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Abstract

In this study, the generalized k-order Fibonacci hybrid quaternions are defined. We give the recurrence relation,
generating function, the summation formula and some properties for these quaternions. Furthermore, the matrix
representation for the generalized k-order Fibonacci hybrid quaternions is determined. The @, matrix defined
for k-order Fibonacci numbers is given for the generalized k-order Fibonacci hybrid quaternions. By the means
of this matrix and other defined matrices, several identities of these quaternions are also obtained.

Keywords: Fibonacci sequence, k-order Fibonacci sequence, hybrid numbers, quaternions.

Genellestirilmis k Mertebeden Fibonacci Hibrit Kuaterniyonlar

Oz

Bu ¢alismada, genellestirilmis k mertebeden Fibonacci hibrit kuaterniyonlar tanimlanmistir. Bu kuaterniyonlar
icin yineleme bagintisi, iirete¢ fonksiyonu, toplam formiilii ve bazi 6zellikler verilmistir. Ayrica, genellestirilmis
k mertebeden Fibonacci hibrit kuaterniyonlar i¢in matris temsili olusturulmustur. k mertebeden Fibonacci
sayilart igin tamimlanan Q) matrisi, genellestirilmis k mertebeden Fibonacci hibrit kuaterniyonlar igin

verilmigtir. Bu matris ve tanimlanmig diger matrisler yardimiyla bu kuaterniyonlarm bazi 6zdeslikleri de elde
edilmistir.

Anahtar Kelimeler: Fibonacci dizisi, k-mertebeden Fibonacci dizisi, hibrit sayilar, kuaterniyonlar.

1. Introduction

Hybrid numbers are defined as a generalization of dual numbers, complex numbers and
hyperbolic numbers [1]. The system of the hybrid numbers is a number system formed by three
number systems together. With the help of these three sets of numbers, the set of hybrid
numbers is defined as follow:

K={z=a+bi+ce+dh:ab,c,d€ER,i?=—-12=0,h?=1ih=-hi=e+1} (1)

The multiplications of the units i, € and h are given in the following table and the hybrid product
is defined with the help of this table.
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Table 1. Multiplication table of hybrid units

From the Table 1, it is seen that the multiplication operation in the hybrid numbers is
associativity and not commutative. The conjugate of z is denoted by z, and it is given as

Z =a— bi—ce — dh.
The hybrid number character is defined by
C(Z) :ZE:EZ:Q2+(b—C)2—C2—d2 =a2+b2—2bC—d2.

The norm of any hybrid number z is the root of C(z2), that is ||z|| = \/C(2). The readers can
find more information about the hybrid number system in [1].

In recent years, special types of hybrid numbers have been studied by several authors. In [2],
the authors introduced Fibonacci hybrid numbers and gave miscellaneous properties of these
numbers. In [3, 4], the authors defined the generalizations of the Fibonacci and Lucas hybrid
numbers and obtained some results for these numbers. They gave some number sequences for
special values of k. In [5], the authors obtained the Euler’s and De Moivre’s formulas for
the 4 X 4 matrix representation of hybrid numbers. Moreover, they gave the roots of the matrix
representation of hybrid numbers and some results. In [6], the authors described Mersenne-
Lucas numbers. Also, they presented the Binet formula, the generating function, several
identities. For more information, we refer to [7, 8] and closely related references.

Quaternions were investigated by Hamilton [9] as an extension of the complex numbers. A
quaternion is defined by

q=ay+a.i+ayj+ask (2)

where a,, a;, a,, a; are real numbers and i, j, k are quaternionic units that satisfy the following
rules:

2

=j2=k?=ijk=—-1andij =k = —ji,jk=i=—kj ki=j=—ik. (3)

Many authors studied different quaternions and their generalizations, some of which can be
found in [10-18]. Dagdeviren and Kiiriiz defined a new class of quaternions as called hybrid
quaternions in [19]. Also, the authors described the hybrid quaternions with Horadam numbers
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components and gave some properties. In [20], Uysal and Ozkan defined Padovan hybrid
quaternions.

Hybrid quaternions are a generalization of complex, dual and hyperbolic quaternions. The set
of hybrid quaternions is defined by

]H[]K - {Q - ZO + Zli + sz + Z3k:Zo,Zl,Zz, Z3 € K} (4)

where i, j, k are quaternionic units satisfied the equations in (3). The hybrid quaternion Q can
be written as

Q =qo+ q1i + q26 + g3h
where qq, 91, 92, q5 are quaternions and i, &, h are hybrid units.

