
(ii) ([15, page 103]) If r € Nand f € W, then

(2.4) wp(f, ) <7D (f)llp-
(iii) ([15, page 103]) If r,q € Nand f € XP, then
wr(f,qt) < q"wr(f, qt).

For a proof of (2.5), see [15, page 215]. The first inequality in (2.6) is a consequence of (2.5)
(take h = 7/n) and Proposition 2.1, but for a direct proof see [15, page 208].

Theorem 2.1. If1 <p <oo,r,n € Nand T,, € T, then

25 T, < (=) AT,

(25) 1Tl < (5gatnyay) AR Tlb:

forany h € (0,27 /n). Moreover

(2.6) ID"(T)llp <n” Tl and | D"(Tn)llp < 0" [|Tullp-

The first inequality in (2.6) is easily derived from (2.5) by taking i = 7/n and using the
assertion (i) in Proposition 2.1. Unfortunately, the second inequality is not included in some
books, but a proof can be seen in [14, page 135] (notice that it is sufficient to verify the assertion
for r = 1).

Proposition 2.2. (see [5, Cor. 1.2.4])If1 <p <oo,n € N, and f € XP, then
lon(Hllp < 1 f1lp-

Let us show some algebraic relations related with iterates of Fejér operators.

Proposition 2.3. Foreachn,r € Nand f € L' one has

wre) =30 (1= ) Afa)

P n+1

and
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Proof. By the orthogonality relations we know that, for 0 < k < n, Ax(o,(f)) = 1 —k/(n +
1)) Ag(f). For instance,

ar(on(f)) = /_: on(f, 1) cos(kt)dt = zn: (1 - n_’i 1);/_7; Ax(f, 1) cos(kt)dt

™
k=0

— (1 __k ) 1 /Tr ap(f) cos®(kt)dt = (1 - nf— 1>ak(f)-

n+1/)m o
With similar arguments, we can verified that by (o, (f)) = (1 — k/(n + 1))bi(f).
Hence

T o (L N (1o Ry
=2 (1= =) Axlou() = > (1- =) Axh.
For other values of r, the proof follows by induction.

On the other hand,

e §<—1)j ()n=1 +§<—1)j ()i
@ 2::) (1- n_k;l)jAk(f)

k=0 j=1
n n T r k j
—r-X a0+ X (X () (g 1)) A
k=0 k=0 j=0
n n k r
=f=>_ Alf)+ (m—1+1) )Ak(f)
k=0 k=0
=f—kZ( _(n+1)r> k() B
Proposition 2.4. For eachn,r € Nand T € T,, one has
(_I)T/Q T
it 1)TD (1), r even,
(I —0n)"(T) = s
(_1) " r(m
1) D™(T), r odd.
Proof. It is easy to see that, for each polynomial T" € T,,
_ D(T) R P S
(2.7) T—0,(T) = i and (I—0,)%(T) = nt 1)2D (7).

Since (I —0,)" is a linear operator, we can consider only the case T'(z) = a cos(kx)+bsin(kx),
where a,b € Rand 1 < k < n. In such a case from Proposition 2.3, we know that (I —o,,)"(T) =
E'T/(n+1)".

If r is even, by induction one has
(_1)7’/2

(n+ 1)y

(_1)(r+2)/2

ey 2T

(- O'H)H_Q(T) = (- O'n)Q(Dr(T)) =
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If r > 11is odd, taking into account (2.7) one has

(I =0, (1) = (= ) (I~ 0,)(T) = (1~ o) (D(T)
1) e
) kil (i)+ D D) = L) M (:z)+ o D@ O

Theorem 2.2. If1 <p < oo, f € XPand n,r € N, with r even, then

1
(2 ) (f’ n i 1>p =N =on) (Dl

< (1 +8r(6+ 1nr)>wr (f, %H)p'

Proof. (a) First inequality. If f € X?, fix T € T, such that || f — T'||, = E, ,(f).
Since (I — 0,)"(f) — f € Tp,, one has

