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Abstract

In this paper, a new sequence space F(||.,. ||, M, p,u) is defined by using a sequence of
Orlicz functions in 2-normed spaces. Some various properties and some inclusions are
also examined on this space.
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2-normlu uzaylarda tanimli yeni modular dizi uzay1

Oz

Bu ¢alismada, 2-normlu uzaylarda Orlicz fonksiyonlarimin bir dizisi kullanilarak
F(l.,.|l, M, p,w) yeni dizi uzayr tammlanmistir. Ayrica bu uzayin bazi ézellikleri ve
bazi kapsama bagintilari incelenmistir.

Anahtar Kelimeler: Orlicz fonksiyon, dizi uzaylari, 2-norm, paranormlu uzaylar.

1. Introduction

The concept of 2-normed spaces was introduced and studied by Siegfried Géhler, a
German Mathematician who worked at German Academy of Science, Berlin, in a series
of paper in German language published in Mathematische Nachrichten, see for example
references [1,2]. This notion which is nothing but a two dimensional analogue of a
normed space got the attention of a wider audience after the publication of a paper by
Albert George, White Jr. of USA in 1969 entitled 2-Banach spaces [3]. In the same
year Gihler published another paper on this theme in the same journal [1]. A.H. Siddiqi
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delivered a series of lectures on this theme in various conferences in India and Iran. His
joint paper with Gahler et al. [4] of 1975 also provide valuable results related to the
theme of this paper. Results up to 1977 were summarized in the survey paper by
Siddiqi [5].

An Orlicz function M : [0,0) = [0,0) is a function, which is continuous,
nondecreasing and convex such that M (0) = 0,M (x) > Oforx > Oand M (x) —
©asx — oo.

Note that for M is an Orlicz function, we have M (Ax) < AM(x) where0 <1 <1
£y sequence space defined as following:

ty = {x € W:Z <M <|9;7k|>> < oo, for some p > 0¢[6].

k=1

Let X be a real linear space and ||., .|| is defined a real valued mapping on X x X. For
x,y,Z € X and A € R, the function ||.,.]||, which satisfies the following conditions is
called 2-norm and the pair (X, ||.,.||) is called a linear 2-normed space or shortly 2-
normed space. ||.,. || is a non—negative function.

(N1) |Ix,y|l = 0 if and only if x and y are linearly dependent;
(N2) llx, yll = Iy, xII;

(Na3) [[Ax, yll = [AllIx ¥ll, 1 € R;

(Na) llx,y +z|l < lx, ¥l + [Ix, ]l

(X, ||-,- 1) is a 2-Banach space if every Cauchy sequence in X is convergent to some x
in X [7].

Let X be a linear metric space. A function g: X — R is called paranorm, if

(i) g(x) = 0,forall x € X

(i) g(=x) = g(x),forall x e X

(i)gx +y) < gx) + gly), forall x,y e X

(iv) if (i) is a sequence of scalars with u,, - pasn — oo and (x, ) is a sequence of
vectors with g(x, —x) = 0asn — oo, then g(u,x, —ux) - 0asn — oo [8].

A scalar valued paranormed sequence space (F, gr), Where gr is a paranorm on F is
called monotone paranormed space if x = (x;),y = (yx) € F and |x,| < |yx| for

all k implies gz (x) < gr(¥) [8].

Definition 1.1. Let X be a sequence space.

() If y = (yx) € X whenever |y;| < [x;], i =1 for some x = (x;) € X, then X is
called solid (or normal).

(i) If (xx) € X implies (X)) € X such that m(k) is a permutation of N, then X is
called symmetric [9].

U is showed as the set of all real sequences u = (uy), where u;, > 0 forall k € N.
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Throughout this study the following inequality will be used. Let p = (py) be a positive
sequence of real numbers with 0 < p, < supp, = H,D = max(1,2771), then for
all a, b, € C, we have

lax + by [Pk < D{lay [P* + | by [Pk} (1)

2. Main results

Let (F, gr) be a normal paranormed sequence space with paranorm g which satisfies
the following properties:

(i) gr is a monotone paranorm;

(i) coordinatewise convergence implies convergence in paranorm g, which implies
that for each (X™) = (X}})) € F,n,k €N, X} - 0asn — oo (for each k) = gp(X") »
0 asn — oo [10].

Let (N, |l.,.]]) be a 2-normed space and M = (M;) be a sequence of Orlicz functions.
Further, let p = (p,) be a bounded sequence of strictly positive real numbers. We
define the set:

F(ll.,. 1, M,p,u)
11X ZIN |
=4X=Xy): Xy € N,|u, Mg p €F, for somep >0

forevery Z € N.

For p, = 1 for all k € N, we write this space as F(||.,. ||, M, w).

Theorem 2.1. If M = (My,) is a sequence of Orlicz functions then F(||.,. |, M,p,w) is
a linear space.

Proof. Let X = (X),Y = (V) € F(l.,.|,M,p,u) and a, b € R, thus there are some
positive numbers p; and p, such that

(s (5520 e (s (5] )

for every Z € N. Define p = max{2|a|p,,2|b|p,}. Because of the definition of the
Orlicz function, we can write

aX, + bYy, Z|\1°* aX.,Z|| + ||bY:, Z||\17*
ukle<|I k i II>] SukleCl wZl|l + |IbYy II>]
p p

X, 7 Y., Z|\17*
M, (II k II>+Mk <II % II)]
P1 P2

X0, ZIN ] 1Y, ZIN*
< Duk Mk + Duk Mk € F,
P1 P2

<uk
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such that D = max{1,2%71}. Therefore aX + bY € F(||.,.|,M,p,u). Hence
E(l.,. |, M,p,u) is a linear space.