In [21], the definition of order-k Fibonacci numbers is given as follows:

k
gﬁ=2gﬁl_j,forn>0,1gigk

j=1
with initial conditions

1 if i=1-n

—k<n<
0 otherwise yforl—ksn=<0

g%={

where gi is the nth term of the ith sequence. Many authors studied k-order Fibonacci numbers,
see, for example, [22, 23, 24] . In [4], the generalized k-order Fibonacci numbers are defined
as follows;

v = dv® + dyv ) + daV ) + o+ dy 1)

n

forn>k> 2, where
k k k k k k
Vl( ) _ VZ( ) _ 173( ) _ e — V( ) _ O,V( i — q,V( ) _ dl-

Also, they introduced hybrid numbers with generalized k-order Fibonacci numbers components
and obtained several properties for some important number sequences.

2. Main Results

In this section, we introduce the generalized k-order Fibonacci hybrid quaternions, and present
some results obtained from the definition. Then we give generating function, summation
formula, matrix representation and Simson (Cassini) identity for these quaternions. Note that
we present the following table to avoid confusion of notations.
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Notation Sequence

HQT(lk) generalized k-order Fibonacci hybrid quaternion

gy | generalized k- order Fibonacci hybrid number

n

7(1’0 generalized k-order Fibonacci quaternion
A%, generalized k-order Fibonacci number

n

Table 2: Notation table

Definition 2.1 The generalized k-order Fibonacci hybrid quaternions {HQ,(lk)}, n€R,is

defined as
HQY = HV," + iHVS) + jHV,S) + kHV,S) (5)

n+1 n+2

where i, j, k are quaternionic units and HVn("") is nth generalized k-order hybrid Fibonacci
numbers.
Any generalized k-order Fibonacci hybrid quaternion can be given by

k k .~k k k
HQ,” = @ +iQ.%; +eQ.%; +hQ7Y, (6)
where i, €, h are hybrid units and Q(") is nth generalized k-order Fibonacci quaternion.

n

If we take as k = 2 in the equation (5), we get generalized Fibonacci hybrid quaternion defined
in [19]. Certain special cases are given as follows:

whend; =d, =1, q = 1, itis the Fibonacci hybrid quaternion ,

when d, = d, = 1, q = 2, itis the Lucas hybrid quaternion,

whend; = 2,d, = 1, q = 1, itis the Pell hybrid quaternion,

whend; = 2,d, = 1, q = 2, itis the Pell-Lucas hybrid quaternion,

when d, = 1,d, = 2, q = 1, itis the Jacobsthal hybrid quaternion,

whend; = 1,d, = 2, q = 2, itis the Jacobsthal-Lucas hybrid quaternion.
If we take as k = 3 in the equation (5),

whend; = 0,d, =d; =1, q = 1, itis the Padovan hybrid quaternion,

whend, = 0,d, = d; = 1, q = 3, itis the Perrin hybrid quaternion.

Note that, for n > 0, there is the following recurrence relation:
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HQY =¥koy dnHQY,,  for k=2 ™

n-m’

Definition 2.2 The hybrid quaternions defined by both hybrid number HVn(k) and hybrid
quaternion Q,(lk) get three different conjugations as follows:

quaternion conjugate:

HQY = Hy™ —inv® — juv® — kHy®)

n+1 n+2 n+3
or

k k) | ik k K
HQT(L )= Qr(z ) +IQT(l+)1 + gQr(lJr)z +hQ1(1+)3'
hybrid conjugate:

() _ (k) (F) () ()
HQ, " = IQn+1 —&Qnsy _hQn+3'

or

HQ® = 1y + i1V ® + jHv® + kHY®),
total conjugate:

(HQ(k))+ — Q(k) _iQ(k) _ SQ(k) —hQ(k)

n+1 n+2 n+3
or

HQ) = Hy® —inv® — jnv® — ey ®),

n+1 n+2 n+3"

Proposition 2.3 Let HQ(") (k) (HQ("))T be the quaternion conjugate, hybrid conjugate and
total conjugate of HQn : respectlvely. Forn > 0 and k > 2, we give the following relations:

i, HQW + HQ® = 21y ®,
i. HQM +HQP =20,
ii.  (HQIDT — HQY = 21y, — 2% + 4y,

: k k K k 0 \? k) Ak k) Ak
v.  HQYHOP = (0 + ¥ - (0%%) - 0,0, - 0%,0%),.
Theorem 2.4 The generating function for HQ,Sk) hybrid quaternion is given by

HQ(V+ (HQY‘) leQ(()k))t+(HQ§k)—d1HQ§k)—dzHQ(()k))t2+-~-+(HQl((’i)1—Zf’n_:lldeQ,(cli)m_l)tk_l
1-YK . dmt™ )

g(t) =
Proof. Suppose that the generating function for HQ(k) is

g(t) =32 HQYt" = HQS® + HQVt + HQYt? + -+ HQ{Vt" +

Multiplying g(t) with —d t, —d,t?, —dst3,---,—d,t* and then summing obtained equations,
we have the following equation;

1
9(8) = (1-dyt—dyt2—dst3—-—dytk)

(HQY + (HQY — d,HE)t
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+(HQS” — diHO{Y — dyHQG?)¢?
+(HQSY — diHQSY — dpHQY — d3H Q)¢

k — k
+ot+ (HQW —ynt qa HQ® e 4 0.