Enp(H) = =Tllp < If = (I =0a)(f) = Nllp = 1T = a0)(Hll-
Thus, it follows from Propositions 2.1 and 2.4 that

m m
- < T _ - < T _ T
wr(f,n+1)p <2||f T||p+WT(T7n+1>p <2 f =Tl + DT (D)l

(n+1)
=2"f = Tllp +7"[I(I = a)"(T)ll,
<ONF =Tl + 5 (2f = Tl + 10— ) ()

< <2T Fr(2 4 1)) 1 = )" (f)ll,-

(b) Second inequality. Let T" be given as in part (a). Using Propositions 2.1, 2.4 and 2.3 and
equation (2.5) (with h = 7/n), one has

I = o)™ (Pllp < NI = 00)"(f = D)llp + |1 = 00)" (Tl

- 1 - ” 1 n\" ™
<V Buo(f) + gy 107l < 2B (D + (s (3) “r(%)p

= 2"+ 1)E,,(f) + %wr (ﬁ %)p < @7 DEwp(f) +wr (f’ n j— 1)17.

From [9, Theorem 6.1], we know that

Bup() < Vi (2mr) 4 12) C2,

It is known that (see [13]), for each k € N,

(k)2 w(k+1/2)  /7(2k+1)
(2k)! < 22k T 92k/p

Thus, if r = 2k, then

Eupl(f) < 207 (In(r) +6) Vfwr (£ 1>p < ;:1 (6+m7)ew (1,

n+1)p

and

I = on) (Dllp < (14806 + ) e (£ 77) 0
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Remark 2.1. In [8], Ditzian and Ivanov said that the investigation of the rate of convergence of
(I —0,)"(f) to 0 can be handled via some Riesz means, but no details were given. Anyway, the
estimate in [8] for the typical means were presented in terms of a K-functional. Our approach
is direct, and do not use K-functionals.

3. SIMULTANEOUS APPROXIMATION

Let us recall a Favard theorem.
Theorem 3.3. ([15,p. 289, ])If1 <p <oo,r,n € Nand g € W, then

™

(3.8) En,p(g) < mEn,p(Dr(g))
and
(3.9) Enpl8) < 501y Eral(D7(9))

Theorem 3.3 is not written in the usual form of the Favard theorem. But, as Czipszer and
Freud noticed [6, page 37], the inequalities presented above can be deduced from the original
Favard ones.

It seems that the main results in simultaneous approximation by trigonometric polynomials
are due to Czipszer and Freud [6]. They presented the arguments for continuous function, but
(as some authors usually do) they explained that all the results hold in L” spaces [6, pages
49-51]. Previously, Freud [10] announced the estimate

ID(f) = D(Ta)lloe < Co(n7I1f = Tallow + Buoo(D'(f))),  f€C3y,

where T;, € T, is the polynomial of the best approximation for f.

Here, we prefer to include a complete proof of Theorem 3.4 for several reasons. First, in [6]
several details are omitted for X? with 1 < p < oo and no information is included concerning
the constants. It follows from our proof that the constants in Theorem 3.4 are not the best
possible, but in application to the analysis of Fejér operators they provide reasonable estimates.

For the proofs, we need some auxiliary operators. The original idea goes back to de la Vallée
Poussin [7].

Definition 3.1. Fixr € N. Forn € N,n > r,and f € X" define

. [n(141/r)]-1
Cn,r(f7x)zm ;;n Sk(f,z).
Taking into account that S, (f, z) = > r_y Bi(f,x), we also set
N ) n(141/m)]-1
Cn,r(.ﬁx)zm 1;1 Sk(f, ).