Theorem 2.2. For any sequence M = (M,) of Orlicz function, F(|l.,.|l, M,p,u) is a

paranormed space with
1

(o (5N <20
Ir | Uk Mk P < 1,k = 1,2, (2)

suchthat T = max(1,H), H = supyp, < o and inf p, > 0andforZ € N.

p
gr(0) = inf{pT > 0:

Proof. It is easy to prove that g;(6) = 0 and g;(—X) = gr(X). Since g is monotone
and when a = b = 1 is taken in the proof of Theorem 2.1, we write g;(X +Y) <
gT(X) + gT(Y) forx = (Xk)1 Y = (Yk) € F(”: ”,M,p,u)-

Let A # 0 be any complex number. Because of the continuity of the scalar
multiplication, we can write

1

. Dic 1%, ZIN P\
gr(AX) =inf<pT > 0:|gp | uyx [My | ———— <1,k=12,..

p
1
. P 11X ZINT\ T
=infL(|Alr)T > 0:|gr | ur [My " <1,k=12,
where r = p/|A|.
p 1
Since |A|Px < max(1,|A|¥). We have |/1|Tk < (max(1,1A1M)T.  Thus gr(AX)
converges to zero when gr(X) converges to zero in F(||.,. ||, M, p, uw).

LetX = (Xy,) € F(l.,.|l, M,p,u) and assume that A, > 0asn - . Lete > 0and
K be a positive integer. Then we can write

oo (")) <

every some p > 0and for k > K suchthatk € N,

o e (57

Let 0 < |A] < 1. Because of the definition of the Orlicz function and by the condition
(iii) of 2-norm, we have

oo P s 20
o . (22
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X ’Z pk
<or( [ (552 )
p
E T
<)
for k > K. Since M is continuous everywhere in [0, o) and by the definition of g, it
follows that for k < K

(22

is continuous at 0. Therefore |@(t)| < %for 0<t<dsuchthat0 <6 < 1. LetL be
any integer such that |A,,| < § forn > L, then

()

forn> L and k < K. Therefore

() <

forn > L and for all k. So A,X — 6 as n — oo. This completes the prof of the theorem.

() = gr <uk

[uny

N m

[uy

Theorem 2.3. Let (N, |[.,.|]) be a 2-Banach space, then the space F(||.,. ||, M, p,u) is a
complete paranormed space with g (X), where F is a K-space.

Proof. The proof is routine verification by using standard arguments and therefore
omitted.

Theorem 2.4. If F is a K-space, then F(||.,. ||, M, p, u) is a K-space.

Proof. Let us define a mapping t,:F(|l.,.|,M,p,u) = N byt,(X) =X,, Vn € N.
Our aim is to show t,, is continuous.

Let (X™) be a sequence in F(||.,. ||, M, p,u) such that X™ % 0asm— . Then for
some suitable choice of p > 0,

[gp <uk [Mk <I|X,:;, Z”)rk>r »

asm — oo, Since F is a K —space, this implies that for each k and as m tending to oo,

Xm,Z Pk
ukle(u : ”>l o
P

[y
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for some p > 0. Since M,, be a sequence of Orlicz functions, it follows that || X}, Z|| —
0 asm — oo, Consequently, X™ = 0in N.

Theorem 2.5. Let M and T be two sequence of Orlicz functions. Then
F(l.,- M, p,w)n F(l,. LT, p,w) € F(l, . I, M +T,p,u)
where F is a normal sequence space.

Proof. Let X = (X,) € F(||.,.|, M,p,u) 0 F(|l.,.|l,7,p,u). Then we can choose
P1, P2 > 0 such that

o () (o (58 )

Define p = max{p4, p,}. We can write

Pk Pk Pk
" [(M" T <”Xk:Z”>] <uD {le <“Xk'Z”>] N [Tk <”Xk'Z||>l }E F
p P1 P2

where D = max{1,2%71}. Since F isnormal, X € F(||.,.|,M + T,p,u).

Theorem 2.6. Let M = (M) be a sequence of Orlicz functions. Then
colll-,- 1M, p,w) c cll.,. I, M,p,u) € £, (ll.,. I, M, p,u).

Proof. It is obvious that c,(|l.,. ||, M,p,u) < c(||.,. ||, M,p,u). The second inclusion
follows from the following inequality. Let X = (X;) € c(||.,.|l, M, p,u) and for some

p = 2u > 0, we obtain
H
11X, ZIN " X, — L, ZIN ™ IL,Z|
Uy Mk < ukD Mk — + ukDmax 1, Mk .
p [0 [0

Theorem 2.7. Let M = (M) be a sequence of Orlicz functions. Then

(I) If 0 < lnf pk S pk S 1! then CO(”'I' ||FMlu) C Co(”.,. ”’M’p:u);

(i) If 1 <p, < supp, < oo, then co(|l.,. |, M,p,u) < co(ll.,. ||, M, u).

Proof. (i) Let X = (Xy) € co(|l.,. |, M, u). Since 0 < inf p, < pr < 1, thenwe
have

o ()] < (1)

Therefore X = (X)) € co(|l.,. |l, M, p, u).
(i) Let 1 < p, < supp, < ooand X = (Xy) € co(ll.,. |l, M, p,u). Then for each
0 < & < 1 there is a positive integer L such that
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Pk

U, <e<1l, Vk=>L.

X, Z
Mk(ll Kk |I>
p

Since 1l < p, < supp, < oo, then we have

| X, Z1| 1 Xk, ZINP*
Uy le ( P < Uy Mk P .

Therefore X = (Xi) € ¢o(|l.,. ||, M, u). This completes the proof of the theorem.

Theorem 2.8. The space F(||.,. ||, M, p,w) is both solid(normal) and symmetric.

Proof. The proof is similar to [10].
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