From the recurrence relation (7), we obtain

() (%)

k - _
HQ{ )+(HQ§")—leQf)"))H(HQ;")—d1HQ§")—dZHQ((,"))t2+-~-+(HQk_1—2£‘n=11 dmHQM k-1

g = 1-YK _ dpt™

So, the proof is completed.

Corollary 2.5 If k = 2, the generating function for the Horadam hybrid quaternions is given

by

__ HQo+(HQ1—d HQp)t
g = 1-d t—dyt?2

The generating functions for special cases of (d,, d,, q) is given as follows:

when d; = d, = 1, g = 1, for the Fibonacci hybrid quaternion, it is

Fo+(F—Fo)t

90 ="

when d, = d, = 1, q = 2, for the Lucas hybrid quaternion, it is

Lo+(Ly1—Lo)t

IO ="

when d, = 2,d, = 1, q = 1, for the Pell hybrid quaternion, it is

Py+(P1—P)t

90 ="Ze

when d; =1, d,=2, gq=1, for the Jacobsthal hybrid quaternion, it
g() = 0k

If we take as k = 3, we can derive the following generating functions:

when d, = d, = d; =1, q = 1, for the Tribonacci hybrid quaternion, it is

_ To#+(T1=To)t+(T, =T —Tp)t?
9(t) = 1-t—t2—t3 ’

whend; =0,d, =d; =1, q = 1, for the Padovan hybrid quaternion, it is

Py + APy t+ (AP, — APyt

g(t) = 1-t2—t3 ’
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whend, = 0,d, = d; = 1, q = 3, for the Perrin hybrid quaternion, it is

RHo+RH, t+(RH,—RHo)t2

g(t) = 1—t2—¢3

Theorem 2.6 The summation formula for the generalized k-order Fibonacci quaternions is
given as follows:

- HQ(k) lk =1 HQ;E].?m — Yt X, dSHQI((]-CI—)l—m
— Eh B di-sH Qs = Tiky (A + da + -+ die DHQL).
Proof. By the recurrence relation in the equation (7), forn = k + 1,...,k + [, we have
HQY = dHQY + d,HQU, + -+ + die_ HQY? + diHQ™,
HQY = d,HQY, + d,HQY + -+ + die_ HQYY + diHQL,

HQY, = diHQY), + dHOQL, + + + dy_HOYY + dyHQY,

k k k k k
HQE _y = diHQLD_, + dyHQp s + -+ + die_  HQ'™ + dHQY),
k k k k k

HQY, = d;HQY, | + dyHQY® 4+ -+ dye 1 HQY) + diHQM.

+1

By adding the last terms of the above equations, we can write as follows:

Mot HQY = (HQ,E’?l +(1—d)HQ® | +(1—dy—dy)HQY

+(1—d; —dy —d)HQY), , + -+ (1 —dy —dy — - — dy_3)HQY
+(1—dy—dy— - —di_)HQY) + (1 = dy —dy — -+ — dye_)HQY)
+(1—dy —dy — - —d )HQ™ + -+ (1 = dy — dy — - — di_1)HQL?,
+(=dy = dy = = di e DHQ + (=dy = dy =+ = di DHQZ, +-

k k k
(=g — di—y — dg—)HQY? + (=dy—p — die—)HQY — dje_ HQL”
1 _
= d_k(2£n=1 HQIECI-(I-)m - Z$n=11 s=1 dsHQ}(cli)l_m
k — k
N S de o HQY)  — Sk (dy + dy + -+ di_)HQ ).

Corollary 2.7 For k = 2 and d; = d, = q = 1, the sum for the Fibonacci hybrid quaternions
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Z£n=1 Fm = ﬁl+2 - ﬁz-

Corollary 2.8 For k=3 and d; =d, = d; = q = 1, the sum for the Tribonacci hybrid
quaternions

~ 1 .~ ~ ~ ~
Yine1 T = 5 (T3 =Ty = T3+ Th).
ford, = 0,d, = d; = 1 and q = 1, the sum for the Padovan hybrid quaternions
n_ AP, = HP,s + AP, — AP, — HP,.