We collect some properties of the sums C,, .. The results are taken from [6, page 46].
Proposition 3.5. Fixr € Nandsetq=1+1/r. If f € LY, neN,and
1 sin([n(2 + 1/7)]t/2) sin([n/r]t/2)

= G s (t/2) |

then Cy, »(f) € Tipg—1 and

Crr(f,z) = % _ﬂ F(a + ) Lo, ().
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Proposition 3.6. Ifr,neN,n>r, f, fell,ge Wi and T, € T,,, then

= ~ d
Cn,r(fvx) = Cn,r(fa .CE), Cn,r(glvz) = %Cn,r(g,ll?)
and Cy, (T, x) = Ty ().
The next result gives an estimate of the norm of the operator C,, ...

Proposition 3.7. Ifr,n € N, and n > r, then
1 T 1
— < — + In(2r).
o | | L, »(t) | dt <3+ " + In(2r)
Proof. First, we write
1 ™ 2 /2
L@ a=2 / | 1 (26) | dt.
2 J_ ’ T Jo
We split the interval [0, 7/2] by considering A; = [0, 7/(2n)],
Ay =[r/(2n),7/(2[n/r])]  and  Ag=[r/(2[n/r]),7/2].
Notice that
1<n/r<n and 1< [n/r] < n.
Taking into account that | sin(nz) |< nsinx, we obtain

2

2 m/(2n) <y
7T/Al | L, (2t) | dt < W[n(?—k l/r)][n/r]/o dt <2+1/r.

On the other hand, since 2z < 7 sin z, one has

9 92 m/(2[n/7]) dt
2 ineeniaes 2T [T
T Ja, wn/r] 2 7/(2n) t

n

[n/7]

=1In <In2+Inr,

59

because if n > max{2,7} and n = ¢r + 0, with¢g € Nand 6 € [0,1), then 20 < 2 <n = gr + 6.

Hence, gr > @ and n = gr + 0 < 2rq = 2r[n/r].

Finally,
2 2 m\2 [Pt
7/ | I, (20) | dt < (5) / e
T JA, m[n/r] x/(2[n/r]) t
2
< 2 (E) 2[n/r] _1
wn/r]\2 7r
Therefore,
1 g 1
— | I+ (t) | dt <34 = +In(2r).
2 J_, r

Proposition 3.8. If f € X? (1 <p < o0),andn,r € N, n > max{2,r}, then

1F = Co(D)lp < (44 5 +1020)) By (1),
Proof. f T € T,, and ||f — T||, = En p(f), then
If - Cn,r(f)”p =|f-T- Cn,r(f - T)Hp

<+ ICANS ~ Tl < (44 - +10(20)) By,
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Theorem 3.4. Assume 1l < p < oo, r,n € Nand n > max{2,r}.
W IfgeW;, TeTyandl|lg—T|, = Enplg), then

1D"(g) = D"l < (44 1 +m2n) (14 ) Euy(D7(9))

(i) If g, g € W), T € Ty, and ||g — T, = Enp(g), then

1D7@) ~ DDl < (44 +0(2n)) (B (D7 @) + 5 Fup(D(0).

Proof. (i) Let C,, - be given as in Definition 3.1. Notice that

(1 +1/m)) =17 < (14 %) <en’, n>r

From Propositions 3.7, 3.8 and 3.6, we obtain the following inequalities

1
1Cor(9) = Tllp = Corlg = Dl < (44 5 +n(20)) g = 71,

1
< - (r)
< (441 4@ 5T B,

2(n+1)

1D (g) ~ G (D" (9} < (44 5 +In(21)) Eny(D"(9))
and
1D (Car (@) — D" (D) < (0L + 1/8)] = 1) 0) — T,

em 1
< = - "(q)).
< S (145 +1@20) Bay (D (9))
Therefore,

1D"(g) = D"(D)llp < 1D"(9) = Cor (D" (9))llp + (1D (Crr(9)) = D" (Tl

< (4 + % + ln(27")) (1 + %)Emp(Dr(g)).

(ii) For the conjugate function, we consider the relations

Cn,r(Dr(@) = DT(Cn,r(g))
and
ID"™(§) = D" (D), < ID"(@) = Coe (D" @)y + 107 (Corr(g) = Tl

< (145 +10(20)) Euy(D"@) + en” [ Cor(9) T,

< (4 n % T ln(2r)) (En,p(DT(g)) + %En,p(DT(g))}

where we have used Theorem 2.1.
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4. VORONOVSKAYA-TYPE THEOREMS
Zamansky [16, Th. 14] proved that if f € C3_, then

JTim (|0 +1) (Ga(f) = T) = D()lloc = 0.
Later he verified that [17, Theorem 1], if E,,(f)oo < C/n", r > 1, then

Tm_[In(on(f) ~ £)+ D(F)lc = 0.

The extension of the last inequality to L” spaces, 1 < p < oo, was given by Butzer and
Gorlich in [4, page 386]. The result is presented in Corollary 4.1 below. We remark that the proof
presented below is simpler than the ones of Zamansky and it provides the rate of convergence.
We consider first the Fejér operators and later the iterative combination.

As usual, we set

k=0
for the partial sums of the Fourier series of f.

Theorem 4.5. If 1 < p < oo, f, fe Wy, and n > 1, then
[+ D(@u(h) = )+ D) < (1436w Bap (D)) +6 Eap (D))
and

|+ D@a() = F) = DU < (0 + 3e)7Ew (D)) + 6 En (D).

Proof. If T;, € T, satisfies E,, ,(f) = ||f — Tn||p, then taking into account (2.7), Theorem 3.4
and equation (3.8) one has

lowtr) = £+ 2D <ot =12 = (¢ = 7y + 2L
<28, + 2D (g, (0(7) + T B (D)
< om0+ 2 (5 0(7) + T B (001))
T 6 ~
< (1+3¢) e B (D) + o Bual( D).
Set g = f. Let us verify that ,,(f) = 0, (g) a.e. and D(g)(x) = —D(f)(z) a.e. In fact, if
Fla) ~ ) S @ cos(ha) + bul ) sin(k)),
k=1

then

f(@) ~ Y (—by cos(kx) + ax(f) sin(kz)).

k=1

Thus,

Fulfim) = (1~ i =) (=t cos(ka) + ax(f) sin(kx)) = o (.2).
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On the other hand,
D(f)(x) ~ ﬁk(bk cos(ka) — ay(f) sin(ka))
3(0) ~ — 3 (an cos(he) + bu(f)sinka)
and .
ik —by, cos(kx) + ax(f) sin(kz)) ~ —D(f)(x)
Therefore .
5l - 20 g g) g 2O

Sinceg = f € W, and g = —f € W,, one has

|+ D@alr) = 7+ DU <71+ 3¢) Bup(D(9)) + 6 En (D))

= 7(1+ 3€) By p(D(f)) + 6 Enp(D(f))

and this proves the result. O
Corollary 4.1 is a simple consequence of the previous result. Recall that, for 1 < p < oo, the

element falways exists.

Corollary 4.1. If1 < p < occand f € W, then

lim [|(n+ )(on(5) = /) = D) =

n—roo

A result similar to Theorem 4.5 can be proved for the linear combination (I — ¢,,)" of Fejér
operators. Here, we only consider the case of even r.

Theorem 4.6. If 1 < p < oo, € Niseven, f € Wy, and n > r, then

|+ D7 = o) (5) = (=120 ()

< (27 476+ 10(2r) ) B p (D7 (1)

p

Proof. If T € T, is chosen from the condition E,, ,(f) = || f — T'||», from Proposition 2.4 one

has
r (_1)T/2 r _ (_1)T/2 T
(I_Un) (f)_(n+1)rD (f)_( _Un) (f_ )_(n+1),«D (f—T),

and it follows from (3.8) and Theorem 3.4 (here the condition n > r is needed) that
( -1 ) r/2 1

I =0 (D = D e <2 Bas(D + g5 107 =Dl
PAREY . 1 em 1 .
S iy D7) + (44~ +men) (1+ 7)mEW(D ()
< 2T D)+ (5 + 1n(2r)> A+2) b o)) O
STriy o (e 1y )
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