Based on the work of Asci and Aydinyuz [4], we now present the matrix representation for the
generalized order k Fibonacci hybrid quaternions. The Q-matrix Q,, introduced in [4] is given
as follow:

fdy dy; dz o dp—q dy]
1 0 0 - 0 0
o 1 0 -0 0
Qi = |. : : “ o :
o o o0 -0 0
L() 0 0 e 1 0 -

For n > 1, the elements of the quaternion sequence { HQ,(lk)} can be derived by the following
matrix relation:

(k) r ®)
_ _n HQ HQn+k—1
dy d, d3 - dpq dg (k) *)
1 0 0 - 0 0 HQ, - HQ ks
(k) (k)
0 10 0 0| g lHofh
o 0o o -0 0 k k
HQ” HQ,S31
o 0 o - 1 0 0 0
HQ ] LHQ,
Lemma 2.9 Let
i (k) (k) k) (k) x)
HQn+k—1 HQn+k—2 HQn+k—3 HQn+1 HQ
(k) (k) k) (k) (k)
HQn+k—2 HQn+k—3 HQn+k—4 HQ Q
(k) (k) k) (k) (k)
HQpn = HQn+k—3 HQn+k—4 HQn+k—5 Q Q
W) ¥ 0 ' #) ®)
Qn+1 HQ Q Qn+3 k Qn+2 k
*) (k) (k) *®) *)
-HQ Q Q Qn+2—k Qn+1—k-

be the matrix form of the generalized order k Flbonacci quaternion. For n > 1, we have
HQyn+1 = Qk-HQk - 8

Theorem 2.10 Let HQy ,, be the matrix form of HQ( ) Forn > 1, then we have
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HQyn = Qk-Ax 9)

where Ay, is defined as a k X k matrix by

HQ(k) HQ(k) HQ(k) HQ(k) HQ(k)
HQ(k) HQ(k) HQ}(CR)4 HQ(k) ngl)
k k k k k
4 = HQ( ) HQ( ) HQ( )L Q( ) HQ( )
(k) (k) w () O
HQ HQ HQ_1 Q k-3 HOQZ 32
(k) (1) (1) () Q)
[HQ, HQZy HQZy -+ HQZG_ 5 HQ Gy

Proof. The proof is seen by the principle of mathematical induction on n. For n = 1, it is easy
to see that

QrAr = HQp 1.
Now, we assume that the formula (9) is true for n, that is
HQyn = Q- Ax.

Then by induction, using the equality (8), it is shown that it is valid for n+1,
P A = QiR Ay

= QkHQk,n
= HQk,n+1-
So, the proof is completed.

Corollary 2.11 If k = 2, the matrix representation of the Horadam hybrid quaternions is given

by
o= [0 5 g, uo')

_ [HQne1 HQn ]
HQn HQn—l

= HQZ,n-

The matrix representations for special cases of (d,, d,, q) is obtained similarly. For example;
for d; =d, =1, q =1, the matrix representation of the Fibonacci hybrid quaternion is

=1 1 [5 ’?‘i ]

Fo F4
[ﬁn+1 Fn l
Fn Fn—l
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If we take as k = 3,

ford, = d, = d; =1, g = 1, the matrix representation of the Tribonacci hybrid quaternion
is given by

11 [ T
Q3A3;=1|1 0 0] W T, T,
0 1 0 To T_l A_z

Tovz Tosr Tn

= An+1 7\1n 7\Wn—l

Tn An—l An—z

Theorem 2.12 For all integers m, n such that 0 < m < n, we have the following relations :

HO® = v® 0% 4+ % 1y ® 4.y y®  yHe®

m+1 m+2—-k n-m- 1
(k (k) (k k) k) (k k) k) (k
+(Vm ) + Vm—l + Vm—)Z)Hor(z—m—k+3 + (Vn(l + Vm—)l)HQﬁL—m—k+2 + Vn(l HQn—)m—k+1'

Proof. In [21], it is seen that

() (9] (k) (k) (9] (1) ()
Vn+1 Vn + Vn—l + Vn—z n T Vn—l Vn
O S SeE Be®

o = _ ' f

() ) *x) (k) (9] *) ()
V —k+3 V k+2 V k+1 V V k+2 V —-k+1 n—-k+2

(k) (k) (k) (k) (k) (k) ()
V —k+2 7 V —k+1 T V Kt V V —k+3 T V —k+2 V —k+1

From definitions of the Q,-matrix and the equality (9), we have
Qp = Qrp™
QrAx = Qr'(Qx ™Ax)
= eranQk,n—m'

Considering the matrix equality and the product of matrices, the result is obtained as follows:
HQY =v® Ho® + WP +v® 4+ v® yHE® ..

m+1 n-m-1
k k k k k k k k k
+W S + v+ vONHQY s + O+ VONHQY, s +VEOHQY .

Theorem 2.13 Let m and n be positive. Then we have
k k k k k k
HQW., =V HQY + ) + v, + -+ v, oHQL, +-
k k k k k k k k k
0+, 4 YO+ R + YOIHOY,, + HOHOY,

Simson identity ( formula) called also as Cassini identity (formula) was found by R. Simson in
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1753. This formula is determined by
Fpny1Fnoq — Fn2 = (_1)11
which is also denoted by the following form

Frygn Fo

=(—-1)".
Fy  Fual= D

In [25], the author gave a generalization of Simson identity and presented Simson’s identities
of some number sequences by certain special cases. Now, we derive Simson identity for the
generalized order-k Fibonacci hybrid quaternions and also obtain Simson identity for well-
known hybrid quaternions in some special cases.

Theorem 2.14 For k > 2,
|HQin| = (—1)*Dm(dj )™ A (10)

Proof. We prove by the principle of mathematical induction on n. For n = 0, it is clear that
the formula is true. Now, we assume that the formula (10) is true for n. Therefore, we have to
show that it is true for n + 1.

Taking into account the recurrence relation H Q,(lk) =Yk _ dnH Q,(l"';)m, we write the elements
of the first column as follows:

HQY, = dyHQY),_, + dyHQUD,_, + -+ + d HQS?,

n+k n+k—1 n+k-—2
k k k k
HQY(H-)k—l = leQr(H-)k—Z + dZHQw(H)k—s Tt dkHqu—)v

HQY,_, = diHQY), o+ dyHQY) _, + -+ dyHQL

n+k-2 n+k-3 n+k—4 n-—-21

k k k k
HQ7(1+)1 = leQT(l )+ dZHQT(l—)l +oeet dkHQr(l—)k+1'
When the first column of the determinant is subtracted with all terms except the last term in the
sum on the right-hand side of the above equations, and the determinant is rearranged, using
proportionality, switching and sum properties of determinant, we have

*) ®) *®) *®) *)
HQn HQn+k—1 HQn+k—2 HQn+2 HQn+1
*) ®) *®) *®) *)
HQn—l HQn+k—2 HQn+k—3 HQn+1 HQn
*) ®) *®) *®) *)
|HQk,n+1| = dy 'HQn—Z .HQn+k—3 .HQn+k—4 HQn HQn—l
N TN RN (> [N N
HQp ks HQOp HQ, o HQnpy e HQpys_y
*x) x) ) ) k)
HQn—k+1 HQn HQn—l HQn+3—k HQn+2—k
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(k) (k) (k) (k) (k)
HQn+k—1 HQn+k—2 HQn+k—3 HQn+1 HQn
(k) (k) (k) (k) (k)
HQpik—» HQpiws HQui s - HOQy HQ, -,
(k) (k) (k) (k) (k)
= (—1)k—1dk HQn+k—3 HQn+k—4- HQn+k—5 HQ HQ, -,
W) W) 2 ' W) W)
HQn+1 HQ HQ HQn+3 k HQn+2 k
k k k k k
Hol  we®,  He®, - Hol,, Hol,,

— (_1)(k—1)n+1(dk)n+1|Ak|.
So, the proof is completed.

Corollary 2.15 Simson Formula of Horadam hybrid quaternions is

HQ, HQ,
HQoy HQ-1l

HOnr HOn | onrron
HQ, HQn_1|‘( D7(dz)

Corollary 2.16 Simson Formula of Jacobsthal hybrid quaternions is

Ji Jo

Jo Jal

Jn+1 Jn

; D)™
]n ]n—l ( )()

Corollary 2.17 Simson Formula of Tribonacci hybrid quaternions is

Tn +1 Tn Tn— 1 Tl TO T_ 1
Tn Tn—l Tn—Z = TO T—l T—2 :
n-1 n-2 n-3 T 1 -2 -3

3. Conclusion

In this paper, we extend the Fibonacci hybrid quaternions to the generalized k-order Fibonacci
hybrid quaternions. We investigated the recurrence relation, generating function, the
summation formula for these quaternions. Then, we gave the matrix representation for the
generalized k-order Fibonacci hybrid quaternions. With the help of the Q, matrix defined for
the generalized k-order Fibonacci hybrid quaternions and other defined matrices, we also obtain
some identities of these quaternions.
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